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7KLV GLVVHUWDWLRQ UHSRUWV RQ DFDGHPLF ZRUN WKDW FDQ EH XVHG E\ WKLUG SDUWLHV DV ORQJ DV WKH LQWHUQDWLRQDOO\

DFFHSWHG VWDQGDUGV DQG JRRG SUDFWLFHV DUH UHVSHFWHG FRQFHUQLQJ FRS\ULJKW DQG UHODWHG ULJKWV�

7KLV ZRUN FDQ WKHUHDIWHU EH XVHG XQGHU WKH WHUPV HVWDEOLVKHG LQ WKH OLFHQVH EHORZ�

5HDGHUV QHHGLQJ DXWKRUL]DWLRQ FRQGLWLRQV QRW SURYLGHG IRU LQ WKH LQGLFDWHG OLFHQVLQJ VKRXOG FRQWDFW WKH

DXWKRU WKURXJK WKH 5HSRVLWyUL80 RI WKH 8QLYHUVLW\ RI 0LQKR�

O LFHQVH JUDQWHG WR XVHUV RI WKLV ZRUN�

CC BY
KWWSV���FUHDWLYHFRPPRQV�RUJ�OLFHQVHV�E\�����
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7KH ILUVW WLPH , KHDUG DERXW TXDQWXP FRPSXWDWLRQ ZDV LQ WKH IDU IDU DZD\ \HDU RI ����� ZKHQ , ZDV VWLOO LQ

KLJK VFKRRO� GXULQJ D FRQYHUVDWLRQ ZLWK P\ FROOHDJXHV LQ WKH LQWHUYDO RI SK\VLFV FODVV� ,W FDPH DW D WLPH

ZKHUH , ZDV VLPXOWDQHRXVO\ HQWHULQJ P\ DGXOWKRRG DQG WDNLQJ LPSRUWDQW GHFLVLRQV DERXW ZKDW WR GR ZLWK

P\ SURIHVVLRQDO OLIH� , FDQ VD\ WKDW WKH LGHD LPPHGLDWHO\ FDSWXUHG P\ DWWHQWLRQ� QRW RQO\ GXH WKH SRWHQWLDO

LPSDFW RI WKH WHFKQRORJ\� ZKLFK ZDV FOHDU IURP WKH YHU\ ILUVW PRPHQW� EXW PRVWO\ EHFDXVH LW VRPHKRZ

FRPELQHG WZR WKLQJV , WUXO\ HQMR\HG� SK\VLFV DQG FRPSXWDWLRQ� )RU SUDFWLFDO UHDVRQV� , GLG QRW SXUVXH WKH

VWXG\ TXDQWXP FRPSXWDWLRQ LPPHGLDWHO\ E\ WKHQ� EXW PDQ\ \HDUV ODWHU� DIWHU PDQ\ WZLVWV DQG WXUQV LQ

P\ FDUHHU DQG OLIH� , GHFLGHG WR HQURO RQ D GRFWRUDO SURJUDPPH WR VWXG\ WKH WRSLF DQG PDQ\ \HDUV DIWHU

WKDW PRPHQW� , DP DEOH WR SXW WRJHWKHU WKLV ZRUN� 7KH SDWK ZDV ORQJ� DQG VRPHKRZ WRUWXRXV DW WLPHV� EXW

GHILQLWHO\ UHZDUGLQJ� 7KHUH DUH� RI FRXUVH� PDQ\ LPSRUWDQW SHRSOH ZKR VXSSRUWHG PH DORQJ WKH ZD\� KHOSLQJ

WR PDNH WKLV ZRUN D UHDOLW\� WR ZKRP , IHHO YHU\ JUDWHIXO�

)LUVW DQG IRUHPRVW� P\ PRVW VLQFHUH WKDQNV WR P\ DGYLVRU 3URI� /XtV 6RDUHV %DUERVD� IRU WKH JUHDW

RSSRUWXQLW\ RI SXUVXLQJ WKLV LQWHUHVW RI PLQH� IRU WKH XQFRXQWDEOH RSSRUWXQLWLHV WKDW WUXO\ KHOSHG PH EHFRPLQJ

D EHWWHU UHVHDUFKHU� DQG DOVR IRU WKH SDWLHQFH� JHQHURVLW\� WLPH DQG GHGLFDWLRQ WR WKLV ZRUN� IRU ZKLFK , ZLOO

EH IRUHYHU LQGHEWHG�

, GLG QRW KDYH QR RQH DVVLJQHG� IRUPDOO\� WKH UROH RI FR�DGYLVRU� EXW GHILQLWHO\ WKHUH ZHUH VRPH SHRSOH

ZLWK ZKRP , HQGHG XS FROODERUDWLQJ PRUH FORVHO\� 0\ WKDQNV IRU 3URI� 0LNKDLO 9DVLOHYVNL\ IRU WKH JUHDW

FRRSHUDWLRQ� DQG IRU DOZD\V EHLQJ DEOH� DQG DYDLODEOH� WR DQVZHU DOO P\ TXHVWLRQV DERXW SK\VLFV� IURP

ZKRP , OHDUQW D ORW� $OVR� WR SURIHVVRU $OH[DQGUX %DOWDJ� IRU WKH SURIRXQG LQVLJKWV RQ TXDQWXP ORJLF DQG IRU

WKH ZDUP ZHOFRPH GXULQJ P\ VWD\ LQ $PVWHUGDP DQG WR 3URIHVVRU -DPLH 9LFDU\� P\ H[WHUQDO DGYLVRU� IRU

KLV DYDLODELOLW\ DQG YDOXDEOH LQVLJKWV DERXW TXDQWXP FRPSXWDWLRQ DQG DERXW GRLQJ UHVHDUFK DQG EHLQJ D

UHVHDUFKHU�

0\ WLPH RI EHLQJ VWXGHQW RI TXDQWXP FRPSXWDWLRQ DOVR FRLQFLGHG ZLWK WKH ELUWK RI D ZLGH LQWHUHVW RQ

WKH VWXG\ RI WKH GLVFLSOLQH LQ WKH XQLYHUVLW\ DFURVV PDQ\ GHSDUWPHQWV� DQG GXH WR WKLV , KDG WKH SULYLOHJH RI

FROODERUDWLQJ ZLWK PDQ\ SHRSOH IURP GLIIHUHQW EDFNJURXQGV� ZKR GHILQLWHO\ LQIOXHQFHG PH� DV ZHOO DV WKH

LGHDV WKDW VKDSH WKLV ZRUN� $ ZRUG RI WKDQNV WR SURIHVVRUV -RVp (VStULWR 6DQWR� 3HGUR 3DWUtFLR� -RVp 1XQR

2OLYHLUD� 0DQXHO 0DUWLQV DQG 5XL 6RDUHV %DUERVD IRU KHOSLQJ VKDSH P\ XQGHUVWDQGLQJ RI FRPSXWDWLRQ� ORJLF�

PDWKHPDWLFV DQG SK\VLFV� $OVR� P\ DFNQRZOHGJHPHQWV� WR SURI� $QGUHL 3RVWQLNRY DQG 7RPiV 9HOR]� IRU

SURYLGLQJ YDOXDEOH FRQWULEXWLRQV WR P\ UHVHDUFK ZRUN� )LQDOO\� D ZRUG RI WKDQNV WR SURI� 1XQR 3HUHV� IRU

OHWWLQJ PH DVVLVW WR KLV FODVVHV DQG LQWURGXFLQJ PH� VHULRXVO\� WR TXDQWXP PHFKDQLFV� , FRXOG QRW ZLVK IRU D

EHWWHU LQWURGXFWLRQ�
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7HDFKLQJ ZDV RQH RI WKH JUHDWHVW H[SHULHQFHV RI WKLV SDVW IHZ \HDUV� DQG RI FRXUVH , ZRXOG WKDQN WR DOO

P\ VWXGHQWV� ZLWK WKHLU \RXQJ DQG EULJKW PLQGV� IRU SXVKLQJ PH IRUZDUG WR OHDUQ PRUH DERXW TXDQWXP

FRPSXWDWLRQ� VR WKDW , FRXOG WHDFK WKHP� 6RPH RI WKHP HQGHG XS KDYLQJ D FORVHU FRRSHUDWLRQ ZLWK PH� DQG

KHUH� P\ VSHFLDO WKDQNV WR -RVp *XLPDUmHV� 9LWRU *RQoDOYHV DQG 0DUWD 6RILD 2OLYHLUD�

1RW RQO\ RI VFLHQFH LV PDGH D GRFWRUDO SURJUDPPH� DQG , ZRXOG DOVR WR WKDQN WKH SHRSOH ZKR VKDUHG

ZLWK PH WKH SDLQV RI EHLQJ D 3K' VWXGHQW DQG KDYH EHHQ SUHVHQW LQ PDQ\ FKHHUIXO HYHQWV WKDW WRRN SODFH

WKURXJKRXW WKHVH \HDUV� IURP FRQIHUHQFHV LQ %UDVLO� WR D FHUWDLQ VXPPHU VFKRRO LQ D FRQYHQW QHDU %UDJD�

RXU KLNLQJ WULSV WR WKH *HUrV UHJLRQ� RU VLPSO\ GXULQJ RXU OXQFKHV DW WKH FDQWHHQ RI 8QLYHUVLW\ RI 0LQKR� 0\

WKDQNV WR P\ FROOHDJXHV IURP WKH $5&$ JURXS� $OH[DQGUH� /HDQGUR� 5HQDWR� -RVp 3URHQoD� *XLOOHUPLQD�

ZKR EHFDPH P\ IULHQGV� $OVR� WR P\ FROOHDJXHV RI ���� ODERUDWRU\� IRU WKH UHOD[HG HQYLURQPHQW LQ WKH

ODERUDWRU\ DQG RXWVLGH RI LW� LQ RXU QXPHURXV ILHOG WULSV WR VHWWOH WKH PRVW LPSRUWDQW UHVHDUFK TXHVWLRQ� ZKLFK

)UDQFHVLQKD LV EHVW� 3RUWR RU %UDJD� 7KH TXHVW� GHVSLWH WKH H[WHQVLYH ILHOG ZRUN� WKH ORQJ DUJXPHQWDWLRQV

DERXW WKH KLVWRULFDO LPSRUWDQFH RI WKH IRUPHU DQG WKH LQQRYDWLYH FKDUDFWHU RI WKH ODWWHU� DSSDUHQWO\ IRVWHUHG

E\ DQ H[FHVV RI HJJV DQG FUHDP LQ WKH UHJLRQ RI %UDJD� UHPDLQV RSHQ� L�H� LW UHPDLQV D TXHVWLRQ RI SHUVRQDO

WDVWH� $OVR� P\ WKDQNV WR WKH LQQXPHURXV EULOOLDQW SHRSOH , KDYH PHW GXULQJ P\ VWD\ LQ +$6/$% ODERUDWRU\�

$QD� $OL� 3DROR 0DVFL� 9LWRU (QHV DQG PDQ\ RWKHUV� IRU DOO WKH QLFH FRQYHUVDWLRQV DERXW PXOWLSOH VXEMHFWV�

$ ZRUG RI WKDQNV DOVR WR WKH SHRSOH IURP ZKRP , FRXOG DOZD\V FRXQW RQ WR DQVZHU� ZLWK D VPLOH RQ

WKHLU IDFH� DERXW WKH FRPSOHWHO\ QRQ�WULYLDO� EXW YLWDO� QRQ�UHVHDUFK TXHVWLRQV WKDW KDYH SUHVHQWHG WR PH

WKURXJKRXW WKH \HDUV� &DWDULQD� 3DXOD� 6RILD 6DQWRV� *RUHWWL DQG &RQFHLomR� DQG 5LWD 3DFKHFR�

2XWVLGH UHVHDUFK WKHUH VKRXOG EH D OLIH WRR� DOWKRXJK VHYHUHO\ FRQGLWLRQHG DW FHUWDLQ VWDJH� GXH WR WKH

GHPDQGV RI DFDGHPLF ZRUN� EXW ODWHO\� DOVR GXH WR D XQIRUWXQDWH SDQGHPLF VLWXDWLRQ� 7R P\ IULHQGV DQG

FROOHDJXHV ZKR KDYH VXSSRUWHG PH LQ WKLV HQGHDYRXU WKURXJKRXW WKH \HDUV� VRPHWLPHV ZLWKRXW NQRZLQJ

LW� IURP WR\ DVVLJQPHQWV DERXW TXDQWXP FRPSXWDWLRQ LQ WKH HDUO\ \HDUV RI FROOHJH� WR FKHHUIXO PRPHQWV

DURXQG D WDEOH� RU VLPSO\ WKURXJK NLQG ZRUGV LQ GDUNHU GD\V� D ELJ ZRUG RI WKDQNV�

)LQDOO\� WR P\ IDPLO\� VSHFLDOO\ WR P\ SDUHQWV� $QD 0DULD DQG -RUJH� DQ LQILQLWH ZRUG RI WKDQNV� IRU WKH

XQFRQGLWLRQDO ORYH DQG WUXWKIXOO\ URFN�VROLG VXSSRUW� EXW PRVWO\� IRU HYHU\WKLQJ�

, ZRXOG OLNH DOVR WR DFNQRZOHGJH WKH LQVWLWXWLRQV ZKHUH , FDUULHG WKLV ZRUN� 8QLYHUVLW\ RI 0LQKR DQG WKH

+LJK�$VVXUDQFH VRIWZDUH ODERUDWRU\ �+$6/$%�,1(6&7(&�� IRU SURYLGLQJ PH ZLWK WKH QHFHVVDU\ FRQGLWLRQV

WR GR VR� 3DUWLDO ILQDQWLDO VXSSRUW LV DFNQRZOHGJHG WR ,1(6& 7(&� WKURXJK WKH LQWHUQDO JUDQW RI UHIHUHQFH

�����%,B%�&��� ZLWKLQ WKH SURMHFW ,1(6& 7(&�(($������� IXQGHG E\ QDWLRQDO IXQGV DQG )('(5� LQ VFRSH

RI 3RUWXJDO ����� DV ZHOO DV WR WKH )&7 ² )XQGDomR SDUD D &LrQFLD H 7HFQRORJLD �)&7� E\ PHDQV RI WKH

LQGLYLGXDO JUDQW 6)5+�%'������������� IXQGHG XQGHU WKH 32&+ SURJUDPPH DQG 0&7(6 QDWLRQDO IXQGV�

7KLV GLVVHUWDWLRQ ZDV SDUWLDOO\ VXSSRUWHG E\ WKH (5') ² (XURSHDQ 5HJLRQDO 'HYHORSPHQW )XQG WKURXJK WKH

2SHUDWLRQDO 3URJUDPPH IRU &RPSHWLWLYHQHVV DQG ,QWHUQDWLRQDOLVDWLRQ � &203(7( ���� 3URJUDPPH DQG
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E\ 1DWLRQDO )XQGV WKURXJK WKH 3RUWXJXHVH IXQGLQJ DJHQF\� )&7 � )XQGDomR SDUD D &LrQFLD H D 7HFQRORJLD�

ZLWKLQ SURMHFW 32&,���������)('(5��������
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, KHUHE\ GHFODUH KDYLQJ FRQGXFWHG WKLV DFDGHPLF ZRUN ZLWK LQWHJULW\�

, FRQILUP WKDW , KDYH QRW XVHG SODJLDULVP RU DQ\ IRUP RI XQGXH XVH RI LQIRUPDWLRQ RU IDOVLILFDWLRQ RI UHVXOWV

DORQJ WKH SURFHVV OHDGLQJ WR LWV HODERUDWLRQ�

, IXUWKHU GHFODUH WKDW , KDYH IXOO\ DFNQRZOHGJHG WKH &RGH RI (WKLFDO &RQGXFW RI WKH 8QLYHUVLW\ RI 0LQKR�

vi
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5HFHQWO\� TXDQWXP FRPSXWDWLRQ KDV EHHQ JHQHUDWLQJ D ORW RI LQWHUHVWLQJ IURP ERWK LQGXVWU\ DQG DFDGHPLD�

GXH WR WKH ILUVW UHVXOWV RQ TXDQWXP VXSUHPDF\� L�H� WKH ILUVW WLPH TXDQWXP FRPSXWHUV ZHUH DEOH WR SHUIRUP

HIILFLHQWO\ WDVNV GHHPHG XQIHDVLEOH WR FODVVLFDO FRPSXWHUV� PDGH SRVVLEOH E\ WKH VWDWH�RI�DUW TXELW WHFKQRORJ\�

7KHVH DFKLHYHPHQWV� GHVSLWH WKH XQXVHIXOQHVV RI WKH WDVNV SHUIRUPHG �TXDQWXP FLUFXLW VDPSOLQJ�� SURYLGH

HYLGHQFH WKDW UHDO ZRUOG TXDQWXP FRPSXWDWLRQ LV QRW RQO\ HYROYLQJ� EXW DOVR� WKDW IXOO�VFDOH TXDQWXP

FRPSXWHUV PD\ EH D UHDOLW\ LQ WKH PLG�WHUP IXWXUH�

7KH EHQHILWV RI TXDQWXP FRPSXWDWLRQ DUH ZHOO�NQRZQ WR EH SRWHQWLDOO\ JURXQG�EUHDNLQJ� IURP PDNLQJ 56$

FU\SWRJUDSK\ XQVHFXUH� WR WKH HIILFLHQW VLPXODWLRQ RI TXDQWXP V\VWHPV� 2Q WKHRUHWLFDO VLGH� WKH DOJRULWKP

ERG\ RI NQRZOHGJH KDV HYROYHG� DQG QRZDGD\V� WKHUH LV DOUHDG\ D KXJH QXPEHU RI DOJRULWKPV DQG WHFKQLTXHV

VFDWWHUHG DFURVV D YDVW UHDOP RI DSSOLFDWLRQV� IURP VROYLQJ FHUWDLQ OLQHDU HTXDWLRQV WR RSWLPL]DWLRQ�

1RQHWKHOHVV� WKH SURJUHVV LQ WKH GHYHORSPHQW RI QHZ DOJRULWKPV ZLWK DQ H[SRQHQWLDO DGYDQWDJH� UDWKHU

WKDQ SRO\QRPLDO� KDV EHHQ TXLWH VORZ DQG HYHQ WKH DSSOLFDWLRQ RI WKH H[LVWHQW TXDQWXP FRPSXWDWLRQDO

WHFKQLTXHV WR QHZ SUREOHPV LV IDU IURP EHLQJ D WULYLDO WDVN� 7KH PDLQ PRWLYDWLRQ IRU WKLV ZRUN ZDV WR

FRQWULEXWH WR WKLV SUREOHP� DQG GR VR E\ IROORZLQJ D IRXQGDWLRQDO DSSURDFK� L�H� E\ WKH XQGHUVWDQGLQJ RI WKH

VWUXFWXUHV RI WKH FRPSXWDWLRQDO DGYDQWDJH RI TXDQWXP DOJRULWKPV DQG WKH FRQFHSWLRQ RI IRUPDO PHWKRGV WR

DLG LQ WKHLU DSSOLFDWLRQ WR QHZ SUREOHPV�

6XFK DQ DSSURDFK KDV WR GHDO ZLWK WZR VRPHZKDW RUWKRJRQDO SHUVSHFWLYHV RI TXDQWXP DOJRULWKPV�

FRPSOH[LW\ DQG VHPDQWLFV� 7KH FRQWULEXWLRQ RI WKLV ZRUN FDQ DOVR EH GLYLGHG LQ WKHVH WZR SHUVSHFWLYHV� LQ

RQH KDQG ZH WU\ WR LGHQWLI\ DQG FKDUDFWHUL]H WKH VWUXFWXUHV WKDW FDUU\ WKH VR�FDOOHG TXDQWXP DGYDQWDJH DQG

H[HUFLVH WKHP ZLWK QHZ DSSOLFDWLRQV� DQG LQ WKH RWKHU KDQG ZH SURSRVH WRROV WR GHDO ZLWK WKH FRUUHFWLRQ RI

TXDQWXP DOJRULWKPV� SDUWLFXODUO\� ZH GLVFXVV D G\QDPLF ORJLF IRU D FODVV RI TXDQWXP SURJUDPV� WKH RQHV

H[SUHVVLEOH LQ WKH TXDQWXP DVVHPEO\ SURJUDPPLQJ ODQJXDJH �4$60��

&RQFHUQLQJ WKH DOJRULWKPLF VLGH RI WKH FRQWULEXWLRQ ZH SURSRVH WZR QHZ DSSOLFDWLRQV IRU TXDQWXP DO�

JRULWKPV� WKH ILUVW RQH IURP TXDQWXP ELRORJ\� FRQFHUQLQJ WKH VLPXODWLRQ RI WKH QRQ�UDGLDWLYH HIIHFWV RI

HOHFWURQLF WUDQVSRUW WKURXJK D PROHFXODU FKDLQ LQ D SKRWRV\QWKHVLV V\VWHP� WKH VHFRQG RQH EHORQJV WR

WKH ILHOG RI TXDQWXP FKHPLVWU\� DQG FRQFHUQV WKH FDOFXODWLRQ RI WKH JURXQG VWDWH RI WKH +\GURJHQ DQG

/LWKLXP�+\GULGH PROHFXOHV� XQGHU WKH DFWLRQ RI D VWURQJ HOHFWULFDO ILHOG �WKH VWDWLRQDU\ 6WDUN HIIHFW�� %RWK

DSSOLFDWLRQV ZHUH LPSOHPHQWHG DQG H[SHULPHQWHG LQ D UHDO ZRUOG TXDQWXP FRPSXWHU� WKH ,%0 4�

keywords: ELRORJ\� FKHPLVWU\� G\QDPLF ORJLF� TXDQWXP FRPSXWDWLRQ
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5HFHQWHPHQWH� R LQWHUHVVH HP FRPSXWDomR TXkQWLFD WHP YLQGR D DXPHQWDU H[SRQHQFLDOPHQWH� GHYLGR

DR IDFWR GD PHWD GD µVXSUHPDFLD TXkQWLFDµ� PRPHQWR HP TXH RV FRPSXWDGRUHV TXkQWLFRV VmR FDSD]HV

GH UHDOL]DU WDUHIDV LQWUDWiYHLV SDUD FRPSXWDGRUHV FOiVVLFRV� WHU VLGR UHFHQWHPHQWH DWLQJLGD SRU HTXLSDV

LQGHSHQGHQWHV� XWLOL]DQGR DUTXLWHWXUDV GH TXELWV TXkQWLFRV GLIHUHQWHV� ,VWR Gi HYLGrQFLD GD VDXGiYHO

YHORFLGDGH GH HYROXomR GD iUHD� H IRUWDOHFH D LGHLD GH TXH RV FRPSXWDGRUHV TXkQWLFRV HP JUDQGH HVFDOD�

SRGHP YLU D VHU XPD UHDOLGDGH QR IXWXUR�

2V EHQHItFLRV� Ki PXLWR FRQKHFLGRV� SRGHP VHU UHDOPHQWH WUDQVIRUPDGRUHV HP FDPSRV FRPR D FULS�

WRJUDILD� DR WRUQDU D FULSWRJUDILD 56$ REVROHWD� DVVLP FRPR WRUQDU SRVVtYHO D VLPXODomR GH PXLWRV VLVWHPDV

TXkQWLFRV� FRP DSOLFDo}HV HP PXLWDV iUHDV GD FLrQFLD� FRPR QD TXtPLFD� RX QD ItVLFD GH SDUWtFXODV� 2

FDPSR WHyULFR GRV DOJRULWPRV� EDVHDQGR�VH QRV VXFHVVRV GRV SULPyUGLRV GD FRPSXWDomR TXkQWLFD� FRPR

IRUDP RV DOJRULWPRV GH *URYHU H 6KRU� WHP YLQGR D FUHVFHU� VHQGR TXH H[LVWH XP YDVWR FDPSR GH DSOLFDo}HV�

GHVGH D UHVROXomR GH HTXDo}HV OLQHDUHV� DWp YDULDGRV PpWRGRV GH UHVROXomR GH SUREOHPDV GH RWLPL]DomR�

1mR REVWDQWH� R SURJUHVVR QR GHVHQYROYLPHQWR GH DOJRULWPRV TXkQWLFRV TXH FRQVLJDP WLUDU FRPSOHWR

SURYHLWR GD YDQWDJHP TXkQWLFD WHP VLGR OHQWR� H PHVPR D DSOLFDomR GDV WpFQLFDV H[LVWHQWHV D QRYRV

SUREOHPDV� UHYHOD�VH FRPSOH[D� $ PRWLYDomR GHVWH WUDEDOKR p FRQWULEXLU SDUD D PLWLJDomR GHVWH SUREOHPD�

DWUDYpV GH XPD DERUGDJHP µIXQGDFLRQDOµ GRV DOJRULWPRV H GD VXD FRPSOH[LGDGH� RX VHMD� DWUDYpV GD DQiOLVH

H FODVVLILFDomR GDV HVWUXWXUDV TXH DGLFLRQDP D YDQWDJHP TXkQWLFD DRV SURJUDPDV TXkQWLFRV H� VH SRVVtYHO�

GD FRQFHSomR GH WpFQLFDV IRUPDLV TXH SHUPLWDP DMXGDU QD HQJHQKDULD GH QRYRV DOJRULWPRV�

(VWD DERUGDJHP RIHUHFH R GHVDILR GH WHU GH JHULU GXDV GLPHQV}HV GRV DOJRULWPRV TXkQWLFRV� WUDGLFLRQDO�

PHQWH HVWXGDGDV HP VHSDUDGR� FRPSOH[LGDGH H VHPkQWLFD� $VVLP� D DERUGDJHP GHVWH WUDEDOKR EDVHRX�VH

WDPEpP QHVVDV GXDV GLPHQV}HV� SRU XP ODGR� QR HVWXGR GDV HVWUXWXUDV TXH SHUPLWHP D YDQWDJHP QRV

DOJRULWPRV TXkQWLFRV� H SRU RXWUR QD FRQFHSomR GH XPD OyJLFD GLQkPLFD SDUD XPD FODVVH HVSHFtILFD GH

SURJUDPDV TXkQWLFRV� DTXHOHV TXH VmR H[SULPtYHLV QD OLQJXDJHP 4$60�

5HODWLYDPHQWH j SDUWH PDLV DOJRUtWPLFD GD FRQWULEXLomR� VmR SURSRVWDV GXDV QRYDV DSOLFDo}HV HP GRLV

FDPSRV FLrQWLILFRV GLIHUHQWHV� D VLPXODomR GR WUDQVSRUWH HOHFWUyQLFR VHP UHFXUVR D UDGLDomR QR FDPSR GD

ELRORJLD TXkQWLFD� QR FDPSR GD TXtPLFD TXkQWLFD� R FiOFXOR GR HVWDGR IXQGDPHQWDO GD PROpFXODV 𝐻2 H𝐿𝑖𝐻� VRE DFomR GH XP FDPSR HOpWULFR IRUWH �HIHLWR GH 6WDUN�� $PEDV DV DSOLFDo}HV IRUDP LPSOHPHQWDGDV H

H[SHULPHQWDGDV QXP FRPSXWDGRU TXkQWLFR UHDO� R ,%0 4�

palavras-chave: ELRORJLD� FRPSXWDomR TXkQWLFD� TXtPLFD� OyJLFD GLQkPLFD

viii



&21 7 (1 7 6

1 I N T R O D U C T I O N 1

2 A B R I E F J O U R N E Y O N Q U A N T U M C O M P U TAT I O N 4

2.1 Quantum physics 4

2.2 The Hilbert space formulation 5
2.2.1 The state space 6
2.2.2 Interference 7
2.2.3 Unitary evolution 9
2.2.4 Observables 10
2.2.5 Measurements 11
2.2.6 Combining quantum systems 12

2.3 The density matrix formalism 13
2.3.1 Pure and mixed states 14
2.3.2 Evolution 16
2.3.3 Entanglement 17
2.3.4 Decoherence 21

2.4 Quantum Computing 23
2.4.1 The state space: finite vs infinite dimension 23
2.4.2 Transitions between states: unitarity and time 24
2.4.3 Acceptance states 27
2.4.4 Semantics of quantum programming languages 29
2.4.5 Computing models 31

2.5 Quantum Complexity 33
2.5.1 Quantum complexity classes 33
2.5.2 Quantum advantage 36

2.6 Summary 37

3 O N E F F I C I E N T Q U A N T U M A L G O R I T H M S 39

3.1 The Bounded Quantum Probability class 39

3.2 Search, sampling and simulation algorithms 40

ix



contents x

3.2.1 Local Hamiltonians 41
3.2.2 Sparse and d-Sparse Hamiltonians 42

3.3 Case study: Simulation of non-radiative energy transfer in photosynthetic
systems using a quantum computer 43
3.3.1 Modeling the simulation 45
3.3.2 No–decoherence Hamiltonian 45
3.3.3 Introducing decoherence into the system 47
3.3.4 Results 49
3.3.5 Coherent regime 50
3.3.6 Decoherent regime 51

3.4 Algorithms based in the quantum Fourier transform 55
3.4.1 The Quantum Fourier transform algorithm 55
3.4.2 The Shor algorithm and the hidden subgroup problem (HSP) 57
3.4.3 Non-Abelian Hidden subgroup problem 60

3.5 Hybrid algorithms 60

3.6 Summary 62

4 Q U A N T U M O P T I M I Z AT I O N A N D Q U A N T U M C H E M I S T R Y 63

4.1 Search, constraint satisfaction and optimization 64

4.2 Optimization using quantum computers 67
4.2.1 Universal quantum algorithms 67
4.2.2 Quantum adiabatic computing and quantum annealing 68
4.2.3 Variational methods 70
4.2.4 The Variational Quantum Eigensolver 70
4.2.5 The quantum advantage of the VQE method 71

4.3 Case study: Calculation of the ground–state Stark effect in small molecules 73
4.3.1 Many-particle systems 75
4.3.2 Molecular Hamiltonian and Hartree-Fock approximation 76
4.3.3 Second quantization 78
4.3.4 Mapping the fermion Hamiltonian onto a qubit representation 80
4.3.5 Trial wave functions (ansätze) 83
4.3.6 Results and Discussion 84
4.3.7 Results: H2 molecule 86
4.3.8 Results: LiH molecule 87

4.4 Summary 88

x



contents xi

5 A L O G I C F O R T H E Q A S M P R O G R A M M I N G L A N G U A G E 89

5.1 Standard quantum logics 90

5.2 Dynamic aspects in Quantum Logic 93
5.2.1 Quantum dynamic logic and its semantics 94

5.3 A dynamic logic for QASM programming language (LQASM) 97
5.3.1 The QASM programming language 97
5.3.2 Syntax for the dynamic logic 99
5.3.3 Discussion 100
5.3.4 Semantics 101
5.3.5 The state space 101
5.3.6 Propositions 103
5.3.7 Program semantics 104

5.4 Some valid rules and examples 105
5.4.1 States, amplitudes and probabilities 105
5.4.2 Creation of registers 106
5.4.3 Unitary gates 107
5.4.4 Measurements 108
5.4.5 A Hoare style sequence rule 109
5.4.6 Putting it all together: A quantum coin tossing program 110
5.4.7 The teleporting protocol 111

5.5 Proof of decidability 123
5.5.1 The main idea of the proof 123
5.5.2 Application to the Probabilistic logic of quantum programs 124
5.5.3 The decidability proof of the QASM logic 126

5.6 Summary 130

6 C O N C L U S I O N S A N D F U T U R E W O R K 131

6.1 Future work 133

A A P P E N D I X A - C A L C U L AT I O N O F T H E M AT R I X E L E M E N T S 164

a.1 STO-LG wavefunctions 164

a.2 One-electron matrix elements 166

a.3 Kinetic Energy Matrix Elements 172

a.4 Matrix elements of the interaction with external electric field 175

a.5 Two-electron matrix elements 179

xi



1
, 1 7 5 2'8& 7 , 2 1

4XDQWXP PHFKDQLFV HPHUJHG LQ WKH EHJLQQLQJ RI WKH WZHQWLHWK FHQWXU\� DV D WKHRUHWLFDO VROXWLRQ WR WKHRUHWLFDO

LQFRQVLVWHQFLHV IDFHG E\ FODVVLFDO SK\VLFV DW DWRPLF VFDOHV� /DWHU� LW ZDV H[WHQGHG WR DOO SK\VLFDO UHJLPHV�

H[FHSW WR JUDYLW\� H[SODLQLQJ SK\VLFDO SKHQRPHQD DW VPDOO VFDOHV ZLWK JUHDW DFFXUDF\� 1RZDGD\V� LW LV

FRQVLGHUHG WKH PRVW VXFFHVVIXO WKHRU\ LQ WKH KLVWRU\ RI SK\VLFV�

)LIW\ \HDUV DIWHU LWV FRQFHSWLRQ� ZLWK LWV XQLTXH SURSHUWLHV VWLOO EHLQJ XQGHUVWRRG� WKH ILUVW TXDQWXP�EDVHG

WHFKQRORJLHV RQ WKH ILHOGV RI FRPPXQLFDWLRQ DQG LQIRUPDWLRQ VWDUWHG WR DSSHDU� JLYLQJ ULVH WR WKH QHZ DUHD RI

TXDQWXP LQIRUPDWLRQ� ,Q WKH (LJKWLHV� LW ZDV LQWURGXFHG WKH ILUVW QRWLRQ RI TXDQWXP FRPSXWLQJ E\ )H\QPDQ

>���@ DQG VHYHUDO RWKHUV� ZKLFK KDV TXLFNO\ H[WHQGHG WR DFWXDO FRPSXWHU PRGHOV DQG QHZ DOJRULWKPV�

VXFK DV WKH 'HXWVFK�-R]VD >���@� DV ZHOO DV *URYHU >���@ DQG 6KRU DOJRULWKPV >���@� DOO RI WKHP ZLWK WKH

SRWHQWLDO RI VLJQLILFDQWO\ ERRVW WKH SHUIRUPDQFH RI PDQ\ YHU\ KDUG FODVVLFDO FRPSXWDWLRQDO WDVNV� 7KHVH

LQFOXGH� IRU LQVWDQFH� WKH EUHDNLQJ RI 5LYHVW� 6KDPLU� $GHOPDQW �56$� FU\SWRJUDSKLF V\VWHP >��� ���@ �RQH

RI WKH FRUQHUVWRQHV RI LQGXVWULDO FU\SWRJUDKLF V\VWHPV�� H[SRQHQWLDO LQFUHDVH LQ WKH VLPXODWLRQ RI TXDQWXP

PHFKDQLFDO V\VWHPV >���@� RU WKH UHVROXWLRQ RI VRPH W\SHV RI OLQHDU HTXDWLRQV >���@� 1RZDGD\V� WKH QXPEHU

RI TXDQWXP DOJRULWKPV DQG WHFKQLTXHV KDV JURZQ VLJQLILFDQWO\� ZLWK PDQ\ SRWHQWLDO DSSOLFDWLRQV DFURVV

LQGXVWU\ DQG VFLHQFH >���@� ZLWK DQ H[SHFWHG KXJH LPSDFW� IRU LQVWDQFH LQ FKHPLVWU\ >��@�

4XDQWXP FRPSXWDWLRQ IDFHV� KRZHYHU� PDQ\ YHU\ KDUG WHFKQLFDO FKDOOHQJHV� ZKLFK KDV EHHQ SUHYHQWLQJ WKH

UHDFKHV RI LWV IXOO SRWHQWLDO� 7KH KDUGHVW RI WKHVH FKDOOHQJHV LV WKH VR�FDOOHG GHFRKHUHQFH� L�H� WKH KDUGQHVV RI

FRQVHUYLQJ VXSHUSRVLWLRQ DQG HQWDQJOHG TXDQWXP VWDWHV� IURP WKH HUURUV FDXVHG E\ HQYLURQPHQWDO LQWHUDFWLRQ�

ZKLFK VR IDU� UHPDLQ XQFRQWUROODEOH� GHVSLWH WKH PDQ\ SK\VLFDO DUFKLWHFWXUHV XVHG� HUURU FRUUHFWLRQ VWUDWHJLHV

DQG HYHQ DOWHUQDWLYH FRPSXWHU PRGHOV >���� ���� ��@� ,Q IDFW� LQ WHUPV RI KDUGZDUH� TXDQWXP FRPSXWLQJ LV

VWLOO DW DQ HDUO\ VWDJH RI GHYHORSPHQW� DQG LPSDFWIXO LPSOHPHQWDWLRQV RI PRVW UHOHYDQW TXDQWXP DOJRULWKPV

DUH VWLOO EH\RQG UHDFK� +RZHYHU� DGYDQFHPHQWV KDYH EHHQ PDGH� PRVWO\ GXH WR WKH GHYHORSPHQWV LQ

VXSHUFRQGXFWLQJ TXELW WHFKQRORJ\ >���� ���@� DQG RI RSWLFDO V\VWHPV >���@� ,W LV H[SHFWHG WKDW LQ WKH QH[W

IHZ \HDUV TXDQWXP FRPSXWHUV VWDUW SHUIRUPLQJ WDVNV GHHPHG KDUG WR FODVVLFDO FRPSXWHUV� UHDFKLQJ WKH

VR�FDOOHG TXDQWXP VXSUHPDF\ >���@�

%\ WKH WLPH RI WKH GHYHORSPHQW RI WKLV ZRUN� DQ LPSRUWDQW PLOHVWRQH ZDV UHDFKHG LQ WKLV UHJDUG� E\

*RRJOH FODLPLQJ D TXDQWXP DGYDQWDJH LQ D FLUFXLW VDPSOLQJ WDVN >��� ��@� XVLQJ D �� VXSHU�FRQGXFWLQJ
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TXELW SURFHVVRU D FODLP GLVSXWHG E\ ,%0 >���@� 0RUH UHFHQWO\ D &KLQHVH WHDP� KDV DOVR FODLPHG TXDQWXP

DGYDQWDJH XVLQJ D SKRWRQLF TXDQWXP FRPSXWHU� LQ ERVRQ VDPSOLQJ >���@� )XUWKHUPRUH� UHFHQWO\ DQRWKHU

LPSRUWDQW PLOHVWRQH ZDV DWWDLQHG LQ WKH ILHOG RI VLPXODWLRQ RI TXDQWXP FKHPLVWU\ >���@�

&XUUHQW WHFKQRORJ\� NQRZQ DV WKH 1RLV\ ,QWHUPHGLDWH�6FDOH 4XDQWXP �1,64� >���@ HUD� \LHOGV TXELWV ZLWK

D FRQWUROODEOH DPRXQW RI HUURU DQG LW LV DOUHDG\ H[SHFWHG WKDW KLJK�LPSDFWDQW FRPSXWDWLRQDO WDVNV ZLOO EH

SHUIRUPHG E\ TXDQWXP FRPSXWHUV� LQ WKH ILHOG RI RSWLPL]DWLRQ >��� ��@� RU HYHQ LQ YHU\ UHOHYDQW SUREOHPV

VXFK DV QLWURJHQ RU FDUERQ IL[DWLRQ� XVLQJ WHFKQLTXHV VXFK DV TXDQWXP DQQHDOLQJ RU WKH YDULDWLRQDO TXDQWXP

HLJHQVROYHU PHWKRG�

,Q FRQFOXVLRQ� DGYDQFHPHQWV LQ WKH WKHRU\ RI TXDQWXP DOJRULWKPV� KDYH OHG WR ODUJH QXPEHU RI TXDQWXP

DOJRULWKPV� WHFKQLTXHV� DQG FRPSXWHU PRGHOV� +RZHYHU� WKH FUHDWLRQ RI QHZ DOJRULWKPV� RU HYHQ� WKHLU

DGDSWDWLRQ WR QHZ FRQWH[WV� KDV VKRZQ WR EH QRQ�WULYLDO� 7KH PRWLYDWLRQ IRU WKLV ZRUN� LV H[DFWO\ WR FRQWULEXWH

WR WKH HQJLQHHULQJ RI QHZ TXDQWXP DOJRULWKP� IROORZLQJ D IRXQGDWLRQDO DSSURDFK� 7KH ZRUG µIRXQGDWLRQVµ

PD\ KDYH VHYHUDO PHDQLQJV GHSHQGLQJ RQ WKH FRQWH[W� GHDOLQJ� LQ JHQHUDO� ZLWK WU\LQJ WR ILQG WKH PRVW

IXQGDPHQWDO FRPSRQHQWV RI WKH REMHFW RI VWXG\� ,Q WKH FRQWH[W RI PDWKHPDWLFV DQG FRPSXWHU VFLHQFH�

WKH WHUP XVXDOO\ UHIHUV WR WKH XQGHUO\LQJ WKHRU\ RU VHPDQWLF PRGHO� ZKHUH WKH REMHFW� RU REMHFWV� RI VWXG\

FDQ EH FDSWXUHG LQ D VRXQG DQG FRPSOHWH ZD\� )ROORZLQJ VXFK DQ DSSURDFK IRU WKH FRQVWUXFWLRQ RI QHZ

TXDQWXP DOJRULWKPV LV VSHFLDOO\ FKDOOHQJLQJ� DV LW KDV WR GHDO ZLWK WZR� JHQHUDOO\ RUWKRJRQDO� GLPHQVLRQV�

WKHLU SHUIRUPDQFH �FRPSOH[LW\ ZLVH� DQG WKHLU FRUUHFWQHVV�

,Q TXDQWXP FRPSXWDWLRQ� WKH FRUUHFWQHVV VLGH LV DOUHDG\ VLJQLILFDQWO\ PDWXUH� DQG PDQ\ XVHIXO WRROV

WR UHDVRQ DERXW TXDQWXP SURFHVVHV DQG SURJUDPV DUH DYDLODEOH� IRXQGHG RQ WKH FRQVLVWHQW ZRUN LQ WKH

ILHOGV RI VHPDQWLFV RI TXDQWXP SURJUDPPLQJ ODQJXDJHV DQG ORJLFDO V\VWHPV� 7KH FRPSOH[LW\ VLGH LV QRW VR

PDWXUH� ZKLOH WKH IXQGDPHQWDO FRPSRQHQWV WKDW DOORZ IRU TXDQWXP DGYDQWDJH DFURVV DOO TXDQWXP FRPSXWHU

PRGHOV� WHFKQLTXHV DQG DOJRULWKPV DUH FRPPRQ DQG LGHQWLILHG� LQWHUIHUHQFH DQG HQWDQJOHPHQW� DQG GHVSLWH

WKH PXOWLWXGH RI PHWKRGV WR LGHQWLI\ DQG TXDQWLI\ WKHP� WR WKH EHVW RXU NQRZOHGJH WKHUH LV QR FRPSRVLWLRQDO

WKHRU\ WKDW IRUPDOL]HV WKHP� 1RQHWKHOHVV� WKH PDWKHPDWLFDO WKHRU\ RI TXDQWXP DGYDQWDJH LV D YHU\ DFWLYH

UHVHDUFK DUHD� +HQFH� LQ WKLV WKHVLV ZH IROORZ D PRUH HPSLULFDO DSSURDFK� SHUIRUPDQFH�ZLVH ZH IRFXVHG LQ

WKH FKDUDFWHUL]DWLRQ RI VRPH WKH HIILFLHQW TXDQWXP DOJRULWKPV DQG WKHLU SULPLWLYHV� DQG WKH FRQFHLYH QHZ

H[DPSOHV� IURP WKH SRLQW RI YLHZ RI FRUUHFWQHVV� ZH SURYLGH D ORJLFDO IRUPDOLVP IRU GHDOLQJ ZLWK D VSHFLILF

FODVV RI TXDQWXP SURJUDPV� 0RUH SUHFLVHO\ WKH UHVHDUFK ZRUN ZDV GHYHORSHG DORQJ WKHVH OLQHV�

� (IILFLHQW TXDQWXP DOJRULWKPV � 7ZR FODVVHV RI SUREOHPV IRU ZKLFK WKHUH LV D TXDQWXP DOJRULWKP

ZLWK H[SRQHQWLDO DGYDQWDJH DUH WKH VRIW�VLPXODWLRQ RI D ZLGH FODVV RI +DPLOWRQLDQV �ORFDO WR VSDUVH

RQHV�� DQG WKH RQHV WKDW PDNH HIIHFWLYH XVH RI WKH )RXULHU WUDQVIRUP� ZKLFK UDQJH IURP WKH 6KRU WR

WKH ++/ DOJRULWKP� :H VWXGLHG WKHVH DOJRULWKPV DQG SURYLGHG D QHZ DSSOLFDWLRQ WR WKH VRIW�VLPXODWLRQ

RI QRQUDGLDWLYH HQHUJ\ LQ SKRWRV\QWKHWLF V\VWHPV�
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� 2SWLPL]DWLRQ SUREOHPV � 4XDQWXP FRPSXWHUV PD\ \LHOG VRPH SHUIRUPDQFH DGYDQWDJH LQ LQGXVWULDO

SUREOHPV� SDUWLFXODUO\ ZKHQ LQYROYLQJ VRPH IRUP RI RSWLPL]DWLRQ� :H UHYLHZ WKH FXUUHQW TXDQWXP

FRPSXWDWLRQDO WHFKQLTXHV HPSOR\HG LQ WKLV NLQG RI SUREOHPV DQG� LQ SDUWLFXODU� ZH H[SORUH DQ H[DPSOH

RI DSSOLFDWLRQ RI RQH RI WKHVH WHFKQLTXHV� WR WKH FDOFXODWLRQ RI WKH JURXQG�VWDWH RI WKH 𝐻2 DQG 𝐿𝑖𝐻�

XQGHU WKH DFWLRQ RI D VWURQJ HOHFWULFDO ILHOG� WKH VR�FDOOHG 6WDUN HIIHFW� ZKLFK� WR WKH EHVW RI RXU

NQRZOHGJH� ZDV QRW DWWHPSWHG EHIRUH DQG ZKRVH FRQFHSWLRQ IDFHV QRQ�WULYLDO WKHRUHWLFDO DQG SUDFWLFDO

FKDOOHQJHV�

� /RJLF IRU TXDQWXP SURJUDPV �:H GHILQH D G\QDPLF ORJLF� WR UHDVRQ DERXW WKH 4$60 SURJUDPPLQJ

ODQJXDJH� ZKLFK LQYROYHV TXDQWXP DQG FODVVLFDO GDWD DQG PHDVXUHPHQWV�

7KHVH OLQHV RI UHVHDUFK KDYH RULJLQDWHG WKH IROORZLQJ SXEOLFDWLRQV�

� -RVp 'LRJR *XLPDUmHV� &DUORV 7DYDUHV� /XtV 6RDUHV %DUERVD� DQG 0LNKDLO ,JRUHYLFK 9DVLOHYVNL\ �������

6LPXODWLRQ RI QRQUDGLDWLYH HQHUJ\ WUDQVIHU LQ SKRWRV\QWKHWLF V\VWHPV XVLQJ D TXDQWXP

FRPSXWHU� &RPSOH[LW\� ���� �>���@��

� &DUORV 7DYDUHV� 6RILD 2OLYHLUD� 9LWRU )HUQDQGHV� $QGUHL 3RVQLNRY DQG 0LNKDLO ,JRUHYLFK 9DVLOHYVNL\�

4XDQWXP VLPXODWLRQ RI WKH JURXQG�VWDWH 6WDUN HIIHFW LQ VPDOO PROHFXOHV� D FDVH VWXG\

XVLQJ ,%0 4� 6RIW &RPSXWLQJ ��� ����²���� ������� �>���@��

� &DUORV 7DYDUHV� $ '\QDPLF /RJLF IRU 4$60 3URJUDPV� ,QWHUQDWLRQDO :RUNVKRS RQ '\QDPLF

/RJLF� /HFWXUH 1RWHV LQ &RPSXWHU 6FLHQFH� YRO ������ ������� ������� 6SULQJHU� &KDP� �>���@��

7KH VWUXFWXUH RI WKH WKHVLV UHDGV DV IROORZV� LQ FKDSWHU � ZH UHYLVLW WKH UHOHYDQW PDWKHPDWLFDO QRWLRQV

XQGHUO\LQJ TXDQWXP PHFKDQLFV DQG SURYLGH VRPH EDFNJURXQG RQ TXDQWXP FRPSXWDWLRQ DQG SURJUDPPLQJ�

&KDSWHU � DLPV DW FODVVLI\LQJ WKH TXDQWXP HIILFLHQW DOJRULWKPV� DV ZHOO DV� WKH LQKHUHQW SULPLWLYHV WKDW DOORZ

TXDQWXP DGYDQWDJH� :H DOVR GLVFXVV WKH H[DPSOH RI WKH VLPXODWLRQ RI QRQ�UDGLDWLYH HQHUJ\ WUDQVIHU LQ

SKRWRV\QWKHWLF V\VWHPV� &KDSWHU �� LV GHYRWHG WR DQDO\VH FRPSOH[ FRPSXWDWLRQDO SUREOHPV� ZKLFK UHPDLQ

EH\RQG UHDFK WR TXDQWXP FRPSXWHUV� ZKHUHDV PRVW RI WKHP KDYH LQGXVWULDO LQWHUHVW� :H DOVR GLVFXVV D FDVH

VWXG\ RQ WKH FDOFXODWLRQ RI D JURXQG�VWDWH 6WDUN HIIHFW IRU VPDOO PROHFXOHV� )LQDOO\� FKDSWHU �� LQWURGXFHV D

VSHFLILF TXDQWXP G\QDPLF ORJLF WR UHDVRQ DERXW TXDQWXP SURJUDPV�
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, WKLQN , FDQ VDIHO\ VD\ WKDW QRERG\

XQGHUVWDQGV TXDQWXP PHFKDQLFV�

5LFKDUG 3� )H\QPDQ� 7KH 0HVVHQJHU /HFWXUHV�

����� 0,7�

7KLV FKDSWHU DLPV DW UHYLVLWLQJ WKH IXQGDPHQWDO WKHRUHWLFDO QRWLRQV RI TXDQWXP FRPSXWDWLRQ� DV D

EDFNJURXQG RI WKH IROORZLQJ FKDSWHUV� :H H[SORUH WKH IXQGDPHQWDO PDWKHPDWLFDO FRQFHSWV RI TXDQWXP

PHFKDQLFV� WKH +LOEHUW VSDFH DQG GHQVLW\ RSHUDWRUV IRUPDOLVPV� DV ZHOO DV WKH GLVWLQFWLYH FKDUDFWHULVWLFV RI

TXDQWXP PHFKDQLFV� L�H� LQWHUIHUHQFH DQG HQWDQJOHPHQW� WKDW� DUJXDEO\� DUH WKH PDLQ VRXUFH RI WKH VR�FDOOHG

TXDQWXP DGYDQWDJH� ZKLFK SOD\ D YLWDO UROH LQ PDQ\ TXDQWXP WHFKQRORJLHV� IURP FRPPXQLFDWLRQ DQG

FU\SWRJUDSK\� WR FRPSXWDWLRQ� :H DOVR H[SORUH WKH PDLQ TXDQWXP FRPSXWDWLRQ PRGHOV DQG SURJUDPPLQJ

ODQJXDJHV� LQFOXGLQJ TXDQWXP FLUFXLWV� DQG ZH SURYLGH D JHQHUDO SHUVSHFWLYH RI WKH TXDQWXP FRPSOH[LW\

FODVVHV�

��� 4XDQWXP SK\VLFV

$W WKH EHJLQQLQJ RI WKH ��𝑡ℎ FHQWXU\� SK\VLFV ZDV WKRXJKW WR EH FRPSOHWH� XQLI\LQJ DOO NQRZQ SK\VLFDO

IRUFHV DQG UHJLPHV� IURP WKH VPDOO WR WKH YHU\ ODUJH� XQGHU WKH JHQHUDO UHODWLYLW\ WKHRU\� +RZHYHU� WKHUH

ZHUH VWLOO VRPH LVVXHV WR VROYH� VXFK DV WKH GLYHUJHQFHV YHULILHG LQ WKH FDOFXODWLRQ RI EODFN�ERG\ UDGLDWLRQ�

DQG WKH LQFRPSOHWH XQGHUVWDQGLQJ RI WKH SKRWRHOHFWULF HIIHFW� 7KH VROXWLRQV WR WKHVH SUREOHPV� OHG WR WKH

LQWURGXFWLRQ RI WKH RI WKH FRQFHSW RI TXDQWXP� WKH VPDOOHVW DPRXQW RI D SK\VLFDO TXDQWLW\� IRU H[DPSOH� WKH

3ODQFN FRQVWDQW�� ZKLFK LV WKH TXDQWXP RI WKH RUELWDO DQJXODU PRPHQWXP� ,W DOORZHG VLPXOWDQHRXVO\ WKH

UHVROXWLRQ RI WKH GLYHUJHQFHV RI WKH UDGLDWLRQ RI EODFN ERGLHV >���@ DV ZHOO DV WKH IXOO XQGHUVWDQGLQJ RI WKH

SKRWRHOHFWULF HIIHFW >���@� IRU ZKLFK $OEHUW (LQVWHLQ ZDV DZDUGHG WKH 1REHO SUL]H LQ ����� 7KLV LQ SDUWLFXODU�

LQFOXGHG WKH UDGLFDO LGHD RI GLVFUHWL]DWLRQ RI HOHFWURPDJQHWLF ZDYHV� ZKRVH TXDQWD ZHUH ODWHU FDOOHG SKRWRQV�

1 A constant ℎ = 6.62607004 × 10−34𝑚2𝑘𝑔/𝑠 introduced by Max Planck, to fit the data of black body radiation experiments
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2.2. The Hilbert space formulation 5

7KHVH ILQGLQJV DORQJ ZLWK VHYHUDO RWKHU LGHDV DQG H[SHULPHQWV� VXFK DV WKH H[SHULPHQWDO YDOLGDWLRQ RI WKH

ZDYH�SDUWLFOH GXDOLW\� DQG WKH QHZ DWRPLF PRGHOV SURSRVHG E\ %RKU >��@� VKDSHG DQG JDYH H[SHULPHQWDO

YDOLGDWLRQ WR D UDGLFDOO\ GLIIHUHQW WKHRU\ IURP FODVVLFDO PHFKDQLFV� WKH TXDQWXP WKHRU\�

7KLV ERG\ RI LGHDV UHTXLUHG D VRXQG PDWKHPDWLFDO IRUPXODWLRQ� DQG WKLV ZDV LQLWLDOO\ DFKLHYHG E\ WZR

GLIIHUHQW DQG LQGHSHQGHQW IRUPXODWLRQV� WKH (UZLQJ 6FKU|GLQJHU·V IRUPXODWLRQ >���@� EDVHG RQ ZDYHV� DQG

WKH +HLVHQEHUJ�-RUGDQ IRUPXODWLRQ >���@� EDVHG RQ PDWULFHV� %RWK IRUPXODWLRQV ZHUH� ODWHU� VKRZQ WR EH

HTXLYDOHQW E\ 6FKU|GLQJHU >���@� DQG ODWHU� PDWKHPDWLFDOO\ XQLILHG XQGHU WKH +LOEHUW VSDFH IRUPDOLVP E\

9RQ 1HXPDQ >���@� DV ERWK DUH FDQRQLFDO H[DPSOHV RI D FRPSOH[ +LOEHUW VSDFH � 6FKURGLQJHU·V IRUPXODWLRQ

KDSSHQV LQ WKH VSDFH 𝑙2� WKH VSDFH RI DOO VTXDUH VXPPDEOH FRPSOH[ VHTXHQFHV� DQG WKH +HLVHQEHUJ·V LQ
WKH 𝐿2(ℝ3) VSDFH� WKH VHW RI DOO VTXDUH LQWHJUDEOH FRPSOH[ IXQFWLRQV RI WKUHH UHDO YDULDEOHV >��@�

$QRWKHU LPSRUWDQW IRUPDOLVP LV WKH RQH RI GHQVLW\ PDWULFHV� DOVR LQWURGXFHG E\ 9RQ 1HXPDQQ LQ ����

>���@� WDUJHWLQJ DW WKH UHSUHVHQWDWLRQ RI VWDWLVWLFDO HQVHPEOHV RI TXDQWXP VWDWHV� XVHIXO WR UHSUHVHQW

XQFHUWDLQW\ LQ TXDQWXP VWDWHV� H�J� IX]]LQHVV LQ SUHSDUDWLRQ RI TXDQWXP VWDWHV� 7KH +LOEHUW DQG GHQVLW\

PDWULFHV IRUPDOLVPV� SDUWLFXODUO\ WKH ILQLWH�GLPHQVLRQDO RQHV� DUH WKH PRVW FRPPRQO\ XVHG RQHV LQ TXDQWXP

FRPSXWDWLRQ� ,Q WKH IROORZLQJ VHFWLRQV ZH HQXPHUDWH WKH PDLQ SULQFLSOHV RI TXDQWXP PHFKDQLFV

��� 7KH +LOEHUW VSDFH IRUPXODW LRQ

'HVSLWH RI WKH FRPSOH[LW\ RI LWV FRQVHTXHQFHV� TXDQWXP WKHRU\ LV GHILQHG E\ RQO\ IRXU SRVWXODWHV� LQ DGGLWLRQ

WR WKH DOJHEUDLF ODZV JRYHUQLQJ D +LOEHUW VSDFH� DQG FDQ EH LQWHUSUHWHG DV VWDWH�EDVHG V\VWHPV� ZKHUH VWDWHV

DUH XQLW\ YHFWRUV DQG WUDQVLWLRQV FRUUHVSRQG WR XQLWDU\ WUDQVIRUPDWLRQV EHWZHHQ VWDWHV� SUHVHUYLQJ HQHUJ\

FRQVHUYDWLRQ ODZV�

Definition 2.2.1. A vector space 𝑉 over a field 𝔽, is a set such that for every 𝑥, 𝑦 ∈ 𝑉, the
following laws apply:

𝑥 + 𝑦 ∈ 𝑉; 0𝔽𝑥 = 0𝑉;𝑥 + 𝑦 = 𝑦 + 𝑥; 1𝔽𝑥 = 𝑥;0𝑉 + 𝑣 = 𝑥 + 0𝑉 = 𝑥; 𝛼(𝑥 + 𝑦) = 𝛼𝑥 + 𝛼𝑦;𝛼𝑥 ∈ 𝑉; (𝛼 + 𝛽)𝑥 = 𝛼𝑥 + 𝛽𝑥;
Definition 2.2.2. ([108]) A Hilbert space is a vector space 𝐻, over the complex numbers ℂ,
with an internal product of type:

⟨−|−⟩ ∶ 𝐻 × 𝐻 → ℂ . (1)

In this operation, for all 𝜓, 𝜙, 𝜖 ∈ 𝐻 and 𝜆 ∈ ℂ the following algebraic rules apply:

2 The idea that both waves and particles had similar behaviour, as proposed theoretically by Louie De Broglie [126], and
experimentally demonstrated by Compton [112]
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2.2. The Hilbert space formulation 6

⟨𝜓|𝜆𝜙 + 𝜖⟩ = 𝜆⟨𝜓|𝜙⟩ + ⟨𝜓|𝜖⟩; ⟨𝜆𝜓 + 𝜙|𝜖⟩ = 𝜆∗⟨𝜓|𝜖⟩ + ⟨𝜙|𝜖⟩;⟨𝜓|𝜙⟩ = (⟨𝜙∣𝜓⟩)∗; ⟨𝜓|𝜓⟩ ≥ 0 for all 𝜓 ≠ 0
where (−)∗ is the conjugate of complex numbers. Additionally, Hilbert spaces of infinite
dimensions must be Cauchy complete, i.e. for any (Cauchy) convergent sequence (𝑣𝑖)𝑖 of
vectors in H, there exists 𝑣 ∈ 𝐻, such that ||𝑣𝑖 − 𝑣|| → 0.
����� 7KH VWDWH VSDFH

7KH ILUVW SRVWXODWH� GHILQHV WKH VHW RI SRVVLEOH VWDWHV LQ D TXDQWXP V\VWHP�

Postulate 1. The state space of an isolated physical system is the set of unitary vectors of
an Hilbert space.

:H GHQRWH DQ +LOEHUW VSDFH E\ ℋ� ,Q ����� 3DXO 'LUDF SURSRVHG D QRWDWLRQ WR H[SUHVV YHFWRUV LQ WKH +LOEHUW

VSDFH� WKH VR�FDOOHG 'LUDF QRWDWLRQ >���@� )ROORZLQJ WKLV QRWDWLRQ� D YHFWRU 𝑣 ∈ ℋ� L�H� D VWDWH� LV H[SUHVVHG

DV |Ψ⟩� (YHU\ YHFWRU LV JHQHUDWHG E\ D EDVLV� D VXEVHW RI OLQHDUO\ LQGHSHQGHQW YHFWRUV ∣𝑣1⟩ ,… , ∣𝑣𝑛⟩� +HQFH�
LQ LWV JHQHUDO IRUP� D YHFWRU 𝑣 ∈ 𝑉� FDQ EH H[SUHVVHG DV D OLQHDU FRPELQDWLRQ RI HOHPHQWV RI D EDVLV�

|Ψ⟩ = ∑𝑖 𝛼𝑖 ∣𝑣𝑖⟩ , (2)

ZKHUH ∣𝑣𝑖⟩ FRUUHVSRQG WR YHFWRUV RI WKH EDVLV� DQG 𝛼𝑖 DUH FRPSOH[ QXPEHUV FRUUHVSRQGLQJ WR WKHLU DPSOLWXGHV�
,Q WKH PDWULFLDO IRUP ∣𝑣𝑖⟩ FRUUHVSRQGV WR D FROXPQ YHFWRU�

|Ψ⟩ = ⎡⎢⎢⎢⎢⎢⎣
𝛼1𝛼2⋮𝛼3

⎤⎥⎥⎥⎥⎥⎦
. (3)

$ EDVLV PD\ EH RU QRW EH FRPSOHWH� LW LV FRPSOHWH LI WKH IROORZLQJ FRQGLWLRQ KROGV�

∑𝑖 𝛼𝑖 ∣𝑣𝑖⟩ = 0 LI 𝛼𝑖 = 0, IRU DOO L . (4)

7KH GLPHQVLRQ RI ℋ LV WKH PD[LPXP QXPEHU RI OLQHDUO\ LQGHSHQGHQW YHFWRUV LQ ℋ� $ IXUWKHU FRQGLWLRQ RI

YDOLG VWDWHV LV XQLWDULW\� ZKLFK LV SURYLGHG E\ WKH QRUPDOL]DWLRQ� WKH QRUP RI WKH YHFWRU LV HTXDO WR 1� L�H�|| |𝑣⟩ ||  1� ZKHUH WKH QRUP LV JLYHQ DV�

|| |Ψ⟩ || = √∑𝑖 𝛼†𝑖 𝛼𝑖 (5)
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2.2. The Hilbert space formulation 7

ZKHUH 𝛼𝑖 DQG 𝛼∗𝑖 DUH WKH DPSOLWXGHV DQG WKHLU FRQMXJDWHV� UHVSHFWLYHO\� $QRWKHU UHOHYDQW PDWKHPDWLFDO

REMHFW LQ TXDQWXP PHFKDQLFV LV WKH EUD ⟨Ψ|� ZKLFK FRUUHVSRQGV WR WKH FRQMXJDWH WUDQVSRVH RI D YHFWRU
⟨Ψ| = |Ψ∗⟩𝑇 = [𝛼∗1, 𝛼∗2,… , 𝛼∗𝑛] . (6)

&RQFHSWXDOO\� NHWV FRUUHVSRQG WR WKH VWDWHV RI D TXDQWXP V\VWHP� DQG EUDV WR WKH WHVWV WKDW FDQ EH SHUIRUPHG

RYHU VWDWHV� )LQDOO\� WKH LQWHUQDO SURGXFW SURYLGHV QRWLRQ RI GLVWDQFH EHWZHHQ YHFWRUV� ,Q WKH 'LUDF QRWDWLRQ�

IRU LQVWDQFH� DQ LQWHUQDO SURGXFW LV GHQRWHG DV ⟨Ψ1∣Ψ2⟩ DQG FDQ EH FDOFXODWHG DV IROORZV�
⟨Ψ1∣Ψ2⟩ = [𝛼∗1, 𝛼∗2,… , 𝛼∗𝑛].

⎡⎢⎢⎢⎢⎢⎣
𝛼1𝛼2⋮𝛼3

⎤⎥⎥⎥⎥⎥⎦
. (7)

,Q RWKHU ZRUGV� WKH LQWHUQDO SURGXFW SURYLGHV D PHDVXUH RI WKH OLNHOLKRRG WKDW D WHVW ⟨Ψ1∣ UHVXOWV
VXFFHVVIXOO\ LQ D VWDWH ∣Ψ2⟩� ,I WKH LQWHUQDO SURGXFW ⟨Ψ1∣Ψ2⟩ = 0� WKHQ ⟨Ψ1∣ DQG ∣Ψ2⟩ DUH LQGHSHQGHQW�
L�H� RUWKRJRQDO� ZKLOH LI WKH LQWHUQDO SURGXFW LV RQH� PHDQV WKH\ FRLQFLGH�

,W FDQ EH HDVLO\ REVHUYHG WKDW WZR NLQGV RI VWDWHV DUH SRVVLEOH LQ DQ +LOEHUW VSDFH� |Ψ⟩ = ∣𝑣𝑖⟩ FRUUH�
VSRQGLQJ WR D VLQJOH HOHPHQW RI WKH EDVLV� DQG |Ψ⟩ = ∑𝑖 𝛼𝑖 ∣𝑣𝑖⟩ ZLWK 𝛼𝑖 ∈ ℂ� FRUUHVSRQGLQJ WR OLQHDU

FRPELQDWLRQV RI EDVLV HOHPHQWV� ERWK KDYLQJ IXQGDPHQWDO GLIIHUHQFHV LQ WHUPV RI SK\VLFDO LQWHUSUHWDWLRQ�

7KH IRUPHU RQHV DUH FDOOHG VWDWLRQDU\ VWDWHV DQG FRUUHVSRQG WR VWDWHV ZKHUH WKH HQHUJ\ RI WKH V\VWHP LV

ZHOO NQRZQ� L�H� ZLWK QR XQFHUWDLQW\ DVVRFLDWHG� FRUUHVSRQGLQJ WR GLIIHUHQW TXDQWXP QXPEHUV� DQG EHLQJ

SHUIHFWO\ GLVWLQJXLVKDEOH� 7KH ODWWHU RQHV FRUUHVSRQG WR WKH VR�FDOOHG VXSHUSRVLWLRQ VWDWHV�

|Ψ⟩ = 𝜆1|Ψ1⟩ + 𝜆2|Ψ2⟩ + … + 𝜆𝑚|Ψ𝑚⟩ , (8)

L�H� VWDWHV ZKHUH WKH HQHUJ\ LV QRW ZHOO�GHILQHG� ZLWK DQ XQFHUWDLQW\ DVVRFLDWHG� 7KH SURSHU SK\VLFDO

XQGHUVWDQGLQJ RI VXFK VWDWHV LV VWLOO XQGHU GHEDWH� GXH WR WKHLU XQREVHUYDELOLW\ LQ WKH FODVVLFDO ZRUOG� +RZHYHU

LQ SUDFWLFH� DFFRUGLQJ WR WKH VWDWLVWLFDO LQWHUSUHWDWLRQ RI 4XDQWXP 0HFKDQLFV RULJLQDOO\ SURSRVHG E\ 0� %RUQ

>���@� D PHDVXUHPHQW RI VXFK D TXDQWXP VWDWH FDQ UDQGRPO\ \LHOG RQH RI WKH HLJHQYDOXHV RI LWV HQHUJ\� 𝐸𝑛�
ZLWK WKH SUREDELOLWLHV JLYHQ E\ WKH VTXDUHG DPSOLWXGHV RI WKH FRUUHVSRQGLQJ EDVLV HOHPHQWV� |𝜆𝑛|2�
����� ,QWHUIHUHQFH

$ FORVHU ORRN WR WKH SRVVLEOH VWDWH VSDFHV LQ TXDQWXP PHFKDQLFV� OHDGV WR WKH REVHUYDWLRQ RI RQH RI LWV

GLVWLQFWLYH SURSHUWLHV� LQWHUIHUHQFH� ,Q JHQHUDO� D TXDQWXP VWDWH� FDQ EH ZULWWHQ DV

𝐴𝑒𝑖𝜃1 |0⟩ + 𝐵𝑒𝑖𝜃2 |1⟩ ≡ 𝜆 |0⟩ + 𝛽 |1⟩ ZLWK |𝜆|2 + |𝛽|2 = 1 . (9)
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2.2. The Hilbert space formulation 8

,QWHUIHUHQFH FRQFHUQV WKH QRQ�LQGHSHQGHQFH RI FHUWDLQ SDLUV RI HYHQWV LQ TXDQWXP PHFKDQLFV� ZKLFK FDQ

EH YHULILHG� IRU LQVWDQFH� LQ WKH VR�FDOOHG GRXEOH VOLW H[SHULPHQW >��@� 7KLV SUHYHQWV WKDW WKH SUREDELOLW\ RI

VXFK HYHQWV LV JLYHQ E\ WKH VXP RI WKHLU SUREDELOLW\� L�H� 𝑃(𝐴 ∨ 𝐵) = 𝑃(𝐴) + 𝑃(𝐵)� DV LI WKH\ ZHUH
LQGHSHQGHQW� ,QWHUIHUHQFH UHTXLUHV WZR RU PRUH HYHQWV WR EH FDOFXODWHG� FRQVLGHULQJ WKH VWDWH GHVFULEHG LQ

HTXDWLRQ (9)� DQG WKDW 𝐴 ⊔ 𝐵 FRUUHVSRQGV WR WKH TXDQWXP XQLRQ RI WKH WZR SRVVLEOH TXDQWXP HYHQWV� L�H�

WR REWDLQ 0 RU 1 XSRQ PHDVXUHPHQW� WKH SUREDELOLW\ RI 𝐴 ⊔ 𝐵 LV FDOFXODWHG DV IROORZV�

𝑃(𝐴 ⊔ 𝐵) = (𝐴.𝑒𝑖𝜃1 + 𝐵.𝑒𝑖𝜃2)†(𝐴.𝑒𝑖𝜃1 + 𝐵.𝑒𝑖𝜃2) = |𝐴|2 + |𝐵|2 +𝐴.𝐵.𝑐𝑜𝑠(𝜃2 − 𝜃1) . (10)

,W LV HDVLO\ REVHUYDEOH WKDW WKH SUREDELOLW\ GHSHQGV RQ WKH SKDVH GLIIHUHQFH EHWZHHQ WKH WZR ZDYHV �HLJHQIXQF�

WLRQV� RI WKH VWDWLRQDU\ VWDWHV� L�H� E\ WKH WHUP 𝑐𝑜𝑠(𝜃2 −𝜃1)� )RUPDOO\� WKH DFWXDO FDOFXODWLRQ RI LQWHUIHUHQFH
LV JLYHQ E\ WKH GLIIHUHQFH EHWZHHQ WKH SUREDELOLW\ RI TXDQWXP XQLRQ DQG WKH FODVVLFDO XQLRQ�

𝐼(𝐴, 𝐵) ∶= 𝑃(𝐴 ⊔ 𝐵) − 𝑃(𝐴) − 𝑃(𝐵)∶= (𝐴.𝑒𝑖𝜃1 + 𝐵.𝑒𝑖𝜃2) (𝐴.𝑒𝑖𝜃1 + 𝐵.𝑒𝑖𝜃2)† −𝐴.𝑒𝑖𝜃1. (𝐴.𝑒𝜃1)† − 𝐵.𝑒𝑖𝜃2. (𝐵.𝑒𝜃2)†
∶= 𝐴.𝐵.𝑐𝑜𝑠(𝜃2 − 𝜃1)

,W FDQ EH HDVLO\ FRQFOXGHG� WKDW WKH HYHQWV FDQ RQO\ EH WUHDWHG DV LQGHSHQGHQW RQO\ ZKHQ LQWHUIHUHQFH𝐼(𝐴, 𝐵) LV 0� 2Q WKH RWKHU KDQG� ZKHQ WKH LQWHUIHUHQFH IDFWRU LV QRW 0� WKH WZR ZDYHV FRUUHVSRQGLQJ WR WKH
HYHQWV DUH VDLG WR EH FRKHUHQW�

7KHUH LV DOZD\V LQWHUIHUHQFH LQ VXSHUSRVLWLRQ VWDWHV� L�H� HLJHQZDYHV RI WKH V\VWHP DUH DOZD\V LQ FRKHUHQFH�

DQG WKH SUREDELOLW\ FDOFXODWLRQV WKH RQO\ GHSHQG RQ WKH SKDVH GLIIHUHQFHV �ORFDO SKDVHV� EHWZHHQ WKHP�

7KH FRPPRQ GHQRPLQDWRU EHWZHHQ DOO SKDVHV LV WKH VR�FDOOHG JOREDO SKDVH� DQG ZKLOH HVVHQWLDO WR WKH

FRPSRVLWLRQ RI TXDQWXP V\VWHPV� GRHV QRW KDYH DQ\ REVHUYDWLRQDO UHOHYDQFH� L�H� LW LV QRW UHOHYDQW WR

SUREDELOLVWLF FDOFXODWLRQV� ,Q RWKHU ZRUGV� LW FDQ EH VWDWHG WKDW

𝜆 |Ψ⟩ ≅ |Ψ⟩ , ZLWK 𝜆 ∈ ℂ (11)

ZKHUH 𝜆 LV D JOREDO SKDVH IDFWRU� L�H� LW DIIHFWV WKH ZKROH V\VWHP� DQG ≅ PHDQV REVHUYDWLRQDO HTXLYDOHQFH

DQG |Ψ⟩ LV DQ DUELWUDU\ VWDWH�
,QWHUIHUHQFH LV ZHOO NQRZQ WR KDSSHQ ZLWK ZDYHV LQ FODVVLFDO SK\VLFV� EXW LQ TXDQWXP PHFKDQLFV LW LV

NQRZQ WR KDSSHQ ZLWK SKRWRQV� EXW DOVR ZLWK SDUWLFOHV� H�J� HOHFWURQV� L�H� H SURYLGLQJ HYLGHQFH WKDW DOVR

PDWWHU FDQ EHKDYH DV ZDYHV� LQ DJUHHPHQW ZLWK WKH K\SRWKHVLV ZDYH�SDUWLFOH GXDOLW\� ,Q IDFW� LQWHUIHUHQFH

KDV DOVR VKRZQ WR EH H[LVWHQW LQ PXFK ODUJHU ERGLHV DW PHVRVFRSLF VFDOH� VXFK DV LQ ODUJH PROHFXOHV >���@�

EXW QRW DW PDFURVFRSLF OHYHO�
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2.2. The Hilbert space formulation 9

7KLV ZDV VKRZQ LQ TXDQWXP PHFKDQLFV UHVRUWLQJ WR GLIIHUHQW GHYLFHV DQG PHWKRGV� VXFK DV VOLW H[SHU�

LPHQWV� REVHUYDWLRQ RI HOHFWURQ GLIIUDFWLRQ RU LQWHUIHURPHWHUV RI PDQ\ NLQGV� $ SDUDGLJPDWLF H[DPSOH RI

LQWHUIHURPHWHUV LV WKH VR�FDOOHG 0DFK�=HQGHU LQWHUIHURPHWHU� GHSLFWHG LQ ILJXUH �� LQLWLDOO\ WDUJHWHG WR SKRWRQV�

Figure 1: The Mach-Zender interferometer, is a optical device where, upon the application of a
beam splitter, photons can travel through two possible paths, until reaching one of two
detectors. Such paths can be transversed with equal probability. The detection of the
photon in the first detector corresponds to the basis state |0⟩ and in the second detector
as |1⟩. Adapted from [132].

,Q WKH H[SHULPHQWV ZLWK WKH 0DFK�=HQGHU LQWHUIHURPHWHU� WKH HQG VWDWHV UHDG DV IROORZV�

1√2 (|0⟩ + |1⟩) (12)

ZLWK 1/2 SUREDELOLW\ RI REWDLQLQJ 1 RU 0� +RZHYHU� WKH SUREDELOLW\ FDQ EH FRQWUROOHG E\ WKH SKDVH GLIIHUHQFH�
ZKLFK HVWDEOLVKHV WKH GLIIHUHQFH EHWZHHQ D SXUHO\ UDQGRP GLVWULEXWLRQ� ZKHUH WKHUH LV QR FRQWURO RYHU WKH

GLVWULEXWLRQ DQG LW LV FRQVWDQW WKURXJKRXW WLPH� DQG WKH GLVWULEXWLRQV RI TXDQWXP PHFKDQLFV� E\�SURGXFW RI

FRKHUHQFH EHWZHHQ ZDYHV� FRQWUROODEOH� DQG RVFLOODWRU\ WKURXJKRXW WKH DFWLRQ RI +DPLOWRQLDQ� 7KH ORVV RI

FRKHUHQFH� ZKLFK FDQ KDSSHQ WKURXJK PDQ\ SURFHVVHV� FDXVHV WKH GHFD\ RI D TXDQWXP VXSHUSRVLWLRQ VWDWH

H[KLELWLQJ FRKHUHQFH WR D FODVVLFDO SUREDELOLVWLF VWDWH�

����� 8QLWDU\ HYROXWLRQ

7KH HYROXWLRQ RI TXDQWXP PHFKDQLFDO V\VWHPV KDV WR EH UHYHUVLEOH� GXH WR WKH ODZV RI HQHUJ\ FRQVHUYDWLRQ�

DQG SUHVHUYH OLQHDULW\� 7KHUHIRUH� WKH HYROXWLRQ LQ D TXDQWXP V\VWHP LV JLYHQ E\ D XQLWDU\ RSHUDWRU 𝑈�

∣Ψ𝑡+𝛿𝑡⟩ = 𝑈 ∣Ψ𝑡⟩ , (13)

ZKLFK SUHVHUYHV OLQHDULW\�

9



2.2. The Hilbert space formulation 10

𝑈⎛⎜⎝∑𝑖 𝛼 ∣𝑣𝑖⟩⎞⎟⎠ = ∑𝑖 𝛼𝑖𝑈(∣𝑣𝑖⟩) . (14)

Postulate 2. The evolution of a closed system is described by a unitary transformation i.e.
an operator 𝑈 such that 𝑈.𝑈−1 = 𝐼.
$ FRUROODU\ RI WKHVH SRVWXODWHV LV WKDW WKH WHPSRUDO HYROXWLRQ RI D TXDQWXP PHFKDQLFDO V\VWHP LV JLYHQ E\ WKH

6FKU|GLQJHU HTXDWLRQ >���@� ZKLFK LV WKH FRUQHUVWRQH RI 6FKU|GLQJHU·V IRUPXODWLRQ RI TXDQWXP PHFKDQLFV�

VWLOO YHU\ XVHIXO LQ PDQ\ FRQWH[WV�

Postulate 2.1. The time evolution of the state of a closed quantum system is described by
the Schrödinger equation,

𝑖~ 𝜕𝜕𝑡 |Ψ(𝑡)⟩ = 𝐻|Ψ(𝑡)⟩ . (15)

7KH 6FKU|GLQJHU·V IRUPXODWLRQ RI TXDQWXP PHFKDQLFV� LV FHQWUHG DW WKH DFWLRQ RI WKH +DPLOWRQLDQ RSHUDWRU

RYHU TXDQWXP V\VWHPV� 𝐻 = 𝑇 + 𝑉� 𝑇 EHLQJ WKH NLQHWLF HQHUJ\ RI WKH FRQVWLWXHQW SDUWLFOHV DQG 𝑉 WKH

SRWHQWLDO HQHUJ\ RI DOO LQWHUDFWLRQV DQG ILHOGV LQ WKH V\VWHP� ERWK LQWHUQDO DQG H[WHUQDO� ZKRVH DFWLRQ \LHOGV

WKH WRWDO HQHUJ\ RI D V\VWHP LI LQ D VWDWLRQDU\ VWDWH�

𝐻|Ψ⟩ = 𝐸|Ψ⟩ . (16)

1RWDWLRQ |Ψ(𝑡)⟩ GHQRWHV WKH V\VWHP·V ZDYHIXQFWLRQ �:)�� ZKLFK UHSUHVHQWV WKH WLPHG HYROXWLRQ RI DQ

HLJHQVWDWH |Ψ⟩� UHVXOWLQJ IURP WKH DFWLRQ RI DQ +DPLOWRQLDQ RSHUDWRU� 7KH VHW RI :)·V FRUUHVSRQG WR DOO

SK\VLFDOO\ PHDQLQJIXO VROXWLRQV RI WKH 6FKU|GLQJHU HTXDWLRQ� ZKLFK DUH PXWXDOO\ RUWKRJRQDO� 8VXDOO\� WKHUH

DUH VHYHUDO SRVVLEOH VROXWLRQV WR WKH HTXDWLRQ� FRUUHVSRQGLQJ WR GLIIHUHQW YDOXHV RI WKH HQHUJ\ �HQHUJ\ OHYHOV

RU HLJHQYDOXHV� 𝐸𝑛�� ZKLFK DUH GLVFUHWH IRU D FRQILQHG �RU ERXQG� SK\VLFDO V\VWHP� 7KH ZDYHIXQFWLRQ |Ψ⟩�
PD\ DOVR GHSHQG RQ RWKHU DUJXPHQWV �VXFK DV VSDWLDO FRRUGLQDWHV DQG VSLQ FRPSRQHQWV� DFFRUGLQJ WR WKH

UHSUHVHQWDWLRQ XVHG� ,Q VHFWLRQ ���� RQ FKDSWHU �� WKLV IRUPDOLVP LV IXUWKHU H[SORUHG� ZKHQ DGGUHVVLQJ D

SUREOHP RI VLPXODWLRQ RI D PDQ\�ERG\ V\VWHP IRU TXDQWXP FKHPLVWU\�

����� 2EVHUYDEOHV

$ TXDQWXP VWDWH� L�H� D ZDYHIXQFWLRQ� FDUULHV LQIRUPDWLRQ DERXW DOO WKH REVHUYDWLRQV WKDW FDQ EH PDGH� E\

FKDUDFWHUL]LQJ WKHLU SUREDELOLW\ GLVWULEXWLRQ� ,Q TXDQWXP PHFKDQLFV RQH PD\ EH LQWHUHVWHG LQ DQ LQILQLW\

RI W\SHV RI REVHUYDWLRQV� H�J� RQH FDQ EH LQWHUHVWHG LQ PHDVXULQJ WKH SRVLWLRQ RI D SDUWLFOH� RU LWV YHORFLW\�

2EVHUYDEOHV LQ TXDQWXP PHFKDQLFV� DUH RSHUDWRUV ZLWK D VSHFLDO VWDWXV� NQRZQ DV +HUPLWLDQ OLQHDU RSHUDWRUV

ZKLFK FRQMXJDWH WUDQVSRVH �𝐴∗� HTXDOV LWVHOI�
10



2.2. The Hilbert space formulation 11

𝐴∗ = 𝐴 . (17)

,W FDQ EH HDVLO\ YHULILHG WKDW VXFK RSHUDWRUV SRVVHVV UHDO HLJHQYDOXHV� DQG LQGHHG FRUUHVSRQG WR WKRVH ZKR

DUH HPSLULFDOO\ PHDQLQJIXO� DV LQ WKH FODVVLFDO ZRUOG DOO SK\VLFDO TXDQWLWLHV DUH UHDO YDOXHV� $ GLIIHUHQFH

EHWZHHQ FODVVLFDO DQG TXDQWXP PHFKDQLFV LV WKDW REVHUYDEOHV� LQ JHQHUDO� GR QRW FRPPXWH� L�H� WKH

FRPPXWDWRU JLYHQ E\

[𝐴, 𝐵] = 𝐴𝐵 − 𝐵𝐴 , (18)

LV QRW QHFHVVDULO\ � IRU DOO SDLUV RI REVHUYDEOHV� 7KH PRVW ZHOO�NQRZQ H[DPSOH RI WKLV LV WKH QRQ�FRPPXWDWLYLW\

RI SRVLWLRQ DQG PRPHQWXP RSHUDWRUV� ZKLFK FRQVWLWXWH WKH VR�FDOOHG +HLVHQEHUJ XQFHUWDLQW\ SULQFLSOH� 7KH

FRPPXWDWRU� EDVLFDOO\ DOORZV WKH HYDOXDWLRQ RI WKH HIIHFW RI WKH RUGHU RI DSSOLFDWLRQ RI WKH REVHUYDWLRQV� L�H�

LI WKH FRPPXWDWRU LV GLIIHUHQW IURP ]HUR� L�H�

[𝐴, 𝐵] ≠ 0 , (19)

WKH REVHUYDWLRQV LQWHUIHUH ZLWK HDFK RWKHU DQG LW LV LPSRVVLEOH WR HVWLPDWH ZLWK DUELWUDU\ DFFXUDF\ ERWK

REVHUYDEOHV DW WKH VDPH WLPH� PHDQLQJ WKDW REVHUYDEOHV DUH FRUUHODWHG� DQG HYHQ PRUH� WKDW LW LV LPSRVVLEOH

WR ILQG VHSDUDEOH GLVWULEXWLRQV IRU WKH VWDWLVWLFV RI ERWK REVHUYDEOHV DQG DVVLJQ GHILQLWH YDOXHV WR ERWK RI

WKHP >��@� 2Q WKH RWKHU KDQG� LI (19) LV �� WKHQ REVHUYDEOHV DUH LQGHSHQGHQW� DQG KHQFH� LW LV SRVVLEOH WR
HVWLPDWH ERWK REVHUYDEOHV ZLWK DUELWUDU\ DFFXUDF\� (LQVWHLQ GHILQHG WKLV LPSRVVLELOLW\ RI DVVLJQLQJ D GHILQLWH

YDOXH WR HYHU\ REVHUYDEOH RI D TXDQWXP V\VWHP LQ D JLYHQ LQVWDQW DV VRPH VRUW RI DQWL�UHDOLVP� VWDWLQJ WKDW

TXDQWXP PHFKDQLFV VKRXOG EH LQFRPSOHWH� 7KLV� KRZHYHU� ZDV SURYHQ H[SHULPHQWDOO\ VHYHUDO WLPHV� DQG�

LV DQ LPSRUWDQW LQJUHGLHQW RI VHYHUDO TXDQWXP WHFKQRORJLHV� 1LHOV %RKU VWDWHG WKDW WKLV LV D YHU\ SRZHUIXO

DVVXPSWLRQ� ZKLFK LQYDOLGDWHV WKH FDOFXODWLRQ RI MRLQW SUREDELOLWLHV IRU HYHQWV WKDW GR QRW FRPPXWH�

����� 0HDVXUHPHQWV

7KH SRVWXODWHV HQXPHUDWHG VR IDU� GHVFULEH WKH SRVVLEOH VWDWHV FRQQHFWHG E\ WUDQVLWLRQV LQ TXDQWXP

PHFKDQLFV� ZKLFK LQFOXGH D VSHFLDO NLQG RI VWDWHV� WKH VXSHUSRVLWLRQ VWDWHV� 6XFK VWDWHV� FDQQRW EH

REVHUYHG LQ WKH FODVVLFDO ZRUOG� L�H� REMHFWV DW PDFURVFDOH FDQ RQO\ EH REVHUYHG LQ D VWDWLRQDU\ DQG QRW LQ D

VXSHUSRVLWLRQ RI VWDWHV� DOWKRXJK WKH\ KDYH EHHQ REVHUYHG DW PLFUR DQG PHVRVFRSLF VFDOHV� 7KLV GLVSDULW\

EHWZHHQ FODVVLFDO DQG TXDQWXP ZRUOGV LV NQRZQ DV WKH VR�FDOOHG PHDVXUHPHQW SUREOHP >���@� IRU ZKLFK

PXOWLSOH SRVVLEOH WKHRULHV KDYH EHHQ GHYHORSHG� XQIRUWXQDWHO\� XQGLVWLQJXLVKDEOH IURP WKH H[SHULPHQWDO

SRLQW RI YLHZ ZLWK FXUUHQW WHFKQRORJ\� +RZHYHU� WKH SURFHVV RI FDXVLQJ WKH FROODSVH RI D VXSHUSRVLWLRQ VWDWH

11



2.2. The Hilbert space formulation 12

WR D FODVVLFDO VWDWH LV NQRZQ DV PHDVXUHPHQW DQG PHDVXUHPHQWV KDYH D VWRFKDVWLF QDWXUH LQ TXDQWXP

PHFKDQLFV�

Postulate 3. Measurements cause the collapse of quantum states into classical states.
Mathematically, they correspond to projection operators: ∣𝑀𝑚⟩ ⟨𝑀𝑚∣, where 𝑚 is the
desired outcome.

7KH FDOFXODWLRQ RI WKH UHVXOWLQJ VWDWH DIWHU D PHDVXUHPHQW RYHU |Ψ⟩ LV JLYHQ E\
𝑀𝑚 |Ψ⟩√⟨Ψ|𝑀†𝑚𝑀𝑚 |Ψ⟩ , (20)

DQG WKH SUREDELOLW\ RI REWDLQLQJ D VSHFLILF PHDVXUHPHQW E\

𝑝(𝑚) = √⟨Ψ|𝑀†𝑚𝑀𝑚 |Ψ⟩ . (21)

7KH VHW RI PHDVXUHPHQW RSHUDWRUV� IRU DOO SRVVLEOH RXWFRPHV� UHVSHFWV WKH FRQGLWLRQ WKDW∑𝑚 𝑀†𝑚𝑀𝑚 =𝐼� (DFK PHDVXUHPHQW RSHUDWRU FRUUHVSRQGV WR RQO\ RQH SRVVLEOH RXWFRPH�
Example 2.2.1. Consider state ∣𝜓⟩ = 𝑎 |0⟩+𝑏 |1⟩ and measurements 𝑀0 = |0⟩ ⟨0|, 𝑀1 = |1⟩ ⟨1|;
then,

𝑝(0) = ⟨𝜓∣𝑀†0𝑀0 ∣𝜓⟩ = ⟨𝜓∣𝑀0 ∣𝜓⟩ = |𝑎|2 (22)

𝑀0 ∣𝜓⟩|𝑎| = 𝑎|𝑎| |0⟩ (23)

𝑀1 ∣𝜓⟩|𝑏| = 𝑏|𝑏| |1⟩ (24)

����� &RPELQLQJ TXDQWXP V\VWHPV

,Q TXDQWXP PHFKDQLFV WKH SRVVLELOLW\ RI FRPELQLQJ VPDOOHU TXDQWXP V\VWHPV FDQ EH FRPELQHG WR REWDLQ

ODUJHU RQHV� DQG D SURIRXQG GLIIHUHQFH EHWZHHQ FODVVLFDO DQG TXDQWXP PHFKDQLFV� LV WKDW VXFK FRPELQDWLRQ

LV QRW WULYLDO� QHZ SRVVLEOH VWDWHV DULVH IURP WKH FRPELQDWLRQ RI WZR +LOEHUW VSDFHV� H�J� 𝐻1 ⊗𝐻2� ZKLFK
GLG QRW H[LVW LQ WKH RULJLQDO YHFWRU VSDFHV� 𝐻1 DQG 𝐻2� EHIRUH EHLQJ FRPELQHG �PRUH RQ WKLV RQ VHFWLRQ
������� 7KH ODVW SRVWXODWH RI TXDQWXP PHFKDQLFV FRUUHVSRQGV H[DFWO\ WR WKLV�

Postulate 4. The state space of a composite physical system corresponds to the tensor
product of the state spaces of the component physical systems. A tensor is operator

12



2.3. The density matrix formalism 13

⊗ ∶ ℂ𝑛1 ×ℂ𝑛2 → ℂ𝑛1+𝑛2 . (25)

,Q IDFW HYHU\ +LOEHUW VSDFH RI DUELWUDU\ GLPHQVLRQ FDQ EH ZULWWHQ DV D WHQVRU SURGXFW

𝐻𝑛 = 𝐻1 ⊗𝐻2 ⊗𝐻3 …⊗𝐻𝑛 , (26)

DQG WKH FDOFXODWLRQ RI D WHQVRU SURGXFW RI WZR YHFWRU VSDFHV� FRUUHVSRQGV WR WKH IROORZLQJ OLQHDU RSHUDWLRQ�

𝑇 = 𝑛∑𝑖=1
𝑛∑𝑗=1 (𝑣𝑖𝑤𝑗) (𝑒𝑖 ⊗ 𝑓𝑗) (27)

⎡⎢⎣𝑎1,1 𝑎1,2𝑎2,1 𝑎2,2⎤⎥⎦ ⊗ ⎡⎢⎣𝑏1,1 𝑏1,2𝑏2,1 𝑏2,2⎤⎥⎦ = ⎡⎢⎢⎢⎢⎢⎣
𝑎1,1 ⎡⎢⎣𝑏1,1 𝑏1,2𝑏2,1 𝑏2,2⎤⎥⎦ 𝑎1,2 ⎡⎢⎣𝑏1,1 𝑏1,2𝑏2,1 𝑏2,2⎤⎥⎦𝑎2,1 ⎡⎢⎣𝑏1,1 𝑏1,2𝑏2,1 𝑏2,2⎤⎥⎦ 𝑎2,2 ⎡⎢⎣𝑏1,1 𝑏1,2𝑏2,1 𝑏2,2⎤⎥⎦

⎤⎥⎥⎥⎥⎥⎦
(28)

= ⎡⎢⎢⎢⎢⎢⎣
𝑎1,1 ∗ 𝑏1,1 𝑎1,1 ∗ 𝑏1,2 𝑎1,2 ∗ 𝑏1,1 𝑎1,2 ∗ 𝑏1,2𝑎1,1 ∗ 𝑏2,1 𝑎1,1 ∗ 𝑏2,2 𝑎1,2 ∗ 𝑏2,1 𝑎1,2 ∗ 𝑏2,2𝑎2,1 ∗ 𝑏1,1 𝑎2,1 ∗ 𝑏1,2 𝑎2,2 ∗ 𝑏1,1 𝑎1,2 ∗ 𝑏1,2𝑎2,1 ∗ 𝑏2,1 𝑎2,1 ∗ 𝑏2,2 𝑎2,2 ∗ 𝑏2,1 𝑎1,2 ∗ 𝑏2,2

⎤⎥⎥⎥⎥⎥⎦
(29)

��� 7KH GHQVLW\ PDWU L[ IRUPDO LVP

'HQVLW\ PDWULFHV ZHUH LQWURGXFHG E\ 9RQ 1HXPDQQ LQ ���� WR UHSUHVHQW PL[WXUHV RI SK\VLFDO V\VWHPV >���@�

L�H� VWRFKDVWLF FRPELQDWLRQV RI TXDQWXP V\VWHPV� 7KLV UHSUHVHQWDWLRQ LV XVHIXO� SDUWLFXODUO\ ZKHQ WKHUH LV

XQFHUWDLQW\ RYHU WKH SUHSDUDWLRQ RI TXDQWXP VWDWHV� WKHUH LV D FODVVLFDO SUREDELOLW\ RI D V\VWHP EHLQJ LQ D

TXDQWXP VWDWH RU WKH RWKHU� OHDGLQJ WR WKH VR�FDOOHG PL[HG VWDWHV� 7KH ODWWHU LV D FRPPRQ SKHQRPHQRQ LQ

TXDQWXP PHFKDQLFV� )ROORZLQJ HTXDWLRQ (6)� D TXDQWXP VWDWH FDQ EH ZULWWHQ DV�

|Ψ⟩ = ∑𝑖 𝛼𝑖 ∣Ψ𝑖⟩ (30)

7KH GHQVLW\ RSHUDWRU FDQ EH REWDLQHG E\ WKH SURMHFWLRQ RI D VWDWH RYHU LWVHOI� ZKLFK UHDGV DV

𝜌 = |Ψ⟩ ⟨Ψ| , (31)

ZKLFK UHVXOWV LQ D PDWUL[ RI WKH IROORZLQJ W\SH�

13



2.3. The density matrix formalism 14

𝜌 = ⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
𝛼1𝛼†1 𝛼2𝛼†1 … 𝛼𝑛𝛼†1𝛼1𝛼†2 𝛼2𝛼†2 … 𝛼𝑛𝛼†2⋮ ⋮ ⋱ ⋮𝛼1𝛼†𝑛 … … 𝛼𝑛𝛼†𝑛

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (32)

,Q WKLV PDWUL[ OLQHV FRUUHVSRQG WR NHWV� ∣Ψ𝑖⟩ � DQG FROXPQV WR EUDV� ⟨Ψ𝑗∣� DQG HDFK SRVLWLRQ RI WKH PDWUL[
FRQWDLQV WKH FRUUHVSRQGHQW HLJHQYDOXH RI WKH SURMHFWLRQ ∣Ψ𝑖⟩ ⟨Ψ𝑗∣� WKH PXOWLSOLFDWLRQ RI WKH 𝛼𝑖 IRU ∣Ψ𝑖⟩ IRU
LWV FRQMXJDWH 𝛼†𝑖 � )XH WR WKH VSHFWUDO GHFRPSRVLWLRQ WKHRUHPV� WKH PDWUL[ RSHUDWRU FDQ EH ZULWWHQ DV

∑𝑖 (𝛼†𝑖 ∗ 𝛼𝑖) ∣Ψ𝑖⟩ ⟨Ψ𝑖∣ . (33)

7KH HOHPHQWV DSSHDULQJ RQ WKH VSHFWUDO GHFRPSRVLWLRQ� (𝛼†𝑖 ∗ 𝛼𝑖)� DUH HOHPHQWV RI WKH GLDJRQDO RI WKH
PDWUL[� DQG FRUUHVSRQG WR WKH SUREDELOLWLHV RI REWDLQLQJ VWDWH ∣Ψ𝑖⟩ ⟨Ψ𝑖∣ XSRQ PHDVXUHPHQW� KHQFH WKH

WUDFH� RI WKH PDWUL[ HTXDOV WR 1� DQG HOHPHQWV DUH DOZD\V SRVLWLYH� 7KXV�
�� �7UDFH FRQGLWLRQ� 𝜌 KDV WUDFH HTXDO WR RQH�

�� �3RVLWLYLW\ FRQGLWLRQ� 𝜌 LV D SRVLWLYH RSHUDWRU�

����� 3XUH DQG PL[HG VWDWHV

6WDWHV LQ TXDQWXP PHFKDQLFV DUH RI WZR W\SHV� SXUH� LI LW LV SRVVLEOH WR H[SUHVV WKHP DV D VLQJOH NHW� RU

PL[HG� ZKHQ H[SUHVVHG DV D VWRFKDVWLF FRPELQDWLRQ RI TXDQWXP VWDWHV� L�H� WKH VR�FDOOHG PL[WXUH RI TXDQWXP

VWDWHV�

𝜌 = ∑𝑖 𝑝𝑖 ∣Ψ𝑖⟩ ⟨Ψ𝑖∣ , (34)

ZKHUH 𝑝𝑖 LV WKH SUREDELOLW\ RI REWDLQLQJ Ψ𝑖 LQ D PHDVXUHPHQW� 7KHUH LV D PXOWLWXGH RI VLWXDWLRQV ZKHUH

WKLV NLQG RI UHSUHVHQWDWLRQ PD\ EH XVHIXO� WKH PRVW REYLRXV FDVH� EHLQJ WKH H[LVWHQFH RI D GHSHQGHQF\

EHWZHHQ WKH REVHUYDEOHV RI WZR GLIIHUHQW TXDQWXP V\VWHPV� ZKLFK LPSO\ WKDW� IURP WKH SHUVSHFWLYH RI RQH RI

WKH V\VWHPV� WKHUH LV XQFHUWDLQW\ DERXW WKH DFWXDO VWDWH RI WKH V\VWHP� L�H� QRQH RI WKH WZR V\VWHPV DORQH

SRVVHVVHV FRPSOHWH LQIRUPDWLRQ DERXW WKH VWDWH�

,Q SUDFWLFH WKH PDLQ GLIIHUHQFH EHWZHHQ PL[HG VWDWHV DQG SXUH VWDWHV LV WKDW WKH ODWWHU VWDWHV SUHVHQW

FRKHUHQW HIIHFWV DQG WKH IRUPHUV GR QRW� EHLQJ SXUHO\ UDQGRP� $ YHU\ VLPSOH H[DPSOH LV JLYHQ E\ WKH SXUH

VWDWH

3 The trace of a matrix can be calculated by summing all the elements in the diagonal 𝑇𝑟[𝜌] = ∑𝑖 𝑎𝑖𝑖.
14



2.3. The density matrix formalism 15

|Ψ⟩ = 𝛼 |0⟩ + 𝛽 |1⟩ ,
ZKLFK UHDGV� LQ WKH GHQVLW\ RSHUDWRU IRUPDOLVP� DV IROORZV�

⎛⎜⎝𝛼 ∗ 𝛼† 𝛽 ∗ 𝛼†𝛼 ∗ 𝛽† 𝛽 ∗ 𝛽†⎞⎟⎠ ⇔ ⎛⎜⎝ |𝛼|2 𝛽 ∗ 𝛼†𝛼 ∗ 𝛽† |𝛽|2 ⎞⎟⎠ . (35)

7KH IROORZLQJ GHQVLW\ RSHUDWRU DFWLQJ RQ WKH VDPH EDVLV� FRUUHVSRQGV WR D PL[HG VWDWH�

⎛⎜⎝𝐴 00 𝐵⎞⎟⎠ , (36)

ZKHUH 𝐴, 𝐵 ∈ ℝ DQG 𝐴 = |𝛼|2� 𝐵 = |𝛽|2� :KLOH ERWK VWDWHV KDYH 1/2 RI SUREDELOLW\ RI EHLQJ LQ VWDWHV 0
DQG 1� WKH\ KDYH D YHU\ GLIIHUHQW SK\VLFDO PHDQLQJ� 7KH IRUPHU FRUUHVSRQGV WR D VXSHUSRVLWLRQ VWDWH DQG
SRVVHVVHV LQWHUIHUHQFH� WKH ODWWHU FRUUHVSRQGV WR D SODLQ FODVVLFDO GLVWULEXWLRQ RI WZR VWDWLRQDU\ VWDWHV DQG

GRHV QRW SRVVHVV DQ\ LQWHUIHUHQFH �QRQ�GLDJRQDO HOHPHQWV DUH ��� ,Q WKH ODWWHU LV LPSRVVLEOH WR FRQWURO WKH

SUREDELOLWLHV RI REWDLQLQJ 0, 1 E\ WKH XVH RI SKDVH�VKLIWV� IRU H[DPSOH� 7KH GLVWLQJXLVKDELOLW\ EHWZHHQ SXUH

DQG PL[HG VWDWHV� FDQ EH PDGH H[SOLFLW E\ WKH DSSOLFDWLRQ RI WKH WUDFH RSHUDWRU 𝑇𝑟(𝜌2)� ZKHUH RSHUDWRU 𝜌2
LV JLYHQ E\

𝜌2 = 𝜌 ∗ 𝜌 = ∑𝑖 𝑝𝑖 ∣𝜓𝑖⟩ ⟨𝜓𝑖∣∑𝑗 𝑝𝑗 ∣𝜓𝑗⟩ ⟨𝜓𝑗∣ = ∑𝑖 𝑝𝑖𝑝𝑗 ∣𝜓𝑖⟩ ⟨𝜓∣𝜓𝑗⟩ ⟨𝜓𝑗∣ = ∑𝑖 𝑝2𝑖 ∣𝜓𝑖⟩ ⟨𝜓𝑖∣ (37)

DQG WKH WUDFH FRUUHVSRQGV WR WKH VXP RI WKH GLDJRQDO HOHPHQWV RI 𝜌2
𝑡𝑟(𝜌2) = ∑𝑖 𝑝𝑖2𝑡𝑟(∣Ψ𝑖⟩ ⟨Ψ𝑖∣) = ∑𝑖 𝑝2𝑖 . (38)

,Q WKH FDVH RI D SXUH VWDWH� WKH SDUWLDO WUDFH ZLOO EH HTXDO WR �� ZKLOH IRU PL[HG VWDWHV VXFK WUDFH ZLOO EH < 1�
)RU LQVWDQFH� LI 𝐴 = 𝐵 = 1/2

⎛⎜⎝1/2 00 1/2⎞⎟⎠
2 = ⎛⎜⎝1/4 00 1/4⎞⎟⎠ , (39)

WKH WUDFH RI 𝜌2 FRUUHVSRQGV WR 1/2 DQG LW LV OHVVHU WKDQ 1� FRUUHVSRQGLQJ WR D PL[HG VWDWH� 7KLV WHFKQLTXH
PD\ DOVR EH XVHIXO� IRU LQVWDQFH� LQ WKH GHWHFWLRQ RI QRQ�VHSDUDEOH VWDWHV �PRUH RQ WKLV RQ VHFWLRQ �������

0RUHRYHU� HYHU\ PL[HG VWDWH FDQ EH WUDQVIRUPHG RQWR D SXUH HQWDQJOHG VWDWH RI KLJKHU GLPHQVLRQ� D

SURFHVV� NQRZQ DV SXULILFDWLRQ� IRU ZKLFK WKHUH DUH DQ LQILQLWXGH GLIIHUHQW SURFHVVHV WR GR LW� 6LPXOWDQHRXVO\�

LW LV DOZD\V SRVVLEOH WR SURGXFH PL[HG VWDWHV� RXW RI SXUH VWDWHV >���@�

15



2.3. The density matrix formalism 16

����� (YROXWLRQ

7KH HYROXWLRQ LQ WKH GHQVLW\ RSHUDWRU IRUPDOLVP� VLPLODUO\ WR ZKDW KDSSHQV LQ WKH +LOEHUW VSDFH IRUPXODWLRQ�

LV GHVFULEHG E\ ERWK XQLWDU\ HYROXWLRQ DQG PHDVXUHPHQWV� +RZHYHU� GHQVLW\ RSHUDWRUV KDYH WR VXSSRUW ERWK

SXUH VWDWHV DQG PL[HG VWDWHV� +HQFH� WKH HYROXWLRQ LQ WKH IRUPDOLVP LV QRW JLYHQ E\ XQLWDU\ DQG SURMHFWLRQ

RSHUDWRUV� EXW UDWKHU E\ FRPSOHWHO\ SRVLWLYH PDSV �&30�� ZKLFK DUH�

� OLQHDU RSHUDWRU RQ SRVLWLYH PDWULFHV� SUHVHUYLQJ SRVLWLYLW\�

� WUDFH SUHVHUYLQJ� RU WUDFH QRQ�LQFUHDVLQJ�

� VWDEOH XQGHU WKH DGGLWLRQ RI TXELWV� L�H� IRU 𝐹, 𝐼 &30V� 𝐹 ⊗ 𝐼 LV VWLOO D &30�
8QLWDU\ HYROXWLRQ

7KH XQLWDU\ HYROXWLRQ LV JLYHQ E\ DFWLRQ RI WKH XQLWDU\ RSHUDWRU 𝑈 RYHU HDFK RI WKH NHWV RI WKH PL[HG VWDWH�

𝜌 = ∑𝑖 𝑝𝑖 ∣𝜓𝑖⟩ ⟨𝜓𝑖∣ 𝑈−→ ∑𝑖 𝑝𝑖𝑈 ∣𝜓𝑖⟩ ⟨𝜓𝑖∣ 𝑈† = 𝑈𝜌𝑈† . (40)

0HDVXUHPHQWV

7KH VLPSOHVW W\SH RI PHDVXUHPHQWV DUH SURMHFWLRQ PHDVXUHPHQWV� ZKLFK FRUUHVSRQG H[DFWO\ WR SURMHFWLRQ

RSHUDWRUV� 3URMHFWLRQV KDYH WKH IROORZLQJ FKDUDFWHULVWLFV�

� LGHPSRWHQFH |𝑖⟩ ⟨𝑖| = (|𝑖⟩ ⟨𝑖|)2�
� RUWKRJRQDOLW\ DQG ∑𝑖 |𝑖⟩ ⟨𝑖| = 𝐼�

2Q WKH RWKHU KDQG� WKH DFWLRQ RI D PHDVXUHPHQW� RYHU D VWDWH� UHDGV DV�

∑𝑖 ∣𝜙𝑖⟩ ⟨𝜙𝑖∣𝜓⟩ ⟨𝜓∣𝜙𝑖⟩ ⟨𝜙𝑖∣ = ∑𝑖 | ⟨𝜙𝑖∣𝜓⟩ |2 ∣𝜙𝑖⟩ ⟨𝜙𝑖∣ , (41)

DQG WKH SUREDELOLW\ RI WKH RXWFRPH 𝑗� XVLQJ D PHDVXUHPHQW 𝑀 RYHU D VWDWH |Ψ⟩� LV FDOFXODWHG DV IROORZV�
𝑃Ψ(𝑀 = 𝑗) = 𝑃Ψ(𝑀|𝑗) = ⟨Ψ|𝑀†𝑀|Ψ⟩ = ⟨Ψ∣𝑗⟩ ⟨𝑗∣Ψ⟩ = 𝑇𝑟(𝜌 ∣𝑗⟩ ⟨𝑗∣) . (42)

0HDVXUHPHQWV GR QRW QHFHVVDULO\ QHHG WR EH H[SUHVVHG DV RUWKRJRQDO RSHUDWRUV� EXW UDWKHU FDQ EH PRUH

JHQHUDO� DQG QRW FRUUHVSRQG WR DQ RUWKRJRQDO EDVLV� 6XFK LV WKH FDVH RI WKH VR FDOOHG 3RVLWLYH RSHUDWRU

YDOXHG PHDVXUHPHQWV �3290 �
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∑(𝑀†𝑚𝑀𝑚) = 𝐼 (43)

,Q ERWK FDVHV WKH PHDVXUHPHQW RYHU D GHQVLW\ RSHUDWRU LV H[SUHVVHG DV

𝑀𝑚𝜌𝑀†𝑚 . (44)

����� (QWDQJOHPHQW

(QWDQJOHPHQW LV SHUKDSV WKH PRVW GLVWLQFWLYH FKDUDFWHULVWLF RI TXDQWXP PHFKDQLFV DQG� DUJXDEO\� WKH PRVW

LPSRUWDQW FRPSRQHQW RI TXDQWXP WHFKQRORJ\� 7KH SKHQRPHQRQ ZDV UDLVHG IRU WKH ILUVW WLPH LQ D SDSHU E\

(LQVWHLQ� 3RGROVN\ DQG 5RVHQ LQ ���� >���@� DV D E\�SURGXFW RI D WKRXJKW H[SHULPHQW LQYROYLQJ WZR VSDWLDOO\

VHSDUDWHG SDUWLFOHV ZLWK WRWDO VSLQ � �VLQJOHW VWDWH�� ZKLFK LQWHUDFW LQ D ZD\� VXFK WKDW WKH RXWFRPH RI D

PHDVXUHPHQW RI WKH VSLQ LQ RQH WKH SDUWLFOHV GHILQHV WKH RXWFRPH RI WKH VDPH PHDVXUHPHQW PDGH LQ WKH

RWKHU SDUWLFOH� D GLUHFW FRQVHTXHQFH RI WKH QRQ�FRPPXWDWLYLW\ RI FHUWDLQ REVHUYDEOHV �GLVFXVVHG LQ SUHYLRXV

VHFWLRQ ������� 7KLV SKHQRPHQRQ VXJJHVWV D VRUW RI LQVHSDUDEOH EHKDYLRXU RI WKH WZR SDUWLFOHV� KDSSHQLQJ

UHJDUGOHVV RI WKH GLVWDQFH EHWZHHQ WKHP� LQ DQ DSSDUHQW YLRODWLRQ RI VSHFLDO UHODWLYLW\� ,Q D IROORZ XS SDSHU E\

6FKU|GLQJHU LQ ���� >���@� WKH SKHQRPHQRQ ZDV QDPHG µHQWDQJOHPHQWµ� IRU WKH ILUVW WLPH� DQG UHFRJQL]HG

DV WKH PRVW GLVWLQJXLVKHG DVSHFW RI TXDQWXP PHFKDQLFV�

7KH RULJLQDO DUJXPHQW RI (LQVWHLQ HW DO� >���@� KDG WKH REMHFWLYH RI FULWLFL]LQJ LQ RQH KDQG WKH SXUHO\ VWDWLVWLF

SUHGLFWLRQ SRZHU RI TXDQWXP PHFKDQLFV �LQGHWHUPLQLVP�� DQG� E\ ILQGLQJ D FDVH ZKHUH LW LV LPSRVVLEOH

WKDW HYHU\ REVHUYDEOH KDV� VLPXOWDQHRXVO\� D GHILQLWH YDOXH� LWV DSSDUHQW DQWL�UHDOLVP� 7KH PDLQ FODLP

ZDV WKDW WKH ZDYH�IXQFWLRQ GRHV QRW SRVVHVV DOO WKH LQIRUPDWLRQ WR DYRLG WKHVH SUREOHPV� DQG WKHUHIRUH�

TXDQWXP PHFKDQLFV PXVW EH LQFRPSOHWH� 7KLV RULJLQDWHG D QHZ ILHOG RI VWXG\ RQ WU\LQJ WR ILQG DOWHUQDWLYH

WKHRULHV WR TXDQWXP WKHRU\ DEOH WR VROYH WKHVH LVVXHV� WKH VR�FDOOHG µ+LGGHQ YDULDEOH WKHRULHVµ� $ SDUWLFXODU

LPSRUWDQW FODVV RI FDQGLGDWHV RI WKH ODWWHU ZHUH WKH µORFDO KLGGHQ YDULDEOH WKHRULHVµ� ZKHUH WKH SUREOHP RI

HQWDQJOHPHQW LQ TXDQWXP PHFKDQLFV ZDV VROYHG UHVRUWLQJ WR KLGGHQ ORFDO LQIRUPDWLRQ� DYDLODEOH WR HDFK

VLGH RI WKH HQWDQJOHPHQW SDUWLHV� +RZHYHU� WKHVH WKHRULHV ZHUH UXOHG RXW H[SHULPHQWDOO\� DV H[SODLQHG LQ WKH

IROORZLQJ VHFWLRQV�

%HOO H[SHULPHQWV

7KH LGHD RI WKH QRQ�ORFDOLW\� ZKLFK DW ILUVW ZDV FRQVLGHUHG DQ LQVXIILFLHQF\ RI TXDQWXP PHFKDQLFV� HQGHG XS

GHYHORSLQJ LQWR RQH RI WKH IXQGDPHQWDO SULQFLSOHV RI TXDQWXP PHFKDQLFV� SDUWLFXODUO\ DV D FRQVHTXHQFH RI

WKH UHVXOWV RI 9RQ 1HXPDQQ >���@� DQG *OHDVRQ >���@� EXW PRVWO\ RI WKH VR�FDOOHG %HOO WKHRUHPV >��� ��@�

7KH ODWWHU DOORZHG WKH FRQFHSWLRQ RI VHYHUDO H[SHULPHQWV� ZKLFK FRXOG EH SHUIRUPHG LQ ODERUDWRU\� WR YDOLGDWH

QRQ�ORFDOLW\ DV WUXWKIXO� DQG D FRUH SURSHUW\ RI TXDQWXP PHFKDQLFV� 7KH %HOO WKHRUHPV DUH EDVHG LQ
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DQ H[SHULPHQWDO VHWWLQJ EDVHG RQ D VLQJOHW VWDWH LQYROYLQJ WZR SDUWLFOHV� ZLWK JOREDO VSLQ �� 'XH WR WKH

FRPPXWDWLYLW\ SURSHUWLHV RI VSLQ RSHUDWRUV LQ GLIIHUHQW D[LV� LW LV SRVVLEOH WR FKRRVH WZR VSLQ FRPSRQHQWV𝜎1, 𝜎2 LQ GLIIHUHQW D[LV� VXFK WKDW LI WKH DFWLRQ� RYHU WKH VWDWH YHFWRUV RI WZR VHSDUDWH V\VWHPV� GHQRWHG E\ ⃗𝑎
DQG ⃗𝑏� 𝜎1. ⃗𝑎 \LHOGV +1� WKH VXEVHTXHQW DFWLRQ 𝜎2. ⃗𝑏 \HLOGV −1� +HQFH WKH H[SHFWHG YDOXH RI WKH PHDVXULQJ
WKH V\VWHP LQ 𝜎1, 𝜎2 LV JLYHQ DV

⟨𝜎 ⃗𝑎∣𝜎 ⃗𝑏⟩ = − ⃗𝑎 ⃗𝑏 . (45)

,Q WKH RWKHU KDQG� WKH FDOFXODWLRQ RI WKH H[SHFWDWLRQ YDOXHV RI ⃗𝑎 DQG ⃗𝑏� LQ D ORFDO KLGGHQ YDULDEOHV VHWWLQJ�
VKRXOG UHDG DV

𝑃( ⃗𝑎, ⃗𝑏) = ∫𝑑𝜆𝑝(𝜆)𝐴( ⃗𝑎, 𝜆)𝐵( ⃗𝑏, 𝜆) , (46)

ZKHUH 𝜆 LV D WXSOH RI ORFDO YDULDEOHV� 7KH %HOO WKHRUHP LQ >��@� VKRZV WKDW WKHUH LV QR FKRLFH RI YDULDEOHV𝜆 LV SRVVLEOH VR WKDW WKH H[SHFWDWLRQ YDOXH RI HTXDWLRQ (46) PDWFKHV WKH H[SHFWDWLRQ YDOXH RI HTXDWLRQ

(45)� DV WKLV ZRXOG EH D FRQWUDGLFWLRQ� UXOLQJ RXW ORFDO KLGGHQ YDULDEOH WKHRULHV� )XUWKHUPRUH� IURP WKHVH

ZRUNV ZHUH DOVR GHULYHG D VHW RI LQHTXDOLWLHV� XVHIXO IRU WKH GLVWLQJXLVKDELOLW\ RI QRQ�VHSDUDEOH �TXDQWXP�

DQG VHSDUDEOH �FODVVLFDO� FRUUHODWLRQV� WKH VR�FDOOHG %HOO LQHTXDOLWLHV� ZKLFK DUH XVHIXO WR GHWHFW QRQ�ORFDOLW\

LQ DFWXDO H[SHULPHQWV� QDPHO\�

|𝑎𝑐| − |𝑏𝑎| − |𝑏𝑐| ≤ 1 , (47)

ZKHUH 𝑎, 𝑏, 𝑐 UHSUHVHQW WKH ORFDO FRPSRQHQWV RQ HDFK H[SHULPHQW� $OVR� RWKHU LQHTXDOLWLHV RI WKLV W\SH DUH
JLYHQ E\

𝐶ℎ(𝑎, 𝑐) − 𝐶ℎ(𝑏, 𝑎) − 𝐶ℎ(𝑏, 𝑐) ≤ 1 (48)

ZKHUH 𝐶ℎ� UHSUHVHQWV DQ DUELWUDU\ FODVVLFDO FRUUHODWLRQ IXQFWLRQ� ,W KDV EHHQ VKRZQ� PXOWLSOH WLPHV LQ

H[SHULPHQWV >��@� WKDW WKHVH LQHTXDOLWLHV FDQ EH YLRODWHG LQ PDQ\ %HOO�OLNH H[SHULPHQWV� 0RUHRYHU� PDQ\

RWKHU DUJXPHQWV RI WKLV W\SH KDYH DULVHG� VKRZLQJ WKH H[LVWHQFH RI QRQ�ORFDO HIIHFWV LQ TXDQWXP PHFKDQLFV�

+HQFH� ORFDO KLGGHQ YDULDEOHV DUH H[FOXGHG DV FDQGLGDWHV WR D FRPSOHWH WKHRU\ RI TXDQWXP PHFKDQLFV� ,Q

GHVSLWH RI WKLV WKHUH DUH PDQ\ QRQ�ORFDO KLGGHQ YDULDEOH WKHRULHV FDQGLGDWH WR D FRPSOHWH YHUVLRQ RI TXDQWXP

PHFKDQLFV� VXFK DV WKH RQHV RI 'H %URJOLH >���@� RU %RKP >��@ WKHRULHV�

7KH EHKDYLRXU RI HQWDQJOHG V\VWHPV

(QWDQJOHPHQW LV FKDUDFWHUL]HG E\ WKH QRQ�VHSDUDELOLW\ YHULILHG LQ PXOWL�SDUWLWH VWDWHV� ZLWQHVVHG E\ DSSHDUDQFH

E\ QRQ�VHSDUDEOH FRUUHODWLRQV LQ WKH REVHUYDWLRQV LQ WZR VSDWLDOO\ VHSDUDWH TXDQWXP V\VWHPV� $ IDPRXV

H[DPSOH RI VWDWHV LQ VXFK FRQGLWLRQV DUH WKH VR�FDOOHG %HOO VWDWHV�
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∣𝜙⟩ = 1√2 (∣0102⟩ + ∣1112⟩) , (49)

ZKHUH WKH LQGH[HV 1, 2 FRUUHVSRQG WR WZR GLIIHUHQW WZR�OHYHO � TXDQWXP V\VWHPV� ,Q WKLV FDVH WKH H[LVWHQFH

RI HQWDQJOHPHQW LV SUHWW\ REYLRXV� DV RQH FDQ HDVLO\ REVHUYH WKDW LW FDQQRW EH ZULWWHQ DV D WHQVRU SURGXFW RI

WZR VHSDUDEOH VWDWHV� DQG LW FDQ EH VWUDLJKWIRUZDUGO\ FRQILUPHG E\ WKH HYDOXDWLRQ RI WKH SDUWLDO WUDFH LQ RQH

RI WKH V\VWHPV� XSRQ WUDFLQJ RXW WKH RWKHU RQH� +RZHYHU� WKH GHWHFWLRQ RI HQWDQJOHPHQW LQ JHQHUDO� LV IDU

IURP WULYLDO DQG WKH FRQFHSWLRQ RI +HUPLWLDQ RSHUDWRUV DEOH WR GHWHFW HQWDQJOHPHQW LQ VWDWHV� WKH VR�FDOOHG

HQWDQJOHPHQW ZLWQHVVHV� LV DQ DUHD RI VWXG\ RQ LWV RZQ�

7KH PRVW LPSRUWDQW IDFW DERXW PXOWL�TXELW HQWDQJOHG V\VWHPV� LV WKDW WKH\ EHKDYH DV D SXUH VWDWH� L�H�

EHKDYLQJ VLPLODUO\ WR D SXUH VWDWH RI D VLQJOH TXELW V\VWHP� H[KLELWLQJ FRKHUHQFH EHWZHHQ WKH HOHPHQWV RI

WKH RUWKRJRQDO EDVLV� +RZHYHU� WKH GHQVLW\ PDWULFHV IRU DQ\ VWDWH LQYROYLQJ RQO\ VXEVHW RI TXELWV LQ WKH

HQWDQJOHPHQW� DUH PL[HG� L�H� QR FRKHUHQFH LV H[KLELWHG� 7KLV LV YHULILHG� IRU LQVWDQFH� LQ WKH WHOHSRUWDWLRQ

SURWRFRO ZKHUH WZR TXELWV DUH LQYROYHG LQ WKH HQWDQJOHPHQW� \LHOGLQJ D SXUH VWDWH� KRZHYHU WKH GHQVLW\ PDWUL[

RI HDFK RI WKH LQGLYLGXDO TXELW SUHVHQWV LWVHOI DV PL[HG VWDWH�

$QRWKHU LPSRUWDQW IDFW DERXW HQWDQJOHG DQG FODVVLFDO VWDWHV� LV WKDW FODVVLFDO VWDWHV DUH DOZD\V FRQYH[

�VHSDUDEOH� DQG HQWDQJOHPHQW VWDWHV DUH QRW >���@� L�H� D OLQHDU FRPELQDWLRQ RI D VHSDUDEOH VWDWH LV DOVR D

VHSDUDEOH VWDWH� IRU LQVWDQFH� JLYHQ WZR FODVVLFDO VWDWHV�

∣𝜙𝐴𝐵1 ⟩ = ∑𝑖 𝑝𝑖𝜙𝐴𝑖 ⊗ 𝜙𝐵𝑖 (50)

DQG

∣𝜎𝐴𝐵1 ⟩ = ∑𝑖 𝑞𝑖𝜎𝐴𝑖 ⊗ 𝜎𝐵𝑖 , (51)

DQ\ OLQHDU FRPELQDWLRQ RI VXFK VWDWHV \LHOGV DOVR D VHSDUDEOH VWDWH�

𝑝𝜎𝐴𝐵1 + (1 − 𝑝)𝜎𝐴𝐵2 = 𝑝∑𝑖 𝑝𝑖𝜙𝐴𝑖 ⊗ 𝜙𝐵𝑖 + (1 − 𝑝)∑𝑖 𝑞𝑖𝜎𝐴𝑖 ⊗ 𝜎𝐵𝑖 . (52)

$ VRPHKRZ IXQGDPHQWDO PHWKRG WR GHWHFW HQWDQJOHPHQW� XQIRUWXQDWHO\ YHU\ KDUG WR DSSO\� LV H[DFWO\ E\

WU\LQJ WR ILQG VXFK D IDFWRUL]DWLRQ IRU D JLYHQ VWDWH� D SUREOHP FOHDUO\ LQWUDFWDEOH IURP WKH FRPSXWDWLRQDO

SRLQW RI YLHZ� GXH WR WKH ODUJH QXPEHU RI SRVVLEOH IDFWRUL]DWLRQV� 7KH FRQFHSWLRQ RI HIILFLHQW HQWDQJOHPHQW

ZLWQHVVHV LV D YHU\ EURDG DQG DFWLYH DUHD RI UHVHDUFK >���@�

4 Quantum systems possessing only two stationary states, here denoted as |0⟩ and |1⟩, the so-called qubits
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2.3. The density matrix formalism 20

4XDQWLI\LQJ HQWDQJOHPHQW

(QWDQJOHPHQW PD\ PDQLIHVW LQ GLIIHUHQW GHJUHHV� +HQFH� D YHU\ UHOHYDQW TXHVWLRQ EHFRPHV WKH GHILQLWLRQ

RI HIILFLHQW PHWKRGV WR TXDQWLI\ HQWDQJOHPHQW LQ TXDQWXP V\VWHPV� ZKLFK EHFRPHV VSHFLDOO\ UHOHYDQW� IRU

LQVWDQFH LQ TXDQWXP FRPSXWDWLRQ� DV LW LV FRQVLGHUHG D IXQGDPHQWDO UHVRXUFH LQ FRPSXWDWLRQ� ,Q D ZD\�

HQWDQJOHPHQW LV D PHDVXUH RI QRQ�FODVVLFDOLW\ RI VWDWHV� L�H� D PHDVXUH RI GLVWDQFH EHWZHHQ QRQ�VHSDUDEOH

VWDWHV� $ EDVLF PHDVXUH RI HQWDQJOHPHQW LV PXWXDO LQIRUPDWLRQ�

𝐼𝑁(𝜌𝐴 ∶ 𝜌𝐵; 𝜌𝐴𝐵) = 𝒮(𝜌𝐴) + 𝒮(𝜌𝐵) − 𝒮(𝜌𝐴𝐵) , (53)

ZKHUH 𝜌𝐴 DQG 𝜌𝐵 DUH WKH GHQVLW\ PDWULFHV RI WZR VHSDUDWH V\VWHPV� DQG 𝒮 LV WKHLU 9RQ 1HXPDQQ HQWURS\�

𝒮(𝜌𝐴) ∶= −𝑡𝑟(𝜌𝐴 OQ 𝜌𝐴) = −𝑡𝑟(𝜌𝐵 OQ 𝜌𝐵) . (54)

+RZHYHU� WKLV PHDVXUH GRHV QRW EHKDYH LQ PL[HG�VWDWH VFHQDULRV� GXH WR WKH H[LVWHQFH RI SURFHVVHV DEOH

WR WUDQVIRUP WKHP LQ SXUH VWDWHV DQG YLFH�YHUVD� L�H� SURFHVVHV RI SXULILFDWLRQ >���@� 7KHUHIRUH� D PRUH

JHQHUDO GHILQLWLRQ RI PHDVXUH RI HQWDQJOHPHQW LV QHFHVVDU\� ZKLFK LV JLYHQ� IRU LQVWDQFH� DV

𝐸(𝜎) ∶= PLQ𝑝∈𝒟𝒟(𝜎||𝜌) , (55)

ZKHUH𝐷 LV D PHDVXUH RI GLVWDQFH EHWZHHQ WZR PDWULFHV� ZKHUH 𝜎 LV DQ HQWDQJOHG VWDWH� VXEMHFW WR SXULILFDWLRQ

DQG 𝜌 LV D FODVVLFDO VWDWH DQG 𝒟 LV WKH VHW RI FRQYH[ VWDWHV� $Q\ YDOLG PHDVXUH RI HQWDQJOHPHQW� VKDOO REH\

WR WKH IROORZLQJ FRQGLWLRQV�

� IRU VHSDUDEOH VWDWHV 𝐸(𝜎) = 0� L�H� WKH VWDWH LV QRW HQWDQJOHG� DQG FDQQRW EH SXULILHG WR DQ

HQWDQJOHPHQW VWDWH�

� DQ\ PHDVXUH RI HQWDQJOHPHQW UHPDLQV XQFKDQJHG XQGHU WKH DFWLRQ RI ORFDOO\ XQLWDU\ RSHUDWLRQV��

� DQ\ PHDVXUH 𝐸(𝜎) FDQQRW EH LQFUHDVHG E\ ORFDO RSHUDWLRQV� FODVVLFDO FRPPXQLFDWLRQ DQG VXEVHOHF�
WLRQ �VHH ILJXUH �� 𝐸(𝜎) ≥ ∑𝑖 𝑝𝑖𝐸(𝜎𝑖) . (56)

7KHUH DUH PDQ\ PHDVXUHV ZKLFK UHVSHFWV WKHVH FRQGLWLRQV� IRU LQVWDQFH� UHODWLYH HQWURS\� HQWDQJOHPHQW

RI IRUPDWLRQ� RU HQWDQJOHPHQW RI GLVWLOODWLRQ� RU 6FKPLGW UDQN >���@� 1RZDGD\V WKH TXDQWLILFDWLRQ RI

HQWDQJOHPHQW LV YHU\ UHOHYDQW� VSHFLDOO\ LQ PDQ\�ERG\ V\VWHPV� ZKLFK� KRZHYHU� KDV UHYHDOHG LWVHOI DV

FKDOOHQJLQJ >���� ���� ��@�

5 Local unitary operations, are operations which can be written in the form 𝑈𝐴 ⊗ 𝑈𝐵 (note that the CNOT gate is not)
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2.3. The density matrix formalism 21

Figure 2: Local operations and classical communication operator definition. Adapted from [290]

����� 'HFRKHUHQFH

7KH QDWXUH RI WKH ZDYH FROODSVH LQ TXDQWXP PHFKDQLFV� GHILQHG E\ WKH VR�FDOOHG PHDVXUHPHQW SUREOHP�

LV VWLOO DQ XQVROYHG SUREOHP� DQG VXEMHFW WR LQWHQVH GHEDWH LQ PDQ\ DUHDV RI NQRZOHGJH� 'HFRKHUHQFH

SURFHVVHV� LQWURGXFHG E\ =HK LQ ���� >���@� ZKLOH QRW VROYLQJ WKH PHDVXUHPHQW SUREOHP� SURYLGH D YHU\

JRRG H[SODQDWLRQ IRU WKH DSSDUHQW GHFD\ RI SXUH �TXDQWXP� VWDWHV WR PL[HG �TXDQWXP� VWDWHV REVHUYDEOH DW

PDFURVFRSLF OHYHO >���@�

$V GLVFXVVHG LQ VHFWLRQ ������ HYHU\ PL[HG VWDWH FDQ EH SXULILHG LQWR DQ HQWDQJOHG SXUH VWDWH� L�H� D

PL[HG VWDWH LV DOZD\V SDUW RI D SXUH VWDWH RI ODUJHU GLPHQVLRQ� 7KH SURFHVV RI GHFRKHUHQFH LV VRPHKRZ D

SXULILFDWLRQ SURFHVV� ZKHUH GXH WR WKH LQWURGXFWLRQ RI HQWDQJOHPHQW EHWZHHQ D FORVHG V\VWHP ℋ𝑠 DQG LWV
HQYLURQPHQW ℋ𝑒�

ℋ𝑠 ⊗ℋ𝑒 ,
HUURUV DUH LQWURGXFHG LQWR WKH VWDWH ℋ𝑠� ZKLFK WKHQ GHFD\V WR D �FODVVLFDO� PL[HG VWDWH� 8QIRUWXQDWHO\�

WKLV SURFHVV KDSSHQV LQ DQ XQSUHGLFWDEOH DQG XQFRQWUROODEOH ZD\� DQG WKH LQFDSDFLW\ RI FRQWUROOLQJ VXFK

V\VWHP�HQYLURQPHQW LQWHUDFWLRQV� KDV EHHQ WKH PDMRU SUREOHP LQ WKH FRQFHSWLRQ RI TXDQWXP FRPSXWHUV

�PRUH RQ WKLV RQ VHFWLRQ ����� 1RQHWKHOHVV� WKLV W\SH RI V\VWHPV� LQWHUDFWLQJ ZLWK WKHLU HQYLURQPHQWV �DOVR

NQRZQ DV EDWKV�� FRQVWLWXWHV DQ DUHD RI VWXG\ RQ WKHLU RZQ� RSHQ TXDQWXP V\VWHPV� :KLOH WKH PHWKRGV RI

WKLV DUHD DUH OLPLWHG� DQG RQO\ DEOH WR GHDO WR VPDOO V\VWHPV� YHU\ IDU IURP SK\VLFDOO\ PHDQLQJIXO V\VWHPV IRU

GHFRKHUHQFH SURFHVVHV� WKH\ SURYLGH XVHIXO LQVLJKWV LQ PDQ\ DSSOLFDWLRQV� IRU LQVWDQFH LQ ELRORJ\ �VHH PRUH

RQ WKLV RQ VHFWLRQ �����

21



2.3. The density matrix formalism 22

'HFRKHUHQW SURFHVVHV

7KH GHFRKHUHQFH REVHUYHG LQ WKH ODUJH TXDQWXP V\VWHPV� IRU LQVWDQFH LQ TXDQWXP WHFKQRORJ\� LV DQ

XQFRQWUROODEOH DQG XQSUHGLFWDEOH SURFHVV� H[DFWO\ EHFDXVH WKH QXPEHU RI TXDQWXP LQWHUDFWLRQV LV FRPSOHWHO\

LQWUDFWDEOH IRU FODVVLFDO FRPSXWHUV� DQG DUJXDEO\� ZLOO VWLOO EH WRR KDUG HYHQ IRU TXDQWXP FRPSXWHUV� +RZHYHU�

WKH HIIHFWV VXFK LQWHUDFWLRQV KDYH LQ FORVHG V\VWHPV� GXH WR DFWLRQ RI WKH EDWK� DUH ZHOO�NQRZQ� ZKLFK VLPSOLILHV

WKH FRQFHSWLRQ RI VWUDWHJLHV WR FRPSHQVDWH WKHP� DQG FDQ EH GLYLGHG LQWR WKUHH FDWHJRULHV >��@�

� DPSOLWXGH GDPSLQJ�

� GHSKDVLQJ�

� GHSRODUL]DWLRQ�

+HUHE\� ZH IXUWKHU GHVFULEH HDFK RI WKHVH SURFHVVHV�

� $PSOLWXGH GDPSLQJ LQWHUDFWLRQV HQFRPSDVV WKH SURFHVVHV WKDW FDXVH ORVV RI WKH DPSOLWXGH RI

RQH RU PRUH V\VWHP·V HLJHQVWDWHV� 7KH VSRQWDQHRXV HPLVVLRQ RI D SKRWRQ IURP WKH V\VWHP WR WKH

HQYLURQPHQW IURP D WZR�OHYHO DWRP LV DQ H[DPSOH RI WKLV NLQG RI SURFHVVHV� ZKLFK FDQ FDXVH WKH

GHFD\ RI DQ H[FLWHG VWDWH WR LWV JURXQG VWDWH >���@�

� 3KDVH GDPSLQJ� RU GHSKDVLQJ SURFHVVHV FDXVH WKH GHFD\ RI WKH RII�GLDJRQDO WHUPV IURP WKH

V\VWHP·V GHQVLW\ PDWUL[� RYHU WLPH� GRZQ WR ]HUR� UHPRYLQJ VXSHUSRVLWLRQV� L�H� FRKHUHQFHV� RI WKH

V\VWHP VWDWH� $Q H[DPSOH RI WKLV SURFHVV FDQ EH REVHUYHG E\ WKH LQWHUDFWLRQ RI D WZR�OHYHO V\VWHP

ZLWK LWV HQYLURQPHQW� OHWWLQJ WKH LQLWLDO VWDWH RI WKH ODWWHU V\VWHP EH JLYHQ DV ∣𝜓⟩ = 𝑎 |0⟩ + 𝑏 |1⟩�
&RXSOLQJ WKLV V\VWHP ZLWK DQ HQYLURQPHQW� DQG PRGHOOLQJ WKH HQYLURQPHQWDO HIIHFW DV D *DXVVLDQ

GLVWULEXWLRQ RI UHODWLYH SKDVHV 𝜃� ZLWK ]HUR PHDQ YDOXH DQG YDULDQFH 2𝜆� JLYHV UDLVH WR WKH IROORZLQJ
PL[HG VWDWH >���@�

𝜌 = ⎛⎜⎝ |𝑎|2 𝑎𝑏∗𝑒−𝜆𝑏𝑎∗𝑒−𝜆 |𝑏|2 ⎞⎟⎠ . (57)

,W LV HDVLO\ REVHUYDEOH� WKDW WKH RII�GLDJRQDO HOHPHQWV GHFD\ H[SRQHQWLDOO\ WR � DV 𝜆 LQFUHDVHV� DQG

DV WKH YDULDQFH 𝜆 LV SURSRUWLRQDO WR WKH WLPH YDULDEOH� WKH FRKHUHQFH LQ WKH LQLWLDO WZR�OHYHO V\VWHP

GHFD\V RYHU WLPH >���@� XOWLPDWHO\� UHPRYLQJ DQ\ FRKHUHQFH IURP WKH V\VWHP� WXUQLQJ WKH RULJLQDO

FRKHUHQW SUREDELOLW\ GLVWULEXWLRQ� LQWR D QRQ�FRKHUHQW� FODVVLFDO� RQH� 7KHVH SURFHVVHV FRQVHUYH WKH

HQHUJ\ RI WKH V\VWHP� FRQWUDU\ WR ZKDW KDSSHQV ZLWK DPSOLWXGH GDPSLQJ�

� 7KH 'HSRODUL]DWLRQ FKDQJHV WKH V\VWHP VWDWH WR D PL[HG VWDWH� ZLWK D SUREDELOLW\ 𝑃 RI DQRWKHU

SXUH VWDWH DQG WKH SUREDELOLW\ (1 − 𝑃) RI WKH LQLWLDO VWDWH RI WKH V\VWHP� DQG LW FDQ EH WKRXJKW DV D
FRPELQDWLRQ RI WKH RWKHU WZR W\SHV RI GHFRKHUHQFH >�@�
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��� 4XDQWXP FRPSXWLQJ

4XDQWXP FRPSXWDWLRQ LV D VFLHQWLILF GLVFLSOLQH ERUQ LQ WKH HLJKWLHV� IROORZLQJ WKH LGHD� SURSRVHG )H\QPDQ LQ

���� >���@� WR HPSOR\ TXDQWXP PHFKDQLFDO V\VWHPV LQ WKH VLPXODWLRQ RI TXDQWXP PHFKDQLFDO V\VWHPV

WKHPVHOYHV� 7KLV SURFHVV� QRZDGD\V NQRZQ DV TXDQWXP VLPXODWLRQ� DQG DV DOUHDG\ IRUHVHHQ E\ )H\QPDQ�

\LHOGV D KXJH �H[SRQHQWLDO� FRPSXWDWLRQDO DGYDQWDJH LQ VRPH TXDQWXP VLPXODWLRQV�

7KLV ZDV WKH ILUVW LGHD OHDGLQJ WR TXDQWXP FRPSXWDWLRQ� ZKLFK ZDV IROORZHG E\ WKH ILUVW IRUPDO FRP�

SXWDWLRQDO PRGHOV E\ %HQLRII >��� ��@� EDVHG RQ +DPLOWRQLDQ HYROXWLRQ DQG EHLQJ FRQWLQXRXV� /DWHU� LQ

����� 'DYLG 'HXWVFK >���@ SURYLGHG D PRUH JHQHUDO TXDQWXP XQLYHUVDO FRPSXWLQJ PRGHO� WKH VR�FDOOHG

TXDQWXP 7XULQJ PDFKLQHV� DV DQ H[WHQVLRQ RI WKHLU FODVVLFDO FRXQWHUSDUWV� %RUURZLQJ QRWLRQV IURP WKH ILHOG

RI UHYHUVLEOH FRPSXWLQJ� KH LQWURGXFHG WKH QRWLRQ RI D TXDQWXP FLUFXLW� 7KLV DUH� VWLOO WRGD\� WKH IXQGDPHQWDO

QRWLRQV RI WKH TXDQWXP FRPSXWLQJ PRGHOV� IURP ZKLFK RULJLQDWHG D IOXUU\ RI WKHRUHWLFDO ZRUN� LQFOXGLQJ

PDQ\ SRVVLEOH LPSOHPHQWDWLRQV� SURJUDPPLQJ ODQJXDJHV DQG IRUPDO PHWKRGV WR GHDO ZLWK WKHP�

)URP WKH LPSOHPHQWDWLRQ SRLQW RI YLHZ WKH KDUGHVW FKDOOHQJH LV GHFRKHUHQFH >��@� L�H� WKH KDUGQHVV RI

FRQVHUYLQJ WKH VXSHUSRVLWLRQ DQG HQWDQJOHG TXDQWXP VWDWHV� IURP WKH HUURUV FDXVHG E\ WKH HQYLURQPHQWDO

LQWHUDFWLRQ� 7R VROYH WKLV SUREOHP� PDQ\ SK\VLFDO DUFKLWHFWXUHV KDYH EHHQ GHYHORSHG� DV ZHOO DV DOWHUQDWLYH

FRPSXWLQJ PRGHOV DQG HUURU FRUUHFWLRQ VWUDWHJLHV� +RZHYHU� LW FDQQRW EH VDLG WKDW WKLV SUREOHP KDV EHHQ

RYHUFRPH DQG TXDQWXP FRPSXWLQJ LV D UHDOLW\�

7KLV VHFWLRQ LV GHYRWHG WR WKH GLVFXVVLRQ RI WKH PDLQ FRQFHSWV XQGHUO\LQJ TXDQWXP FRPSXWDWLRQ� DV ZHOO

DV WKH DEVWUDFW PRGHOV IRU TXDQWXP FRPSXWHUV� XQGHU RI D VWDWH�EDVHG SHUVSHFWLYH� DV SURSRVHG E\ 'HXWVFK

>���@�

����� 7KH VWDWH VSDFH� ILQLWH YV LQILQLWH GLPHQVLRQ

7KH VWDWH VSDFH IRU D TXDQWXP FRPSXWDWLRQ LV JLYHQ E\ WKH VHW RI XQLWDU\ YHFWRUV �YHFWRUV RI QRUP �� LQ

D +LOEHUW VSDFH� ZKLFK FDQ EH RI ILQLWH RU LQILQLWH GLPHQVLRQ� 0RVW RI FRPSXWHU PRGHOV� IDOO LQ WKH IRUPHU

FDWHJRU\� +RZHYHU� +LOEHUW VSDFHV ZLWK LQILQLWH GLPHQVLRQV DUH UHOHYDQW� IRU LQVWDQFH� IRU TXDQWXP FRPSXWLQJ

ZLWK FRQWLQXRXV YDULDEOHV >���� ���@ �H�J� WKH ODWWHU ZRUN XVHV WKH DPSOLWXGHV RI PDJQHWLF ILHOGV DV VOLFHV RI

LQIRUPDWLRQ�� RU IRU GHDOLQJ ZLWK V\VWHPV ZKRVH QXPEHU RI SDUWLFOHV LQ WKH V\VWHP FKDQJHV WKURXJKRXW WKH

FRPSXWDWLRQDO SURFHVV�

1RQHWKHOHVV� WKH PRVW FRPPRQ IRUP RI TXDQWXP FRPSXWDWLRQ UHVRUWV WR D QRWLRQ RI TXELW� ��GLPHQVLRQDO

+LOEHUW VSDFHV� ℋ2� ZLWK {|0⟩ , |1⟩} DV EDVLV� L�H� WKH VR�FDOOHG FRPSXWDWLRQDO EDVLV� IURP ZKLFK VSDFHV RI

DUELWUDU\ GLPHQVLRQ FDQ EH EXLOW� 7KH VWDWH VSDFH RI D TXELW UHDGV DV IROORZV�

∣𝜓⟩ = 𝛼 |0⟩ + 𝛽 |1⟩ VXFK WKDW |𝛼|2 + |𝛽|2 = 1; 𝜆 ∣𝜓⟩ = ∣𝜓⟩ , 𝜆 ∈ ℂ (58)
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ZKHUH 𝜆 LV D JOREDO SKDVH DQG GRHV QRW SRVVHVV DQ\ REVHUYDWLRQDO HIIHFWV� 6XFK VWDWH VSDFH SRVVHVVHV D

JHRPHWULF LQWHUSUHWDWLRQ JLYHQ E\ WKH %ORFK VSKHUH >���@� ZKHUH D VWDWH LV GHVFULEHG LQ SRODU FRRUGLQDWHV E\

WZR DQJOHV LQ D WKUHH�GLPHQVLRQDO VSDFH� DV SUHVHQWHG LQ ILJXUH ��

Figure 3: Bloch sphere, adapted from [276].

ZKLFK LV XVHIXO WR XQGHUVWDQG VLQJOH�TXELW XQLWDU\ WUDQVIRUPDWLRQV� 7KH VWDWH VSDFHV RI TXELWV FDQ EH

FRPELQHG ZLWK WKH WHQVRU SURGXFW ⊗ WR ODUJHU TXDQWXP V\VWHPV� )RU D 𝑛�TXELW V\VWHP� WKH VHW RI SRVVLEOH
VWDWHV LV

𝑛−1⨂𝑖=0 ℋ2𝑖 . (59)

)RU LQVWDQFH� WKH VWDWH VSDFH RI D WZR�GLPHQVLRQDO VSDFH� LV

∣𝜓⟩ = 𝛼 |00⟩ + 𝛽 |01⟩ + 𝛾 |10⟩ + 𝜆 |11⟩ , (60)

IRU 𝛼, 𝛽, 𝛾, 𝜆 VXFK WKDW |𝛼|2 + |𝛽|2 + |𝛾|2 + |𝜆|2 = 1� )XUWKHUPRUH� LQ D SXUHO\ DEVWUDFW VHWWLQJ� RQH FDQ
JURXS D VHW RI TXELWV LQWR D UHJLVWHU�

UHJLVWHU ZLWK O TXELWV⏞⏞⏞⏞⏞𝑞1 ⊗⋯⊗ 𝑞𝑙 ⊗ UHJLVWHU ZLWK P TXELWV⏞⏞⏞⏞⏞⏞⏞𝑞𝑙+1 ⊗⋯𝑞𝑚+𝑙⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
$JJUHJDWLRQ ZLWK O�P TXELWV

.
$ VHW RI UHJLVWHUV GHILQHV WKH TXDQWXP FRPSXWHU·V PHPRU\� ZKRVH VHPDQWLFV LV JLYHQ E\ WKH VHW RI DOO

SRVVLEOH TXDQWXP VWDWHV� $Q LPSRUWDQW SURSHUW\ RI D TXDQWXP PHPRU\ LV WKDW LW FDQQRW EH UHSOLFDWHG� DV

VWDWHG LQ WKH QR FORQLQJ WKHRUHP� SURYHQ E\ :RRWHUV DQG =XUHN LQ ���� >���@� LW LV QRW SRVVLEOH WR FRS\�

H[DFWO\� D TXDQWXP VWDWH� 7KLV LV D VLPSOH FRQVHTXHQFH RI OLQHDULW\� EXW VLJQLILFDQWO\ FKDQJHV WKH ZD\

TXDQWXP SURJUDPV DUH EXLOW�

����� 7UDQVLWLRQV EHWZHHQ VWDWHV� XQLWDULW\ DQG WLPH

,Q TXDQWXP PHFKDQLFV� WUDQVLWLRQV SUHVHUYH XQLW\ RI VWDWHV DQG DUH XQLWDU\� KHQFH� SURJUDPV DUH JLYHQ E\

WKH FODVV RI VXFK OLQHDU XQLWDU\ RSHUDWRUV �𝑈.𝑈† = 𝐼� LQ D +LOEHUW VSDFH� )RU D TXDQWXP V\VWHP ZLWK 𝑛
TXELWV WKH VLJQDWXUH RI WKH WUDQVLWLRQ RSHUDWRUV UHDGV DV IROORZV�

24



2.4. Quantum Computing 25

𝑈⊗𝑛 ∶ ℋ2⊗𝑛 → ℋ2⊗𝑛

$ SDUWLFXODU UHOHYDQW FODVV RI XQLWDU\ RSHUDWRUV XVHG LQ TXDQWXP FRPSXWDWLRQ LV WKDW RI +DPLOWRQLDQ

HYROXWLRQ RSHUDWRUV� L�H� RSHUDWRUV WKDW FKDUDFWHUL]H WKH HYROXWLRQ RI DQ +DPLOWRQLDQ� ZKLFK SRVVHVV WKH IRUP𝑒𝑖𝐻𝑡� ZKHUH 𝐻 LV DQ +HUPLWLDQ RSHUDWRU� 0DQ\ FRPSXWHU PRGHOV FRUUHVSRQG WR DFWXDO DQDORJ TXDQWXP

VLPXODWRUV� L�H� TXDQWXP V\VWHPV� ZKLFK XQGHU DSSURSULDWH SUHSDUDWLRQ SURFHVVHV� DUH VXIILFLHQWO\ VLPLODU WR

V\VWHPV WR EH VLPXODWHG� DQG KHQFH VXLWDEOH WR EH XVHG DV TXDQWXP VLPXODWRUV�

7LPHG HYROXWLRQ

,Q TXDQWXP PHFKDQLFV� QRQ�UHODWLYLVWLF TXDQWXP V\VWHPV� DUH FDSWXUHG XQGHU WKH +DPLOWRQLDQ IRUPDOLVP�

ZKHUH WKH HYROXWLRQ RI D TXDQWXP V\VWHP� DORQJ D WLPH 𝑡 LV JLYHQ E\ WKH H[SRQHQWLDWLRQ RI LWV +DPLOWRQLDQ
RSHUDWRU� JLYHQ DV�

|Ψ⟩ = 𝑒𝑖𝐻𝑡/~ |0⟩ (61)

7KH GLPHQVLRQ RI WKH +DPLOWRQLDQ RSHUDWRU LV H[SRQHQWLDO LQ WHUPV RI WKH VL]H RI WKH EDVLV RI WKH V\VWHP LW

RSHUDWHV� L�H� IRU D V\VWHP ZLWK 𝑁 TXELWV� WKH GLPHQVLRQ RI WKH PDWUL[ LV H[SRQHQWLDO

2𝑁 × 2𝑁 .
$V D UHVXOW� WKH GLPHQVLRQ RI WKH HYROXWLRQ RSHUDWRU JURZV YHU\ TXLFNO\� ZKLFK PDNHV WKH FDOFXODWLRQV

LQWUDFWDEOH HYHQ IRU V\VWHPV ZLWK D VPDOO QXPEHU RI SDUWLFOHV� SURFHGXUHV VXFK DV PDWUL[ PXOWLSOLFDWLRQ� RU

GLDJRQDOL]DWLRQ� YLWDO LQ WKH FDOFXODWLRQ RI WKH HYROXWLRQ� RU HVWLPDWLRQ RI HLJHQYDOXHV� ZKLOH HIILFLHQW LQ WHUPV

RI PDWULFHV GLPHQVLRQ �FRPSOH[LW\ ∼ 𝐷3� ZKHUH 𝐷 LV V\VWHP·V GLPHQVLRQ�� EHFRPH H[SRQHQWLDO �𝐷2𝑁3
� IRU𝑁 SDUWLFOH V\VWHPV� +RZHYHU� DV VXJJHVWHG E\ )H\QPDQ� TXDQWXP PHFKDQLFV \LHOGV D KXJH DGYDQWDJH� L�H�

DQ H[SRQHQWLDO RQH� LQ WKH VLPXODWLRQ RI WKH HYROXWLRQ RSHUDWRUV LI WKH HYROXWLRQ RSHUDWRU FDQ EH HIILFLHQWO\

DSSUR[LPDWHG �PRUH RQ WKLV RQ FKDSWHU ���

7KH FLUFXLW PRGHO

)ROORZLQJ WR WKH GLVFRYHU\ RI TXDQWXP 7XULQJ PDFKLQHV� DQG EDVHG RQ WKH WKHRU\ RI %RROHDQ DQG UHYHUVLEOH

FLUFXLWV� 'HXWVFK SURSRVHG WKH QRWLRQ RI TXDQWXP FLUFXLWV� DF\FOLF JUDSKV FRQQHFWLQJ TXELWV� XVHG DV LQSXWV�

DQG VHTXHQFHV RI XQLWDU\ RSHUDWRUV DFWLQJ DV WUDQVIRUPDWLRQV� PDSSLQJ WKHP LQWR RXWSXWV� 4XDQWXP FLUFXLWV

KDYH D VSHFLILF QRWDWLRQ� ZKHUH TXELWV DUH UHSUHVHQWHG E\ ZLUHV� DQG WUDQVIRUPDWLRQV E\ ER[HV� DV LQ WKH

IROORZLQJ H[DPSOH�
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𝑞1
𝑈1

𝑈2⋯ ⋯ ⋯𝑞𝑘𝑞𝑘+1⋯ ⋯ ⋯ ⋯𝑞𝑘+1+𝑙 𝑈3
�

ZKHUH 𝑈1, 𝑈2 DQG 𝑈3 DUH XQLWDU\ WUDQVIRUPDWLRQV DQG 𝑞1 XS WR 𝑞𝑛 DUH LQSXW TXELWV� 4XDQWXP FLUFXLWV DUH

DQDORJRXV WR %RROHDQ FLUFXLWV� TXELWV DUH WKH TXDQWXP FRXQWHUSDUWV RI FODVVLFDO ELWV� TXDQWXP JDWHV DUH WKH

FRXQWHUSDUW RI %RROHDQ JDWHV� DQG TXDQWXP FLUFXLWV DUH WKH FRXQWHUSDUW RI %RROHDQ FLUFXLWV� 6LPLODUO\ WR

WKH FODVVLFDO FDVH� <DR >���@ KDV VKRZQ WKDW IDPLOLHV RI TXDQWXP FLUFXLWV FDQ VLPXODWH TXDQWXP 7XULQJ

PDFKLQHV� LPSO\LQJ WKDW WKH\ SURYLGH D FRPSOHWH TXDQWXP FRPSXWDWLRQDO PRGHO�

1RZDGD\V� TXDQWXP FLUFXLWV DUH WKH XVHIXO FRPSRQHQWV RI UHDO ZRUOG TXDQWXP SURJUDPV� +HQFH� LW

EHFRPHV VSHFLDOO\ LPSRUWDQW WR LGHQWLI\ PLQLPDO VHWV RI JDWHV IURP ZKLFK DOO SRVVLEOH TXDQWXP FLUFXLWV FDQ

EH JHQHUDWHG� DQG WR ILQG DXWRPDWLF PHDQV WR DSSUR[LPDWH JHQHUDOL]HG XQLWDU\ RSHUDWRUV E\ WKHP� ,Q WKLV

DUHD� RQH FDQ REVHUYH WKDW XQLWDU\ RSHUDWRUV� DUH IXQGDPHQWDOO\ UHYHUVLEOH RSHUDWRUV� DQG� KHQFH� VRPH

WHFKQLTXHV FDQ EH LQKHULWHG IURP WKH ILHOGV RI ORZ SRZHU DQG DGLDEDWLF HOHFWURQLFV >���@� L�H� VXEILHOG RI

HOHFWURQLFV� ZHUH HOHFWURQLF FLUFXLWV KDYH QR GLVVLSDWLRQ RI HQHUJ\ �DQG LQIRUPDWLRQ� WR WKH HQYLURQPHQW�

ZKLFK FDQ EH DFKLHYHG� IRU LQVWDQFH� E\ QRW XVLQJ HOHFWURQLF UHVLVWDQFHV� ([DPSOHV RI %RROHDQ XQLYHUVDO

UHYHUVLEOH JDWHV DUH WKH )UHGNLQ DQG 7RIIROL JDWHV �SUHVHQWHG LQ WDEOH ��� ZKLFK ZHUH VKRZQ WR EH �WKH ILUVW�

XQLYHUVDO JDWHV DOVR LQ TXDQWXP FRPSXWDWLRQ >���@�

Gate Circuit form Matrix form

Toffoli Gate (CCNOT Gate) ••
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0 0 00 1 0 0 0 0 0 00 0 1 0 0 0 0 00 0 0 1 0 0 0 00 0 0 0 1 0 0 00 0 0 0 0 1 0 00 0 0 0 0 0 0 10 0 0 0 0 0 1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Fredkin gate •××

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0 0 00 1 0 0 0 0 0 00 0 1 0 0 0 0 00 0 0 1 0 0 0 00 0 0 0 1 0 0 00 0 0 0 0 0 1 00 0 0 0 0 1 0 00 0 0 0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
Table 1: The original three-qubit, Fredkin and Toffoli, gates.
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/DWHU� LW ZDV VKRZQ WKDW WKH VHW RI DOO VLQJOH�TXDQWXP TXDQWXP JDWHV �VRPH RI WKHP DUH SUHVHQWHG LQ

WDEOH ��� DORQJ ZLWK D FRQWUROOHG 127 JDWH� ZHUH XQLYHUVDO >��@� $QRWKHU XQLYHUVDO JDWH VHW LV JLYHQ LQ WKH

FDVH RI PDQ\ LQGLYLGXDO WZR�TXELW TXDQWXP JDWHV� DV VKRZQ E\ 'L9LFHQ]R LQ >���@� ,Q IDFW� WKLV W\SH RI

UHVXOWV KDV EHHQ VKRZQ WR D ZLGH FODVV RI VHWV RI XQLWDU\ TXDQWXP JDWHV >���@�

Gate Circuit form Matrix form𝑅(𝜙) 𝑅(𝜙) [1 00 𝑒−𝑖𝜙]
X 𝑋 [0 11 0]
Z 𝑍 [1 00 −1]
H 𝐻 1√2 [1 11 −1]
Y 𝑌 [0 −𝑖𝑖 0 ]
S 𝑆 [1 00 𝑒𝑖 𝜋2 ]
T 𝑇 [1 00 𝑒𝑖 𝜋4 ]

Table 2: Single qubit gates.

$ ZHOO�NQRZQ VHW RI XQLYHUVDO TXDQWXP JDWHV LV IRUPHG E\ WKH VLQJOH�TXELW JDWHV 𝑋� 𝐻� DQG WKH WZR�TXELW

JDWH 𝐶𝑁𝑂𝑇 �SUHVHQWHG LQ WDEOH ��� DQG DQRWKHU VHW� QDPHG VWDQGDUG EDVLV� LV JLYHQ E\ WKH VHW RI JDWHV{𝐻, 𝑇, 𝐶𝑁𝑂𝑇}� 7KH ODWWHU LV SDUWLFXODUO\ LPSRUWDQW EHFDXVH LW LV YHU\ FORVH WR WKH VR�FDOOHG FDOOHG &OLIIRUG
FLUFXLWV >���@� ZKLFK UHSODFHV 𝑇 E\ WKH SKDVH JDWH� 𝑃 = 𝑇2� 7KH &OLIIRUG FLUFXLWV� DUH HIILFLHQWO\ VLPXODWDEOH
E\ FODVVLFDO FRPSXWHU� EHDULQJ QR TXDQWXP DGYDQWDJH� DFFRUGLQJ WR *RWWHVPDQ�.QLOO WKHRUHP >�@� KHQFH WKH

SUHVHQFH RI WKH 𝑇 JDWH LV D V\QWDFWLF LQGLFDWRU RI TXDQWXP DGYDQWDJH�

+RZHYHU� WKH EDVH JLYHQ E\ WKH &OLIIRUG SOXV 7 JDWH FLUFXLWV LV XQLYHUVDO� DQG WKHUH LV D ZLGH UDQJH

RI OLWHUDWXUH DERXW WKH H[DFW V\QWKHVLV RI XQLWDULHV >���@� IRU LQVWDQFH� HIILFLHQW FODVVLFDO DOJRULWKPV WR

DSSUR[LPDWH XQLWDULHV ZLWK HQWULHV LQ WKH ℤ[ 1√2 , 𝑖] ULQJ >���@� 1RQHWKHOHVV� QRW DOO RSHUDWRUV FDQ EH

DSSUR[LPDWHG HIILFLHQWO\ ZLWK WKHVH JDWHV DQG D PRUH DFFXUDWH GHVFULSWLRQ WKH SRVVLEOH DSSUR[LPDWLRQV LV

JLYHQ LQ >��@� 0RUH JHQHUDO ZD\V RI DSSUR[LPDWLQJ XQLWDULHV� DUH EDVHG RQ WKH WKHRU\ RI PDWUL[ IDFWRUL]DWLRQ�

5HOHYDQW ZRUNV RQ WKH VXEMHFW DUH JLYHQ� IRU LQVWDQFH� LQ >���@� RU >���� ���@�

����� $FFHSWDQFH VWDWHV

$Q DFFHSWDQFH VWDWH LQ D TXDQWXP 7XULQJ PDFKLQH LV D TXDQWXP VWDWH ZKHUH WKH FRUUHFW RXWSXW FDQ EH

REWDLQHG XSRQ PHDVXUHPHQW� ZLWK D SUREDELOLW\ WKDW DOORZV WKH VWDWLVWLFDO GLVWLQJXLVKDELOLW\ RI WKH ZURQJ
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Gate Circuit form Matrix form

CNOT • [𝐼 00 𝑋] ≡ ⎡⎢⎢⎢⎣
1 0 0 00 1 0 00 0 0 10 0 1 0

⎤⎥⎥⎥⎦
CU (Controlled unitary) •𝑈 [𝐼 00 𝑈]

SWAP ××
⎡⎢⎢⎢⎣
1 0 0 00 0 1 00 1 0 00 0 0 1

⎤⎥⎥⎥⎦
Table 3: Two-qubit quantum gates.

RQH� 0HDVXUHPHQWV DUH PDWKHPDWLFDOO\ FDSWXUHG E\ SURMHFWLRQ RSHUDWRUV 𝑃𝑟𝑜𝑗𝜑, 𝑜𝑟 ∣𝜑⟩ ⟨𝜑∣� DV GLVFXVVHG
LQ VHFWLRQ ������ ,Q WKH ODQJXDJH RI TXDQWXP FLUFXLWV� D PHDVXUHPHQW LV GHSLFWHG DV IROORZV�

.
$ YHU\ VLPSOH H[DPSOH RI D FLUFXLW LQFOXGLQJ D PHDVXUHPHQW LV JLYHQ E\

|0⟩ 𝐻 ,
ZKLFK DLPV DW FUHDWLQJ D TXDQWXP FRLQ� L�H� D TXELW LQ WKH VXSHUSRVLWLRQ 1√2 (|0⟩ + |1⟩)� ZKLFK XSRQ

PHDVXUHPHQW ZLOO UDQGRPO\ \LHOG HLWKHU |0⟩ RU |1⟩� ZLWK 0.5 RI SUREDELOLW\ �EHFDXVH ( 1√2)2 = 0.5��

28



2.4. Quantum Computing 29

����� 6HPDQWLFV RI TXDQWXP SURJUDPPLQJ ODQJXDJHV

,Q WKH SUHYLRXV VHFWLRQV� TXDQWXP FRPSXWDWLRQ ZDV LQWURGXFHG IURP WKH SHUVSHFWLYH RI TXDQWXP 7XULQJ

PDFKLQHV� ZKLFK VRPHKRZ SURYLGHV D �VWDWH�EDVHG� RSHUDWLRQDO VHPDQWLF PRGHO� ,Q WKLV VHFWLRQ� ZH VKLIW

DWWHQWLRQ WR SURJUDPPLQJ� IRFXVLQJ RQ WKH HVVHQWLDOV RI TXDQWXP SURJUDPPLQJ ODQJXDJHV DQG GHQRWD�

WLRQDO VHPDQWLFV� LQ RUGHU WR REWDLQ D FOHDUHU FRQQHFWLRQ EHWZHHQ WKH SURJUDPPLQJ LQVWUXFWLRQV� DQG WKH

FRUUHVSRQGLQJ SK\VLFDO SURFHVVHV�

%URDGO\ VSHDNLQJ� D TXDQWXP SURJUDPPLQJ ODQJXDJH LV FRPSRVHG RI WZR PDLQ SDUWV� WKH FRQWURO

FRPSRQHQW DQG WKH DFWLRQV� $FWLRQV DUH� LQ JHQHUDO� PHDVXUHPHQWV RU XQLWDU\ RSHUDWLRQV� 7KH FRQWURO

VWDWHPHQWV� ZKLFK DLP FRRUGLQDWLQJ WKH H[HFXWLRQ RI DFWLRQV� DUH WKH XVXDO RI SURJUDPPLQJ ODQJXDJHV�

FRQGLWLRQV� ORRSV DQG UHFXUVLRQ� 7KH FRQWURO FRPSRQHQW FDQ EH RI WZR W\SHV� FODVVLFDO RU TXDQWXP� 7KH

IRUPHU UHOLHV XVLQJ RQO\ RQ FODVVLFDO YDULDEOHV� L�H� YDULDEOHV LQ TXDQWXP VWDWLRQDU\ VWDWHV� LQ FRQWURO

LQVWUXFWLRQV� 7KH ODWWHU DOORZV YDULDEOHV LQ TXDQWXP �VXSHUSRVLWLRQ� VWDWHV� OHDGLQJ WR WKH µVWUDQJHµ LGHD RI

VXSHUSRVLWLRQ RI IOX[HV �SURJUDPV�� ZKLFK XQGHU FHUWDLQ FRQGLWLRQV EHFRPHV XQSK\VLFDO� L�H� WUDQVLWLRQV PD\

EHFRPH QRQ�FRPSOHWHO\ SRVLWLYH� ZKHQ PHDVXUHPHQWV DUH LQYROYHG� (YHU\ TXDQWXP SURJUDPPLQJ ODQJXDJH

IDOO LQWR RQH RI WKHVH VFKHPHV�

,Q WKLV VHFWLRQ� ZH EULHIO\ GLVFXVV WKHVH IDPLOLHV RI SURJUDPPLQJ ODQJXDJHV� WKHLU IHDWXUHV� DVVRFLDWHG

SK\VLFDO HIIHFWV DQG VHPDQWLFV�

4XDQWXP GDWD ZLWK FODVVLFDO FRQWURO

7KH PDLQ SDUDGLJP LQ UHDO�ZRUOG TXDQWXP FRPSXWDWLRQ LV WKH VR�FDOOHG TXDQWXP GDWD ZLWK FODVVLFDO FRQWURO�

D WHUP ILUVWO\ FRLQHG E\ .QLOO LQ ���� >���@� 7KLV FRYHUV DOO SURJUDPPLQJ ODQJXDJHV LQYROYLQJ XQLWDU\

RSHUDWLRQV� WR EH H[HFXWHG LQ D TXDQWXP GHYLFH� DQG FODVVLFDO FRQWURO LQVWUXFWLRQV� WR EH H[HFXWHG E\ D

FODVVLFDO DJHQW WKDW FRQWUROV WKH TXDQWXP GHYLFH� DV GHSLFWHG LQ ILJXUH ��

Figure 4: Quantum data with classical control.

,Q WKLV VHWWLQJ� WKH H[HFXWLRQ SURFHVVHV LQ WKH TXDQWXP GHYLFH DUH RQO\ D VPDOO SDUW RI WKH ZKROH

FRPSXWDWLRQDO SURFHVV� 7KH ODWWHU� LQ WKH FODVVLFDO VHWWLQJ� FDQ LQYROYH�

� FUHDWLRQ DQG GHVWUXFWLRQ RI FODVVLFDO DQG TXDQWXP ELWV�

� JHQHUDWLRQ RI FLUFXLWV �VHH VHFWLRQ ������ WR EH H[HFXWHG LQ WKH TXDQWXP GHYLFH�
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� FRQWUROOHG H[HFXWLRQ TXDQWXP FLUFXLWV XVLQJ FODVVLFDO YDULDEOHV�

� DSSOLFDWLRQ RI PHDVXUHPHQWV LQ RUGHU WR REWDLQ UHVXOWV IURP WKH TXDQWXP FRPSXWHU�

7KHUH LV H[WHQVLYH UHVHDUFK VHHNLQJ IRU SURSHU VHPDQWLFV IRU SURJUDPPLQJ ODQJXDJHV LQ WKLV SDUDGLJP�

DV GHWDLOHG LQ WDEOH ��

Quantum Data with Classical control Amount of bits/qubits Relevant works
Finite Data types Fixed [323, 259]
Infinite Data types Variable [103]

Higher-order functions Variable [322, 324, 281, 193, 106]

Table 4: Literature on the semantics of programming languages with quantum control

7KH WHUP µILQLWH GDWD W\SHVµ FRQFHUQV DOO GDWD VWUXFWXUHV WKDW RULJLQDWH IURP D IL[HG QXPEHU RI ELWV�TXELWV

�GDWD � FRQWURO  GDWD VWUXFWXUH�� IRU ZKLFK D VHPDQWLFV ZDV JLYHQ E\ 6HOLQJHU HW DO� >���@� DV SDUWLDO

VXSHURSHUDWRUV� 2Q WKH RWKHU KDQG� µLQILQLWH GDWD W\SHVµ FRQFHUQV DOO GDWD VWUXFWXUHV WKDW RULJLQDWH IURP D

YDULDEOH �SRWHQWLDOO\ LQILQLWH� ELWV�TXELWV� ZKRVH VHPDQWLFV IRU SURJUDPV LV JLYHQ E\ LQILQLWH +LOEHUW VSDFHV RU

WKH GXDO FDWHJRU\ RI :�DOJHEUDV >���@� 7KH VHPDQWLFV RI TXDQWXP SURJUDPPLQJ ODQJXDJHV ZLWK KLJKHU�RUGHU

IXQFWLRQV KDV EHHQ DQ RSHQ SUREOHP IRU D ORQJ WLPH� KRZHYHU D GHILQLWH DQVZHU ZDV SURYLGHG LQ WKH ZRUNV

RI 3DJDQL >���@� RU &ODLUDPEDXOW >���@� 1RQH RI WKRVH PDWKHPDWLFDO WKHRULHV OHDGV WR XQSK\VLFDOLWLHV�

SULQFLSOHV RI TXDQWXP PHFKDQLFV VXFK DV XQLWDULW\ DQG FRPSOHWH SRVLWLYLW\ DUH PDLQWDLQHG� DQG WKH\ DUH

HPEHGGDEOH LQ +LOEHUW VSDFHV�

4XDQWXP GDWD ZLWK TXDQWXP FRQWURO �ZLWKRXW PHDVXUHPHQWV�

$Q DOWHUQDWLYH QRWLRQ RI FRQWURO LV WR XVH TXDQWXP YDULDEOHV LQVWHDG RI FODVVLFDO RQHV WR FRQWURO WKH IORZ RI

LQVWUXFWLRQV� FRLQHG DV µTXDQWXP GDWD ZLWK TXDQWXP FRQWUROµ� $ WR\ ODQJXDJH H[KLELWLQJ WKLV W\SH RI FRQWURO

ZDV LQWURGXFHG E\ <LQJ LQ ���� >���@� DQG LV FKDUDFWHUL]HG E\ WKH H[LVWHQFH RI DQ LI VWDWHPHQW ZKLFK XVHV D

TXDQWXP ELW DV WKH FRQWURO YDULDEOH� ZKHUH VXSHUSRVLWLRQ VWDWHV DUH SRVVLEOH�

LI �𝑞1� WKHQ DFWLRQ1 HOVH DFWLRQ2 ,
ZKHUH 𝑞1 LV D TXDQWXP ELW DQG DFWLRQ1 DQG DFWLRQ2 DUH WKH DFWLRQV WR EH WDNHQ LI 𝑞1 LV HTXDO WR 1 DQG 0�
UHVSHFWLYHO\� 7KLV W\SH RI SURJUDPV KDV EHHQ VWXGLHG LQ D YDULHW\ RI ZRUNV >���� ��@�

$QRWKHU W\SH RI SURJUDPV WKDW ILW WKLV SDUDGLJP� DUH H[SUHVVHG LQ TXDQWXP SURJUDPPLQJ ODQJXDJHV

WKDW PDNH XVH RI LQGHILQLWH FDXVDO VWUXFWXUHV� 4XDQWXP PHFKDQLFV DOORZV PDQ\ NLQGV RI LQGHILQLWH FDXVDO

VWUXFWXUHV �VXSHUSRVLWLRQ RI FDXVDO RUGHUV�� ZLWK WKH UHVWULFWLRQ WKDW WKH UHVXOWLQJ WUDQVLWLRQV VWLOO SUHVHUYH

XQLWDULW\ DQG FRPSOHWH SRVLWLYLW\ >��@� 7KLV LGHD OHG WR D QHZ FRPSXWHU PRGHO� WKH KLJKHU�RUGHU TXDQWXP

FRPSXWHU >���@� ZKHUH DQ DGYDQWDJH WR WKH FLUFXLW PRGHO KDV EHHQ LGHQWLILHG� 6XFK DGYDQWDJH FRPHV IURP
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WKH IDFW WKDW VXFK LQGHILQLWHQHVV RI FDXVDO VWUXFWXUHV FDQQRW EH FDSWXUHG GLUHFWO\ E\ WKH FLUFXLW IRUPDOLVP�

RQO\ DSSUR[LPDWHG E\ LW� 7KH VXSHUSRVLWLRQ RI FDXVDO RUGHUV FDQ EH DFKLHYHG E\ PHDQV RI D GHYLFH� NQRZQ DV

WKH TXDQWXP VZLWFK� DV GLVFXVVHG E\ &KLULEHOOD HW DO� >���@� 7KLV PHFKDQLVP KDV DOUHDG\ EHHQ H[SHULPHQWHG

ZLWKRXW UHVRUWLQJ WR DQ\ H[RWLF SK\VLFV LQ� IRU LQVWDQFH� >���@� JLYLQJ VWUHQJWK WR WKH SRVVLELOLW\ RI XVLQJ

LQGHILQLWH TXDQWXP VWUXFWXUHV LQ DFWXDO TXDQWXP FRPSXWLQJ� GHVSLWH WKH IDFW WKDW QR FRPSXWHU PRGHO

LPSOHPHQWLQJ WKLV NLQG RI VWUXFWXUH LV NQRZQ�

4XDQWXP GDWD ZLWK TXDQWXP FRQWURO �ZLWK PHDVXUHPHQWV�

7KH VHPDQWLFV RI SURJUDPPLQJ ODQJXDJHV ZLWK TXDQWXP GDWD ZLWK TXDQWXP FRQWURO� EXW ZKHUH WKH FRQGLWLRQDO

DFWLRQV LQYROYH PHDVXUHPHQWV� DSSDUHQWO\� FDQQRW EH JLYHQ HYHQ E\ VXSHURSHUDWRUV >��@� VXJJHVWLQJ WKDW

WKLV SURJUDPPLQJ ODQJXDJH LV QRW SK\VLFDOO\ DFFHSWDEOH� L�H� FRPSOHWH SRVLWLYLW\ LV YLRODWHG�

Figure 5: Quantum data with quantum control with measurements

1RQHWKHOHVV� DQ LQWHUHVWLQJ TXHVWLRQ UHPDLQV RQ ZKDW WKH DSSURSULDWH VHPDQWLFV ZLOO EH IRU VXFK D ODQJXDJH�

DQG LI LW ILWV LQ VRPH YDULDWLRQ RI TXDQWXP PHFKDQLFV DQG ZKDW ZRXOG LWV FRPSXWDWLRQDO SRZHU�

����� &RPSXWLQJ PRGHOV

$UJXDEO\� D TXDQWXP FRPSXWHU PRGHO FDQ EH GHILQHG E\ WKH W\SH RI TXDQWXP GDWD �TXELWV� TXGLWV RU

FRQWLQXRXV LQIRUPDWLRQ�� WKH W\SH RI LQVWUXFWLRQV �WLPHG FRQWLQXRXV� FLUFXLWV� FODVVLFDO LQVWUXFWLRQV�� DQG

WKH FRQWURO VWUDWHJ\ �KRZ WR SUHSDUH� H[HFXWH DQG PHDVXUH TXDQWXP SURFHGXUHV� DQG REYLRXVO\ WKH W\SH

RI SK\VLFDO SKHQRPHQD EHKLQG WKHP� 7KHVH FDQ EH GLYHUVLILHG DV TXDQWXP PHFKDQLFV KDV VKRZQ WR EH�

VRPHKRZ� YHU\ OLEHUDO LQ WHUPV RI WKH SK\VLFDOO\ VRXQG FRPSXWDWLRQDO WHFKQLTXHV LW DOORZV�

1RQHWKHOHVV� DOO WKH YDOLG PRGHOV FDQ EH GHVFULEHG XVLQJ WKH SURJUDPPLQJ SDUDGLJPV GLVFXVVHG LQ

SUHYLRXV VHFWLRQ� DQG WKH UHVRXUFHV OHDGLQJ WR TXDQWXP DGYDQWDJH DUH WKH VDPH� L�H� LQWHUIHUHQFH DQG

HQWDQJOHPHQW� UHJDUGOHVV WKH WHFKQLTXH XVHG� 7KH PDLQ DLP RI WKH GLIIHUHQW FRPSXWHU PRGHOV LV H[DFWO\ WR

SUHVHUYH VXFK UHVRXUFHV� DJDLQVW WKH XQFRQWUROODEOH HQWDQJOHPHQW DFWLRQV RI WKH HQYLURQPHQW� WKH VR�FDOOHG

GHFRKHUHQFH� ,Q WKLV VHFWLRQ� ZH EULHIO\ H[SORUH WKH PRVW UHOHYDQW RQHV�
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7KH ILUVW FODVV RI TXDQWXP FRPSXWLQJ PRGHOV DUH DUH WKH VR�FDOOHG TXDQWXP DQDORJXHV� 7KLV FODVV RI

PRGHOV SUHVXSSRVHV WKH H[LVWHQFH RI WZR SK\VLFDO V\VWHPV� RQH RI ZKLFK WDNHV WKH UROH RI VLPXODWRU DQG WKH

RWKHU RQH RI WKH VLPXODWHG� 7KH LGHD LV WKDW ZLWK DSSURSULDWH SUHSDUDWLRQ� WKH HYROXWLRQ DQG PHDVXUHPHQW RI

WKH VLPXODWRU V\VWHPV� DOORZV IRU DQ DFFXUDWH HVWLPDWLRQ RI WKH VLPXODWHG RQH� +HQFH WKH VLPXODWHG V\VWHP

PXVW EH VLPLODU HQRXJK WR WKH VLPXODWRU� L�H� WKH PDSSLQJ�

𝐻𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑒𝑑 → 𝐻𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑜𝑟 (62)

FDQ EH HIILFLHQWO\ REWDLQHG� DQG DGGLWLRQDOO\� LW PXVW SRVVLEOH WR SUHSDUH |0⟩𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑒𝑑 LQ WKH VLPXODWRU� L�H� WKH

VWDWH |0⟩𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑜𝑟� DQG VLPXODWLRQ RI 𝑒𝐻𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑒𝑑 PXVW EH SRVVLEOH XVLQJ 𝑒𝐻𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑜𝑟 DQG WKH PHDVXUHPHQW
UHVXOWV DUH FRPSDWLEOH� 7KHUH DUH PDQ\ H[DPSOHV RI WKLV NLQG RI VLPXODWLRQV� IRU LQVWDQFH XVLQJ XOWUD�FROG

DWRPV� WR VLPXODWH SKDVH WUDQVLWLRQV >���@� RU WKH VLPXODWLRQ RI PDQ\�ERG\ SK\VLFV DQG FHUWDLQ SURSHUWLHV RI

FRVPRORJLFDO ERGLHV XVLQJ XOWUD�FROG JDVHV >��� ���@� *RRG VXUYH\V RI WKLV NLQG RI VLPXODWRUV� DUH DYDLODEOH

LQ >��� ���@� +RZHYHU� LQ PRVW VLWXDWLRQV� DQDORJXH TXDQWXP VLPXODWRUV� DUH QRW XQLYHUVDO� L�H� QRW DOO

FRPSXWDWLRQV FDQ EH H[HFXWHG E\ WKHP�

2WKHU XQLYHUVDO TXDQWXP FRPSXWHU PRGHOV LQ TXDQWXP FRPSXWDWLRQ H[LVW� DQG VRPH RI WKHP GHSLFWHG

LQ WDEOH �� 7KH PRVW REYLRXV RQH LV WKH RQH JLYHQ E\ WKH FLUFXLW�EDVHG TXDQWXP FRPSXWLQJ GLVFXVVHG LQ

VHFWLRQ ������

Model Evolution Dimensions
Circuit-based quantum computing Discrete Finite

Discrete quantum walks Discrete Finite
Measurement based computing Discrete Finite
Topological quantum computing Discrete Finite
Hamiltonian quantum computing Continuous Finite

Continuous quantum walks Continuous Finite
Adiabatic quantum computing Continuous Finite

Table 5: Universal quantum computing models

2QH RI WKHP LV PHDVXUHPHQW�EDVHG TXDQWXP FRPSXWDWLRQ >��� ���@� ZKLFK IRFXV RQ WKH FRQVWUXFWLRQ RI

FRPSOH[ HQWDQJOHG VWDWHV� DQG HYROXWLRQ LV JLYHQ E\ PHDVXUHPHQWV� ,Q WKLV PRGHO� WKH LGHD LV WR SUHSDUH

HQWDQJOHG VWDWHV LQ VXFK D ZD\ WKDW� DORQJ ZLWK PHDVXUHPHQWV LQ D VXLWDEOH EDVLV� D VLPLODU HIIHFW WR WKH XVXDO

TXDQWXP JDWHV LV REWDLQHG� $QRWKHU PRGHO SURYHQ WR EH XQLYHUVDO LV DGLDEDWLF FRPSXWLQJ >���� ��� ��@� ZKLFK

LV SDUWLFXODUO\ VXLWHG WR FHUWDLQ NLQGV RI FRPSXWDWLRQDO WDVNV �PRUH RQ WKLV ZLOO EH VHHQ RQ FKDSWHU ��� $OVR�

WRSRORJLFDO TXDQWXP FRPSXWLQJ ZRUWKV WR PHQWLRQ� GXH WR WKH UHVLVWDQFH RI WRSRORJLFDO VWDWHV WR GHFRKHUHQFH

>���� ���@� +RZHYHU� LW SURSRVHV D GLIIHUHQW PRGHO RI UHSUHVHQW DQG RSHUDWH RYHU TXDQWXP LQIRUPDWLRQ�

)XUWKHUPRUH� TXDQWXP ZDONV DUH DQRWKHU PRGHO WKDW SURYLGHV ZLWK XQLYHUVDO TXDQWXP FRPSXWLQJ >���@� LQ

VRPH FDVHV PRUH HDVLO\ LPSOHPHQWHG� EXW LW LV RQO\ D SDUWLFXODU FDVH RI +DPLOWRQLDQ FRPSXWLQJ RU RI WKH

FLUFXLW PRGHO� 5HJDUGLQJ LQILQLWH GLPHQVLRQV� //R\G >���@ UDLVHG WKH LGHD RI D XQLYHUVDO FRPSXWHU PRGHO�
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DQG WKH SK\VLFDO LPSOHPHQWDWLRQ LV EDVHG RQ RSWLFV >���@� ,Q ODVW IHZ \HDUV� D OLQH RI ZRUN WKDW KDV EHHQ

JDLQLQJ UHOHYDQFH LV WKH RQH RI FODVVLFDO�TXDQWXP FRPSXWDWLRQDO PHWKRGV� ZKLFK PDNH KHDY\ XVH RI FODVVLFDO

FRPSXWDWLRQ� QDUURZLQJ WKH XVDJH RI TXDQWXP UHVRXUFHV WR WKH PLQLPXP SRVVLEOH� 7KHVH PHWKRGV ZHUH

FUHDWHG PRVWO\ WR EH H[HFXWHG LQ WKH FXUUHQW VKRUW�WHUP GHYLFHV DQG DQ H[DPSOH RI WKHP LV WKH IDPLO\ RI

TXDQWXP YDULDWLRQDO PHWKRGV� :KLOH VXFK PHWKRGV DUH QRW FRPSXWDWLRQDOO\ XQLYHUVDO� WKH\ FDQ EH XVHG LQ

D YDULHW\ RI SUREOHPV� ,Q FKDSWHU �� ZH IXUWKHU H[SORUH GLVFXVV WKHVH PHWKRGV DQG WKHLU DSSOLFDWLRQ WR DQ

DFWXDO H[DPSOH�

��� 4XDQWXP &RPSOH[L W\

&RPSXWDWLRQDO FRPSOH[LW\ LV WKH VXEILHOG RI WKHRUHWLFDO FRPSXWHU VFLHQFH GHGLFDWHG WR WKH VWXG\ RI WKH

LQKHUHQW FRPSOH[LW\ RI FRPSXWDWLRQDO SUREOHPV� E\ WKH FKDUDFWHUL]DWLRQ RI WKH UHVRXUFHV QHFHVVDU\ WR VROYH

WKHP� VXFK DV WLPH RU PHPRU\� DLPLQJ DW WKHLU FODVVLILFDWLRQ DQG WKH XQGHUVWDQGLQJ RI WKHLU WUDFWDELOLW\�

*RRG VXUYH\V RQ WKH VXEMHFW DUH DYDLODEOH LQ >��� ���@�

$ORQJ ZLWK FRPSXWDELOLW\� ERWK RI WKHVH VXEMHFWV VRPHKRZ FDSWXUH� D PDWKHPDWLFDO QRWLRQ RI HSLVWHPRORJ\

>�@� DQG WKH\ DFWXDOO\ KHOS LQ WKH XQGHUVWDQGLQJ WKH KDUGQHVV RI SUREOHPV VXUURXQGLQJ RXU GDLO\ OLYHV� IURP

HFRQRPLFV DQG ILQDQFH WR WKH IHDVLELOLW\ RI SUHSDUDWLRQ RI VWDWHV IRU FHUWDLQ SK\VLFDO H[SHULPHQWV� $QG HYHQ

WKH SUREOHP RI GHWHUPLQLQJ ZKHWKHU D SK\VLFDO WKHRU\ FDQ EH ILQLWHO\ FDOFXODWHG� RU LI LW FDQ H[SUHVVHG E\ D

ILQLWH VHW RI D[LRPV�

7KLV ELGLUHFWLRQDO UHODWLRQVKLS EHWZHHQ SK\VLFV DQG WKHVH WZR ILHOGV RI WKHRUHWLFDO FRPSXWHU VFLHQFH�

EHFDPH PRUH HYLGHQW ZLWK WKH DGYHQW RI TXDQWXP FRPSXWDWLRQ� $FWXDOO\� QRW RQO\ LW KHOSV XQGHUVWDQGLQJ

WKH OLPLWV RI FRPSXWDWLRQ LQ D FHUWDLQ SK\VLFDO VHWWLQJ� EXW DOVR WKH VKDSH RI SK\VLFDO WKHRULHV� JLYHQ FHUWDLQ

FRPSXWDWLRQDO UHTXLUHPHQWV�

����� 4XDQWXP FRPSOH[LW\ FODVVHV

,Q TXDQWXP FRPSXWDWLRQ WKHUH DUH VHYHUDO UHVRXUFHV JHQHUDOO\ XVHG WR VWXG\ TXDQWXP DOJRULWKPV� ZKLFK FDQ

EH GLYLGHG LQ WZR SDUWV� LQ RQH KDQG WKH TXDQWXP RQHV� TXELWV� JDWHV DQG TXDQWXP RUDFOH FDOOV� DQG LQ WKH

RWKHU WKH WUDGLWLRQDO FODVVLFDO UHVRXUFHV XVHG WR VWXG\ WKH FODVVLFDO SDUWV RI TXDQWXP DOJRULWKPV� $VVRFLDWHG

WR WKHP WKHUH DUH VSHFLILF QRWLRQV RI FRPSOH[LW\ DV SUHVHQWHG LQ WDEOH ��

$FFRUGLQJ WR WKHVH GLIIHUHQW QRWLRQV RI FRPSOH[LW\� DOJRULWKPV FDQ EH FODVVLILHG LQ VHYHUDO FODVVHV� +HUH

ZH EULHIO\ H[DPLQH� ZKLFK FODVVHV DUH VSHFLILF WR TXDQWXP FRPSXWDWLRQ� DQG KRZ WKH\ ILW LQ WKH WUDGLWLRQDO

FRPSOH[LW\ KLHUDUFK\� 7KH PDMRU UHOHYDQW FODVVHV DUH SUHVHQWHG LQ ILJXUH ��
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Resource Definition
Quantum
Qubit complex-
ity

Number of qubits necessary to perform a quantum com-
putation

Gate complexity Asymptote on the number of gates necessary to approxi-
mate a quantum operator

Oracle complex-
ity

Number of repetitions of a block of quantum circuits

Query complex-
ity

Number of times the function subject of computation
has to be evaluated

Classical
Time complexity Asymptote on the number of steps necessary to conclude

a quantum computation, including circuit generation,
oracle calls, measurement and eventual post-processing

Space complex-
ity

Classical memory used to do the whole computation

Table 6: Most common resources used in quantum computation

Figure 6: Complexity classes for quantum computation

3RO\QRPLDO 7LPH

7KH SRO\QRPLDO WLPH �3� FODVV� HQFORVHV DOO WKH SUREOHPV WKDW DUH HIILFLHQWO\ VROYDEOH E\ D FODVVLFDO FRPSXWHU�

([DPSOHV RI WKHVH DUH WKH JUDSK UHDFKDELOLW\� RU WKH VKRUWHVW SDWK EHWZHHQ QRGHV LQ D JUDSK >���@�

%RXQGHG 4XDQWXP 3UREDELOLW\

%43 FODVV FRQWDLQV DOO SUREOHPV WKDW FDQ EH VROYHG LQ SRO\QRPLDO WLPH� E\ D TXDQWXP FRPSXWHU� ZLWK

D ERXQGHG HUURU SUREDELOLW\� ,W LV DQ LPSRUWDQW FODVV LQ FRPSOH[LW\ WKHRU\� DV LW LV EHOLHYHG WR FRQWDLQ DOO

SUREOHPV HIILFLHQWO\ VROYDEOH E\ D TXDQWXP FRPSXWHU� ZKLFK LV NQRZQ WR LQFOXGH IDFWRULQJ DQG GLVFUHWH
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ORJDULWKP DOJRULWKPV� DQG WKH VLPXODWLRQ RI PDQ\ TXDQWXP V\VWHPV� 1HYHUWKHOHVV� LW LV SURYHQ WKDW %43 LV

FRQWDLQHG LQ 33 >���@� ,W LV D JHQHUDOL]DWLRQ RI WKH FODVVLFDO %33 FODVV >�� ��@� DQG FDQ EH DOVR XQGHUVWRRG

DV WKH 3RO\QRPLDO �3� FODVV RI TXDQWXP FRPSXWDWLRQ�

1RQ�GHWHUPLQLVWLF SRO\QRPLDO FODVV

7KH QRQ�GHWHUPLQLVWLF SRO\QRPLDO FODVV� HQFRPSDVVHV WKH SUREOHPV WKDW FDQ EH VROYHG HIILFLHQWO\ E\ WKH

K\SRWKHWLFDO PDFKLQH QRQ�GHWHUPLQLVWLF PDFKLQH �D PDFKLQH WKDW FDQ H[SORUH DOO SRVVLEOH VROXWLRQV DW WKH

VDPH WLPH�� RU DV DQ DOWHUQDWLYH GHILQLWLRQ� WKH FODVV RI SUREOHPV IRU ZKLFK WKH VROXWLRQV FDQ EH YHULILHG LQ

SRO\QRPLDO WLPH� ,W LV RQH RI WKH PRVW VWXGLHG FRPSOH[LW\ FODVVHV� HQFRPSDVVLQJ D ZLGH FODVV RI ZHOO�NQRZQ

SUREOHPV� VXFK DV WKH ��6$7 >���@� WKH NQDSVDFN SUREOHP� RU +DPLOWRQLDQ SDWK SUREOHPV >���@� $ VXEVHW

RI WKH SUREOHPV LQ 13�FODVV LV NQRZQ WR EH FRPSOHWH� L�H� DOO SUREOHPV LQ WKH FODVV FDQ EH UHGXFHG WR DQ

WKHP >���@� $ ZHOO�NQRZQ H[DPSOH RI SUREOHPV EHORQJLQJ WR WKH 13 FODVV WKDW DUH QRW FRPSOHWH LV WKH

IDFWRULQJ DQG WKH JUDSK LVRPRUSKLVP SUREOHPV�

7KH UHODWLRQVKLS EHWZHHQ WKH 13 DQG 3 FODVVHV LV QRW ZHOO�XQGHUVWRRG �WKH SURRI WKDW WKHUH DUH QR

SRO\QRPLDO VROXWLRQV WR DOO 13 SUREOHPV� WKH VR�FDOOHG 𝑃 ≠ 𝑁𝑃 SUREOHP >���@� LV D YHU\ IDPRXV RSHQ

SUREOHP�� VR DV WKH UHODWLRQVKLS EHWZHHQ WKH FODVVHV %43 DQG 3� 5HJDUGLQJ WKLV� %HQQHWW HW DO� >��@ SURYLGHG

HYLGHQFH WKDW WKH 13 FODVV LV QRW FRQWDLQHG LQ %43� L�H� TXDQWXP FRPSXWHUV� PRVW OLNHO\� ZLOO QRW EH DEOH

WR VROYH 13�FRPSOHWH SUREOHPV LQ SRO\QRPLDO WLPH >�@� +RZHYHU� VHYHUDO SUREOHPV RI LQWHUHVW LQ TXDQWXP

PHFKDQLFV� DV ZHOO DV LQ LQGXVWU\� DUH 13�FRPSOHWH� VXFK DV ILQGLQJ WKH JURXQG�VWDWH RI WKH ,VLQJ +DPLOWRQLDQ�

L�H� WKH VWDWH FRUUHVSRQGLQJ WR WKH ORZHVW HQHUJ\ RI D V\VWHP JRYHUQHG E\ ,VLQJ +DPLOWRQLDQV >���@� 7KLV

FRQQHFWLRQ ZLOO EH IXUWKHU H[SORUHG LQ FKDSWHU ��

4XDQWXP 0HUOLQ�$UWKXU

7KH 4XDQWXP 0HUOLQ�$UWKXU �40$� FRPSOH[LW\ FODVV FRQWDLQV WKH FODVV RI SUREOHPV GHFLGDEOH E\ 0HUOLQ�$UWKXU

�SURYHU�YHULILHU� SURWRFROV� ZKHUH WKH $UWKXU �YHULILHU� KDV DFFHVV WR D TXDQWXP FRPSXWHU� L�H� LW LV WKH TXDQWXP

YHUVLRQ RI WKH 0$ LQWHUDFWLYH SURRI V\VWHP D FRPSXWDWLRQDO PRGHO EDVHG RQ WKH LQWHUDFWLRQV EHWZHHQ D

SURYHU� ZKR SRVVHVVHV LQILQLWH FRPSXWDWLRQDO SRZHU� EXW SURYLGHV WKH ZURQJ SURRI RI D VROXWLRQ RI D SUREOHP1/3 RI WKH WLPHV� DQG D YHULILHU� ZKLFK RQO\ SRVVHVVHV D FRPSXWHU ZLWK 33 SRZHU� $ FRPSXWDWLRQ LQ WKLV

PRGHO FRUUHVSRQGV WR DQ LQWHUDFWLRQ EHWZHHQ WKH SURYHU DQG WKH YHULILHU� ZLWK D OLPLWHG QXPEHU RI PHVVDJHV�

LQ ZKLFK WKH YHULILHU DFFHSWV WKH SURRI >���@�

7KH PDMRU DGYDQWDJH RI WKLV NLQG RI FRPSXWHU PRGHOV LV WKDW WKH\ DUH XVHIXO WR FKDUDFWHUL]H FRPSOH[LW\

FODVVHV� IRU LQVWDQFH� WKH 13 FODVV FDQ EH VHHQ DOVR DV DQ LQWHUDFWLYH SURRI V\VWHP� ZKHUH WKH YHULILHU KDV

DFFHVV WR D FRPSXWHU ZLWK SRO\QRPLDO SRZHU� DQG WKH SURYHU KDV LQILQLWH FRPSXWDWLRQDO SRZHU� ZKLFK LV

HTXLYDOHQW WR QRQ�GHWHUPLQLVP� 7KH 40$ FODVV LV D YHU\ LPSRUWDQW RQH LQ TXDQWXP FRPSXWDWLRQ� EHFDXVH LW

FKDUDFWHUL]HV WKH FODVV RI KDUG SUREOHPV WR TXDQWXP FRPSXWHUV >��@� VLPLODUO\ WR ZKDW SUREOHPV RI WKH
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FODVV 13 DUH WR FODVVLFDO FRPSXWHUV� +RZHYHU� PDQ\ SUREOHPV RI LQWHUHVW ERWK LQ TXDQWXP PHFKDQLFV DQG

LQGXVWU\ DUH LQVWDQFHV RI SUREOHPV LQ WKLV FODVV DQG LQ VHFWLRQ �� VRPH H[DPSOHV ZLOO EH UHYLHZHG�

3UREDELOLVWLF 3RO\QRPLDO WLPH� 4XDQWXP ,QWHUDFWLYH 3RO\QRPLDO 7LPH DQG 363$&(

7KH SUREDELOLVWLF SRO\QRPLDO WLPH FRPSOH[LW\ FODVV HQFRPSDVVHV DOO SUREOHPV WKDW DUH VROYDEOH SUREDELOLVWL�

FDOO\� L�H� WKDW WKH FRUUHFW DQVZHU FDQ EH REWDLQHG ZLWK PRUH WKDQ 1/2 RI SUREDELOLW\� DQG LW LV NQRZQ WR

FRQWDLQ WKH FODVV 40$�

7KH 4XDQWXP ,QWHUDFWLYH 3RO\QRPLDO �4,3� LV WKH FRPSOH[LW\ FODVV WKDW FRQWDLQV DOO SUREOHPV WKDW FDQ EH

VROYHG E\ D SURRI�YHULILHU SURWRFRO� ZKHUH WKH SURYHU KDV LQILQLWH FRPSXWDWLRQDO SRZHU� WKH YHULILHU KDV DFFHVV

WR D TXDQWXP FRPSXWHU� DQG ERWK FDQ H[FKDQJH DQ XQERXQGHG QXPEHU RI PHVVDJHV� 7KH 363$&( FODVV LV

GHILQHG E\ DOO SUREOHPV WKDW FDQ EH VROYHG ZLWK SRO\QRPLDO UHVRXUFHV H[FHSW IRU WLPH DQG KDV VKRZQ WR EH

HTXLYDOHQW WR 4,3 >���� ���@�

����� 4XDQWXP DGYDQWDJH

7KH DOJRULWKPLF UHVRXUFHV SUHVHQWHG LQ WDEOH �� GR QRW SURYLGH DQ\ LQVLJKW RQ ZKLFK WKH VWUXFWXUHV RI TXDQWXP

WKHRU\ FRQWULEXWH WR WKH TXDQWXP DGYDQWDJH� L�H� WKH VWUXFWXUHV WKDW PDNH WKDW VRPH SUREOHPV WKDW IDOO LQ

WKH %43 FODVV EHLQJ LQWUDFWDEOH LQ FODVVLFDO FRPSXWLQJ� KDYH HIILFLHQW DOJRULWKPV LQ TXDQWXP FRPSXWHUV�

7KH DQDO\VLV RI VXFK VWUXFWXUHV EULQJV LQVLJKW RQ KRZ WR EXLOG QHZ TXDQWXP DOJRULWKPV�

2QH PD\ WKLQN WKDW WKH PDLQ DGYDQWDJH RI TXDQWXP FRPSXWHUV UHVLGHV LQ WKH VR�FDOOHG µTXDQWXP

SDUDOOHOLVPµ� ZKLFK LV SDUWLDOO\ WUXH� 7KH DFWXDO UHVRXUFHV DYDLODEOH LQ TXDQWXP WKHRU\ WKDW SURYLGH TXDQWXP

DGYDQWDJH DUH SUHFLVHO\ WKH IHDWXUHV RI TXDQWXP PHFKDQLFV WKDW DUH QRW DYDLODEOH LQ FODVVLFDO PHFKDQLFV�

HQWDQJOHPHQW DQG LQWHUIHUHQFH� 7KH IRUPHU LV� DV LW LV ZHOO�NQRZQ� WKH PRVW GLVWLQJXLVKDEOH IHDWXUH RI

TXDQWXP PHFKDQLFV DQG HVVHQWLDO WR JXDUDQWHH WKH H[LVWHQFH RI VWDWHV ZLWK Q�DU\ TXELWV� DV RWKHUZLVH RQO\

VLQJOH TXELW VWDWHV ZRXOG EH DFKLHYDEOH� ,W LV DOVR WKH KDUGHVW UHVRXUFH WR REWDLQ LQ SUDFWLFH� DQG WKH FXUUHQW

DWWHPSWV ZLWK VKRUW�WHUP GHYLFHV DUH EDVLFDOO\ DERXW REWDLQLQJ KLJKHU GHJUHHV RI HQWDQJOHPHQW� +RZHYHU�

ZKLOH HQWDQJOHPHQW SURYLGHV WKH QRWLRQ RI SDUDOOHOLVP� WKH GLIIHUHQWLDWLQJ IDFWRU IRU TXDQWXP DOJRULWKPV LV

LQWHUIHUHQFH� DV DUJXHG� IRU LQVWDQFH� LQ WKH ZRUNV RI )RUWQRZ DQG /OR\G >���� ���@� )XUWKHU HYLGHQFH LV DOVR

SURYLGHG LQ WKH VWXGLHV PDGH LQ >��@� RU >���@� ZKHUH LQWHUIHUHQFH RI TXDQWXP DOJRULWKPV LV PHDVXUHG DQG

FRPSDUHG� DQG LW LV FRQFOXGHG WKDW LQWHUIHUHQFH LV PRUH LQWHQVH LQ 6KRU DOJRULWKP >���@� WKDQ LQ WKH *URYHU

RQH >���@� WKH IRUPHU DVVRFLDWHG ZLWK DQ H[SRQHQWLDO DGYDQWDJH DQG WKH ODWWHU ZLWK D TXDGUDWLF DGYDQWDJH�

+HQFH� LQWHUIHUHQFH DQG HQWDQJOHPHQW DUH WKH HVVHQWLDO UHVRXUFHV RI WKH TXDQWXP DGYDQWDJH� ZKHUH WKH\

SOD\ D FRPSOHPHQWDU\ UROH� HQWDQJOHPHQW EHLQJ WKH EDVLF FRPSRQHQW� DQG LQWHUIHUHQFH WKH GLIIHUHQWLDWLQJ

FRPSRQHQW�
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$Q LQWHUHVWLQJ GLVFXVVLRQ LQ TXDQWXP FRPSXWDWLRQ� UHJDUGV WKH FRPSXWDWLRQDO SRZHU RI YDULDWLRQV RI

TXDQWXP PHFKDQLFV� ZKLFK LV QRW D SXUHO\ SKLORVRSKLFDO GLVFXVVLRQ� DV WKH K\SRWKHVLV WKDW D WKHRU\ RI

TXDQWXP JUDYLW\ ILWV LQ VRPH VRUW RI H[WHQVLRQ RI TXDQWXP PHFKDQLFV LV UHDO� 7ZR PDLQ OLQHV RI ZRUN VKDOO

EH FRQVLGHUHG LQ WKLV ILHOG� 2QH FRQVLGHUV YDULDWLRQV RQ WKH LQWHUIHUHQFH SDWWHUQV RI TXDQWXP PHFKDQLFV�

ZKLFK \LHOGV D KLHUDUFK\ RI GLIIHUHQW TXDQWXP WKHRULHV >���� ���� ���@� $QRWKHU RQH GHDOV ZLWK QRQ�OLQHDU

TXDQWXP WKHRULHV� 7KH ODWWHU ZHUH FRQVLGHUHG WR VROYH WKH LVVXHV RI TXDQWXP PHFKDQLFV >���@� EXW WKDW EULQJ

SUREOHPV RQ WKHLU RZQ >��� ���� ���@� DQG KDYH D VWURQJ UHODWLRQVKLS ZLWK WKH H[LVWHQFH RI FORVHG WLPHOLNH

FXUYHV� ZKLFK EHVLGHV EULQJLQJ D JUHDW FRPSXWDWLRQDO DGYDQWDJH� SRVH SK\VLFDO SUREOHPV XQGHU FHUWDLQ

FRQGLWLRQV >���@� ,Q ���� 'DYLG 'HXWVFK SURSRVHG D PRGHO IRU TXDQWXP PHFKDQLFV� ZKLFK� VLPXOWDQHRXVO\�

DOORZV WKH DFWLRQ RI FXUYHG VSDFHWLPHV SRVVHVVLQJ FORVHG WLPH�OLNH FXUYHV �'�&7&·V�� DQG LV IUHH RI SDUDGR[HV

DQG VXSHUOXPLQDO VLJQDOLQJ >���@� 7KLV PRGHO LV EDVHG RQ WKH DGGLWLRQDO UHTXLUHPHQW RI VHOI�FRQVLVWHQF\

RI WKH FORVHG WLPH�OLNH FXUYHV� QDPHO\� RQO\ WKH RQHV KDYLQJ IL[HG SRLQWV DUH FRQVLGHUHG� ,Q WKLV PRGHO LW

LV SRVVLEOH WR GR SHUIHFW FORQLQJ RI TXDQWXP VWDWHV DQG GLVWLQJXLVK HIILFLHQWO\ DQ\ QRQ�RUWKRJRQDO VWDWHV

>��@� ([DFWO\ EHFDXVH RI WKLV� WKHUH LV D VLJQLILFDQW TXDQWXP DGYDQWDJH� LPSO\LQJ HIILFLHQW VROXWLRQV IRU DOO

SUREOHPV LQ 363$&( >��� ��@� 7KLV PRGHO LV� KRZHYHU� HTXLYDOHQW WR D FODVVLFDO WKHRU\� DQG TXDQWXP HIIHFWV

DUH LUUHOHYDQW IRU WKH FRPSXWDWLRQ >�@� EHLQJ QR PRUH SRZHUIXO WKDQ D FODVVLFDO FRPSXWHU ZLWK DFFHVV WR

WKH VDPH WLPHOLNH FXUYHV >��@� )ROORZLQJ WKHVH OLQHV� EDVHG RQ D PRGHO RI FORVHG WLPHOLNH FXUYHV XVLQJ

WHOHSRUWDWLRQ DQG SRVW�VHOHFWLRQ �3�&7&·V� >���@� $DURQVRQ KDV VKRZQ WKDW TXDQWXP FRPSXWHUV FRXOG VROYH

DOO SUREOHPV RI WKH FODVV 33� DQG KHQFH RI WKH FODVV 13 >�@� OHVV SRZHUIXO WKDQ '�&7&·V�

7KH FDOFXODWLRQ RI SURSHUWLHV VXFK DV HQWDQJOHPHQW DQG LQWHUIHUHQFH DUH QRW FRPSRVLWLRQDO DQG PD\ EH

DV FRPSOH[ DV FRQGXFWLQJ WKH ZKROH VLPXODWLRQ RI WKH TXDQWXP SURFHVV� DQG KHQFH� YHU\ FRPSOH[ IURP WKH

FRPSXWDWLRQDO SHUVSHFWLYH� 7KH GHYHORSPHQW RI HDVLHU PHDVXUHPHQWV WR GHWHFW HQWDQJOHPHQW DQG TXDQWXP

DGYDQWDJH LV QRZ D YHU\ ZLGH DQG IUXLWIXO OLQH RI UHVHDUFK� ZKLFK UDQJHV IURP FRPSOH[ PHWULFV WR WULYLDO

SURSHUWLHV WKDW FDQ EH YHULILHG DW WKH V\QWD[ OHYHO� LQ WKH GHILQLWLRQ RI TXDQWXP FLUFXLWV� 6RPH PHDVXUHV WKDW

FDQ EH DSSOLHG� DUH IRU LQVWDQFH� 6FKPLGW UDQN >���@� IDFWRUL]DWLRQ LQWR D SURGXFW VWDWH RI VPDOO VXEV\VWHP

>���@� IDFWRUL]DWLRQ LQWR &OLIIRUG JDWHV >���@� H[LVWHQFH RI PDWFKJDWHV >���@� VPDOO WUHH ZLGWK >���� ���@

RU QRQ�QHJDWLYH :LJQHU UHSUHVHQWDWLRQ >���� ���@� )XUWKHUPRUH� LW LV DOVR ZRUWK ORRNLQJ LQWR WKH ILHOG RI

GHVFULSWLYH FRPSOH[LW\� ZKLFK DLPV DW GHILQLQJ WKH FKDUDFWHULVWLF ODQJXDJHV RI FRPSOH[LW\ FODVVHV� � XOWLPDWHO\

JXDUDQWHHLQJ WKDW D ZHOO�IRUPHG SURJUDP LQ WKH V\QWD[� LV DXWRPDWLFDOO\ ZLWKLQ D FHUWDLQ FRPSOH[LW\ FODVV�

7KLV ZDV� IRU LQVWDQFH DFKLHYHG LQ WKH ZRUN RI 'DO /DJR HW DO� >���@� ZKHUH D FKDUDFWHULVWLF ODPEGD�FDOFXOXV

RI WKH %43 FODVV �VHH VHFWLRQ ������ ZDV REWDLQHG�

��� 6XPPDU\

,Q WKLV FKDSWHU LW ZHUH UHYLHZHG WKH +LOEHUW VSDFH DQG GHQVLW\ PDWULFHV IRUPDOLVP IRU H[SUHVVLQJ TXDQWXP

WKHRU\ DV ZHOO DV WKH ODWWHU·V GLVWLQFWLYH SURSHUWLHV� VXFK DV LQWHUIHUHQFH DQG HQWDQJOHPHQW� DQG KRZ WKH\
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DUH FUXFLDO WR TXDQWXP LQIRUPDWLRQ DQG FRPSXWDWLRQ� ,W DOVR LQWURGXFHG WKH IXQGDPHQWDOV RI TXDQWXP

FRPSXWDWLRQ� VXFK DV WKH FLUFXLW PRGHO� DQG RWKHU ZHOO�NQRZQ TXDQWXP FRPSXWDWLRQDO PRGHOV� WKH VHPDQWLFV

RI TXDQWXP SURJUDPPLQJ ODQJXDJHV� DQG FRPSOH[LW\�

6RPH FRQFOXVLRQV FDQ EH PDGH LQ WKLV VHFWLRQ�

� (QWDQJOHPHQW DQG LQWHUIHUHQFH DUH WKH PRVW GLVWLQFWLYH IHDWXUHV RI TXDQWXP PHFKDQLFV�

� 7KH\ DUH DOVR WKH HVVHQWLDO FRPSRQHQWV RI TXDQWXP DGYDQWDJH� ZKHUH WKH\ GR SOD\ D FRPSOHPHQWDU\

UROH� 7KHUH LV DOVR D ZLGH UDQJH RI PHWKRGV WR TXDQWLI\ WKHP�

� 7KH FRPSXWDWLRQDO SURFHVVHV DOORZHG LQ TXDQWXP PHFKDQLFV FDQ EH VRXQGO\ FDSWXUHG� FRPSRVLWLRQ�

DOO\� LQ D ZLGH UDQJH RI TXDQWXP SURJUDPPLQJ ODQJXDJHV�

� $ PXOWLWXGH RI PHWKRGV KDV EHHQ FRQFHLYHG WR SUHVHUYH TXDQWXP DGYDQWDJH DJDLQVW HQYLURQPHQWDO

HIIHFWV� IURP TXDQWXP VLPXODWRUV� PHDVXUHPHQW�EDVHG FRPSXWHUV� RU UHFHQWO\� YDULDWLRQDO PHWKRGV�

� 9DULDWLRQV RI TXDQWXP PHFKDQLFV PD\ \LHOG FRPSXWDWLRQDO DGYDQWDJH EXW PD\ DOVR UDLVH RWKHU LVVXHV

IURP WKH SK\VLFV SRLQW RI YLHZ�
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7KH QXPEHU RI H[LVWHQW TXDQWXP DOJRULWKPV LV QRZ VLJQLILFDQWO\ ELJJHU WKDQ LQ WKH HDUO\ GD\V RI TXDQWXP

FRPSXWDWLRQ� IROORZLQJ VXFFHVVHV RI *URYHU� 6KRU� RU 6LPRQ DOJRULWKPV� 7KH UDQJH RI DSSOLFDWLRQV KDV DOVR

H[WHQGHG� IURP PDFKLQH OHDUQLQJ WR ILQDQFH� WR VLPXODWLRQ RI FKHPLVWU\ V\VWHPV�

+RZHYHU� WKH SURJUHVV RQ WKH GHYHORSPHQW RI HIILFLHQW TXDQWXP DOJRULWKPV� WKDW EHDU WKH VR�FDOOHG

H[SRQHQWLDO DGYDQWDJH WR FODVVLFDO DOJRULWKPV KDV EHHQ VORZHU WKDQ H[SHFWHG� DQG WKH PDLQ VWUXFWXUHV DQG

EXLOGLQJ EORFNV RI WKH DOJRULWKPV LQ WKLV VLWXDWLRQ� DUH VKRUW LQ QXPEHU DQG YHU\ ZHOO VWXGLHG� +HQFH� D

QDWXUDO ZD\ RI WU\LQJ WR ILQG QHZ TXDQWXP DOJRULWKPV LV WR FKDUDFWHUL]H WKHVH VWUXFWXUHV LQ RUGHU WR H[WHQG

WKHP WR QHZ GRPDLQV�

,Q WKLV FKDSWHU� ZH LQWHQG WR VR� E\ FKDUDFWHUL]LQJ WKH PDLQ TXDQWXP HIILFLHQW DOJRULWKPV DQG WKH VWUXFWXUHV

EHKLQG WKHP� :H DOVR H[SORUH D TXDQWXP VLPXODWLRQ RI WKH HQHUJ\ WUDQVSRUW LQ D VPDOO SKRWRV\QWKHWLF

V\VWHP� L�H� LQ WKH ELRORJ\ GRPDLQ� DV DQ H[DPSOH RI V\VWHP SRVVHVVLQJ D VWUXFWXUH WKDW FDQ EH HIILFLHQWO\

KDQGOHG E\ TXDQWXP FRPSXWHUV� LW LV GULYHQ E\ D ORFDO�+DPLOWRQLDQ� 7KH ZRUN ZDV SXEOLVKHG LQ FR�DXWKRUVKLS

ZLWK -RVH *XLPDUmHV HW DO� >���@�

��� 7KH %RXQGHG 4XDQWXP 3UREDEL O L W\ FODVV

7KH %RXQGHG TXDQWXP SUREDELOLW\ �%43� FODVV LV EHOLHYHG WR HQFORVH DOO WKH SUREOHPV WKDW SRVVHVV DQ

HIILFLHQW TXDQWXP DOJRULWKP� L�H� DOJRULWKPV ZKHUH WKH QXPEHU RI FODVVLFDO VWHSV� JDWHV DQG TXELWV UHTXLUHG

WR GR WKH FRPSXWDWLRQ LV JLYHQ E\ D SRO\QRPLDO IXQFWLRQ� ,W LV EHOLHYHG WR FRQWDLQ WKH FODVVLFDO HIILFLHQW 3

�SRO\QRPLDO� FODVV� DQG WKHUH LV HYLGHQFH RI WKH H[LVWHQFH RI SUREOHPV WKDW SHUWDLQ WR WKH FODVV %43� EXW QRW

WR WKH FODVV 3� JLYHQ E\ H[LVWHQFH RI WKH 6KRU >���@ RU 6LPRQ DOJRULWKPV >���@� HIILFLHQW LQ VROYLQJ SUREOHPV

NQRZQ WR EH LQ WKH FODVV 13 ��

1RZDGD\V WKHUH LV D ZLGH UDQJH RI HIILFLHQW TXDQWXP DOJRULWKPV� IRU ZKLFK D FRPSUHKHQVLYH VXUYH\

VHHPV FRPSOHWHO\ XQIHDVLEOH� EXW JRRG VWDUWLQJ SRLQWV DUH JLYHQ IRU LQVWDQFH LQ >���� ���� ��� ���@� )URP

KHUH� RQH FDQ LGHQWLI\ WZR W\SHV RI DOJRULWKPV SRVVHVVLQJ TXDQWXP DGYDQWDJH� ZKLFK ZH GHQRWH DV WKH

1 Only evidence because there is no proof that the class P is not the same as the class NP
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G\QDPLF RQHV DQG WKH VWDWLF RQHV� 7KH IRUPHU RQHV HQFRPSDVV WKH VLPXODWLRQ RI SURFHVVHV� DQG WKH ODWWHU

WKH FDOFXODWLRQ RI DOJHEUDLF SURSHUWLHV RI FHUWDLQ PDWKHPDWLFDO REMHFWV� )URP ERWK� LW LV SRVVLEOH WR LGHQWLI\

DOJRULWKPLF EXLOGLQJ EORFNV� ZKLFK� SUHVXPDEO\� \LHOG WKH TXDQWXP DGYDQWDJH� E\ PD[LPL]LQJ WKH HIIHFWV RI

LQWHUIHUHQFH DOORZHG E\ VHWV RI HQWDQJOHG TXELWV�

,Q RQH KDQG� WKH VLPXODWLRQ RI TXDQWXP SURFHVVHV� L�H� WKH G\QDPLF DOJRULWKPV� FRQVLVWV LQ WKH HIILFLHQW

FRQFHSWLRQ RI FRPSXWDWLRQDO SURFHVVHV WKDW DUH DEOH WR PLPLF� L�H� E\ EHLQJ VWDWLVWLFDOO\ LQGLVWLQJXLVKDEOH� D

TXDQWXP SURFHVV WR EH VLPXODWHG XS WR DQ HUURU 𝜖� 7KLV W\SH RI VLPXODWLRQ LV DOVR NQRZQ DV ZHDN VLPXODWLRQ�
LQ RSSRVLWLRQ WR VWURQJ VLPXODWLRQ� ZKHUH LW LV H[SHFWHG WKDW ERWK SURFHVVHV SURGXFH H[DFWO\ WKH VDPH UHVXOWV�

2Q WKH RWKHU KDQG� WKH VWDWLF SUREOHPV FRQFHUQ WKH H[WUDFWLRQ RI JHQHUDWLYH FKDUDFWHULVWLFV RI IXQFWLRQV�

H�J� WKH SHULRG RI D IXQFWLRQ DV LW KDSSHQV LQ WKH 6KRU DOJRULWKP >���@� 7KHVH DOJRULWKPV VHHP WR UHVRUW WR

WKH )RXULHU WUDQVIRUP DQG 3KDVH HVWLPDWLRQ DOJRULWKPV� ZKLFK SRVVHVV DQ H[SRQHQWLDO DGYDQWDJH �PRUH RQ

WKLV RQ VHFWLRQ ����� 7KH UHODWLRQVKLS EHWZHHQ ERWK W\SHV RI DOJRULWKPV LV� KRZHYHU \HW XQFOHDU�

)LQDOO\� WKHUH LV D FODVV RI DOJRULWKPV� ZKLFK VRPHKRZ PDNHV XVH RI ERWK W\SHV RI VWUDWHJLHV� DQG LQFOXGHV

DOJRULWKPV VXFK DV WKH HLJHQYDOXH HVWLPDWLRQ >��@ DQG WKH ++/ DOJRULWKP IRU WKH UHVROXWLRQ RI OLQHDU HTXDWLRQV

>���@�

��� 6HDUFK� VDPSOLQJ DQG VLPXODW LRQ DOJRUL WKPV

7KH +DPLOWRQLDQ VLPXODWLRQ DQG TXDQWXP ZDONV SURYLGH XQLYHUVDO PRGHOV IRU TXDQWXP FRPSXWDWLRQ� ZKLFK

LPSO\ WKDW QRW RQO\ DOO TXDQWXP DOJRULWKPV FDQ EH SXW LQ VXFK IRUPV� EXW DOVR WKDW WKH\ FDQ EH UHGXFHG WR

HDFK RWKHU� %RWK RI WKHVH FRQFHSWXDO PRGHOV SURYLGH D FRPSOHPHQWDU\ SHUVSHFWLYH RQ TXDQWXP DOJRULWKPV�

DOORZLQJ WKH XQLILHG VWXG\ RI� DPRQJ RWKHUV� VHDUFK� VDPSOLQJ DQG VLPXODWLRQ SUREOHPV DQG SURYLGH LQVLJKW

DERXW WKH VSHFLILF VWUXFWXUDO SURSHUWLHV WKDW KHOS LQ WKH FKDUDFWHUL]DWLRQ RI WKHLU HIILFLHQF\�

)LUVW RI DOO� VHDUFK DQG VDPSOLQJ SUREOHPV DUH FRQVLGHUHG WR EH HTXLYDOHQW >�@� L�H� IRU HDFK SUREOHP

RI VDPSOLQJ WKHUH LV DQ HTXLYDOHQW SUREOHP RI VHDUFKLQJ DQG YLFH�YHUVD� DQG ERWK FDQ EH FDSWXUHG E\

GLVFUHWH TXDQWXP ZDONV� $ VHDUFK SUREOHP FDQ EH LQWHUSUHWHG DV VDPSOLQJ SUREOHP� ZKHUH WKH FRUUHFW

VROXWLRQ LV H[SHFWHG ZLWK KLJK SUREDELOLW\� DV LW KDSSHQV� IRU LQVWDQFH� LQ WKH *URYHU DOJRULWKP >���@� L�H� D

JHQHULF VHDUFK DOJRULWKP DSSOLDEOH WR DQ\ VHDUFK VSDFH ZLWK NQRZQ GLPHQVLRQ� ,W \LHOGV FRQVWDQW TXDGUDWLF

DGYDQWDJH� L�H� LW WDNHV √𝑁 VWHSV� ZKHUH 𝑁 LV WKH VL]H RI WKH VHDUFK VSDFH� DQG LW FDQ EH HIILFLHQWO\ UHGXFHG

WR D TXDQWXP ZDON� DV H[WHQVLYHO\ VWXGLHG LQ PDQ\ ZRUNV >���� ���@�

7KHUH DUH WZR XVHIXO VSHFLILF PHDVXUHPHQWV RI FRPSOH[LW\ LQ TXDQWXP ZDONV IRU WKH VWXG\ VDPSOLQJ DQG

VHDUFK SUREOHPV� WKH KLWWLQJ WLPH� ZKLFK FRQFHUQV WKH DPRXQW RI VWHSV D VSHFLILF PDUNHG VWDWH LV DFKLHYHG�

XVHIXO WR FKDUDFWHUL]H VHDUFK SUREOHPV DQG WKH PL[LQJ WLPH� L�H� WKH WLPH D TXDQWXP ZDON WDNHV WR JHW WR LWV

VWDWLRQDU\ GLVWULEXWLRQ� FKDUDFWHULVWLF RI VDPSOLQJ SUREOHPV >���@�

0RUHRYHU� GLVFUHWH TXDQWXP ZDONV FDQ EH DOZD\V EH UHGXFHG WR +DPLOWRQLDQ VLPXODWLRQV� L�H� FRQWLQXRXV

TXDQWXP ZDONV� ZKHUH WKH +DPLOWRQLDQ FRUUHVSRQGV WR WKH GLIIXVLRQ PDWUL[ RI WKH GLVFUHWH TXDQWXP ZDON� DV
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GLVFXVVHG� IRU LQVWDQFH� LQ >��@� GUDZLQJ D FRPPRQ IRXQGDWLRQ EHWZHHQ VHDUFK� VDPSOLQJ DQG +DPLOWRQLDQ

VLPXODWLRQ DOJRULWKPV� ,Q WKH VHWWLQJ RI +DPLOWRQLDQ VLPXODWLRQ� RQH FDQ REWDLQ D FOHDUHU LGHD RQ WKH

VLPXODWLRQ DQG VDPSOLQJ SUREOHPV WKDW SRVVHVV HIILFLHQW DOJRULWKPV� GXH WR WKH H[WHQVLYH ZRUN RQ HIILFLHQW

DOJRULWKPV LQ WKLV UHJDUG� $V GLVFXVVHG LQ VHFWLRQV ����� DQG ����� WKHUH DUH HIILFLHQW DOJRULWKPV IRU D ZLGH

UDQJH RI +DPLOWRQLDQV� ZKLFK HQFRPSDVVHV ORFDO� VSDUVH DQG G�VSDUVH RQHV� 7KHUHIRUH� LW FDQ EH DVVXPHG

WKDW WKH VDPSOLQJ�VLPXODWLRQ SUREOHPV WKDW FDQ EH SKUDVHG LQ D ORFDO� VSDUVH� RU G�VSDUVH +DPLOWRQLDQ� RU

JUDSK� PRVW OLNHO\ SRVVHVV DQ HIILFLHQW TXDQWXP DOJRULWKP�

)RU VHDUFKLQJ SUREOHPV WKH FULWHULD DUH OHVV FOHDU� DOWKRXJK LW FDQ EH VWDWHG WKDW VLPXODWLRQ SUREOHPV DUH�

PRVW OLNHO\� VLPSOHU WKDQ D VHDUFK SUREOHPV� DV RQH FDQ QDWXUDOO\ H[SHFW WKDW WKH PL[LQJ WLPH LV VPDOOHU

WKDQ KLWWLQJ WLPH� DV LQ WKH ODWWHU RQH LV LQWHUHVWHG LQ REWDLQLQJ D VSHFLILF HOHPHQW� RI VHW HOHPHQWV� UDWKHU

WKDQ D JOREDO GLVWULEXWLRQ� ,Q >��@ D WUDQVODWLRQ EHWZHHQ D VHDUFK SUREOHP DQG ILQGLQJ D JURXQG�VWDWH RI

N�ORFDO +DPLOWRQLDQ LV SURSRVHG� )LQGLQJ WKH JURXQG VWDWH RI +DPLOWRQLDQ LV NQRZQ WR EH YHU\ FRPSOH[� LI LW

LQYROYHV FRPSRQHQWV ZLWK GLPHQVLRQ JUHDWHU RU HTXDO WR �� DV LW ZLOO EH GLVFXVVHG LQ FKDSWHU �� 7KHUHIRUH�

VHDUFK SUREOHPV WKDW FDQQRW EH PDSSHG LQWR +DPLOWRQLDQ VLPXODWLRQ RQHV� ZKLFK GR QRW LQYROYH FRPSRQHQWV

ZLWK GLPHQVLRQ JUHDWHU RU HTXDO WR �� GR QRW SRVVHVV DQ HIILFLHQW DOJRULWKP� 2Q WKH RWKHU KDQG� VHDUFK

SUREOHPV ZKR FDQ� SRVVHVV DQ HIILFLHQW TXDQWXP DOJRULWKP� KRZHYHU� LW LV XQFOHDU LI WKLV OHDGV WR DQ\

TXDQWXP DGYDQWDJH EHWWHU WKDQ WKH TXDGUDWLF RQH�

����� /RFDO +DPLOWRQLDQV

7KH VLPSOHVW +DPLOWRQLDQV NQRZQ WR EH VLPXODWHG HIILFLHQWO\ ZLWK DQ H[SRQHQWLDO LPSURYHPHQW DUH ORFDO

+DPLOWRQLDQV� DV ILUVW FRQMHFWXUHG E\ )H\QPDQ DQG WKHQ E\ //R\G >���@� /RFDO +DPLOWRQLDQV FDQ EH

GHFRPSRVHG LQWR WKHLU ORFDO LQWHUDFWLRQV� L�H� SK\VLFDO LQWHUDFWLRQV KDSSHQLQJ EHWZHHQ DOO VXEVHWV RI WKH

SDUWLFOHV XS WR D FHUWDLQ GLPHQVLRQ 𝑘� ZKLFK HQFRPSDVV D ZLGH FODVV RI SK\VLFDO V\VWHPV� ([DPSOH RI WKHVH
LV WKH )HUPLRQLF +DPLOWRQLDQV� ZKLFK RQO\ LQYROYH ��GLPHQVLRQDO &RXORPE LQWHUDFWLRQV DQG ��GLPHQVLRQDO

.LQHFWLF FRPSRQHQWV �LQ FKDSWHU � ZH GHDO ZLWK DQ +DPLOWRQLDQ RI WKLV W\SH�� 0DWKHPDWLFDOO\� WKLV FODVV

FRUUHVSRQG WR WKH +DPLOWRQLDQV WKDW FDQ EH H[SUHVVHG DV D VXP RI WKHLU ORFDO FRPSRQHQWV�

𝐻 = ∑𝑖 𝐻𝑖 (63)

7KH VLPXODWLRQ RI VXFK +DPLOWRQLDQ UHTXLUHV WKH H[LVWHQFH RI DQ HIILFLHQW FODVVLFDO PHWKRG WR FRQVWUXFW

D FLUFXLW WKDW DSSUR[LPDWHV WKH HYROXWLRQ RSHUDWRU 𝑒𝑖𝐻𝑡� XS WR DQ HUURU 𝜖� ,I WKH +DPLOWRQLDQV LQ WKH VXP
FRPPXWH SDLUZLVH [𝐻𝑖, 𝐻𝑗] = 0 �VHH VHFWLRQ ������� WKHQ WKH RUGHU RI DSSOLFDWLRQ RI WKH +DPLOWRQLDQV LV

LUUHOHYDQW DQG WKH HYROXWLRQ RI WKH +DPLOWRQLDQ RSHUDWRU LV VLPSO\ JLYHQ E\�

𝐻 = ∏𝑖 𝑒𝐻𝑖 (64)
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�

7KH VLPSOHVW FDVH RI WKHVH W\SH RI +DPLOWRQLDQV KDSSHQV ZKHQ WKH +DPLOWRQLDQV DUH GLDJRQDO� ZKLFK FDQ

EH WULYLDOO\ DSSUR[LPDWHG E\ TXDQWXP FLUFXLWV� 7KH SUREOHPDWLF FDVHV VWDUW ZKHQ WKH +DPLOWRQLDQV GR

QRW FRPPXWH� IRU ZKLFK D PXOWLWXGH RI DSSUR[LPDWLRQ VWUDWHJLHV DUH DYDLODEOH� 7KH VLPSOHVW RQH� ZLWKRXW

GLDJRQDOL]LQJ WKH ZKROH RSHUDWRU� LV WR XVH WKH GLDJRQDOL]DWLRQ PDWULFHV LQ EHWZHHQ HYHU\ +DPLOWRQLDQ

FRPSRQHQW WKDW GRHV QRW FRPPXWH�

𝑒𝐻1𝐷𝑒𝐻2𝐷−1 (65)

� ZKHUH 𝐷 LV WKH GLDJRQDOL]DWLRQ PDWUL[ WKDW PDNHV 𝑒𝐻2 GLDJRQDO� 7KLV DSSURDFK LV TXLWH OLPLWHG� DV WKH

REWHQWLRQ RI WKH GLDJRQDOL]DWLRQ PDWUL[ LV FRPSXWDWLRQDOO\ FRPSOH[� KRZHYHU� LW LV SRVVLEOH WR DSSO\ LW LQ

VHYHUDO FDVHV� IRU LQVWDQFH� LQ WKH VLPXODWLRQ RI WKH 6FKU|GLQJHU HTXDWLRQ� ZKHUH WKH EDVLV WUDQVIRUPDWLRQ

PDWUL[ �)RXULHU WUDQVIRUP� LV HIILFLHQW DQG H[SUHVVHG DV�

𝑋𝐹𝑃𝐹−1 (66)

� ZKHUH 𝑋 DQG 𝑃 FRQVWLWXWH WKH SRVLWLRQ DQG PRPHQWXP RSHUDWRUV� )XUWKHUPRUH� EH\RQG WKHVH FRQ�

FHSWXDOO\ VWUDLJKWIRUZDUG WHFKQLTXHV� WKHUH H[LVW D ZLGH UDQJH RI DSSUR[LPDWLRQ WHFKQLTXHV� 7KH FRUQHU�

VWRQH RI PDQ\ RI VXFK DSSUR[LPDWLRQ PHWKRGV LV WKH 7URWWHU IRUPXOD� EDVHG LQ WKH /LH SURGXFW IRUPXOD

OLP𝑛→∞ (𝑒𝐴𝑡/𝑛𝑒𝐵𝑡/𝑛)𝑛 = 𝑒𝑖(𝐴+𝐵)𝑡� ZKLFK UHDGV DV IROORZV�
𝑒𝑖𝐻𝑡 ∼ (𝑒𝑖𝐻1𝑡/𝑛 …𝑒𝑖𝐻𝑛𝑡/𝑛)𝑛 +∑𝑖>𝑗[𝐻𝑖, 𝐻𝑗]𝑡2/2𝑛 + ∞∑𝑘=3 𝐸(𝑘) (67)

ZKLFK VWDWHV WKDW DQ +DPLOWRQLDQ RSHUDWRU� ZKHUH ORFDO FRPSRQHQWV GR QRW FRPPXWH FDQ EH DSSUR[LPDWHG E\

WKH UHSHWLWLRQ �WKURXJK 𝑛 VWHSV� VHTXHQFH RI ORFDO RSHUDWRUV 𝑒𝑖𝐻1𝑡/𝑛 …𝑒𝑖𝐻𝑛𝑡/𝑛 �DV LI WKH\ ZRXOG FRPPXWH��

ZKHUH WKH WLPH LV GLVFUHWL]HG LQ VWHSV RI VL]H 𝑡/𝑛,� DQG ZLWK WKH HUURU ERXQGHG E\ WKH 𝐸(𝑘) IRUPXOD� DOZD\V
EHLQJ OHVV WKDQ ||𝑛(𝑒𝑖𝐻𝑡 − 1 − 𝑖𝐻𝑡/𝑛)|| DQG WKH HUURU FDQ EH DUELWUDULO\ VPDOO ZLWK WKH LQFUHDVH RI Q�

7KH FRPSXWDWLRQDO FRPSOH[LW\ FDQ EH HVWLPDWHG E\ WKH QXPEHU RI RSHUDWLRQV QHHGHG IRU WKH UHSHWLWLRQ

RI WKH RSHUDWRUV LQYROYHG� (DFK 𝐻𝑗 DFWV RQ D ORFDO +LOEHUW VSDFH� WKH QXPEHU RI RSHUDWLRQV QHHGHG WR

VLPXODWH 𝑒𝑖𝐻𝑗𝑡/𝑛 ∼ 𝑚𝑗2� +HQFH WKH JOREDO VLPXODWLRQ WLPH REH\V WKH LQHTXDOLW\ 𝑛(∑𝑙𝑖 𝑚2𝑖 ) ≤ 𝑛𝑙𝑚2� ZKHUH𝑚 = 𝑚𝑎𝑥{𝑚𝑖}� 7KH HUURU LQ HDFK RI WKH RSHUDWLRQV PXVW EH PLQRU WKDQ 𝜖/𝑛𝑙𝑚2� 1RZ HYHU\WKLQJ GHSHQGV

RQ 𝑙� VRPH QXPEHU RI FRPSRQHQWV RI WKH YDULDEOH�
����� 6SDUVH DQG G�6SDUVH +DPLOWRQLDQV

6SDUVH +DPLOWRQLDQV DUH D PRUH JHQHUDO VHWWLQJ WKDQ ORFDO +DPLOWRQLDQV� HQFRPSDVVLQJ D ZLGHU FODVV RI

SK\VLFDO V\VWHPV� DV ZHOO DV RWKHU DOJRULWKPLF SUREOHPV ZLWK SUDFWLFDO LQWHUHVW� VXFK DV TXDQWXP ZDONV
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ZLWK H[SRQHQWLDO JDLQ >���@� RU 1$1' WUHHV DSSUR[LPDWLRQ >���@� 6SDUVH +DPLOWRQLDQV DUH GHILQHG DV

+DPLOWRQLDQV� ZLWK D OLPLWHG QXPEHU RI QRQ�]HUR HQWULHV SHU URZ� 𝑑 = 𝑝𝑜𝑙𝑦(𝑙𝑜𝑔𝑁)� ZKHUH 𝑁 LV WKH

GLPHQVLRQ RI WKH +DPLOWRQLDQ� )RU D 𝑘−ORFDO +DPLOWRQLDQ ZLWK 𝑚 WHUPV� WKH +DPLOWRQLDQ LV VSDUVH LI𝑑 = 2𝑘𝑚�

7KH ILUVW DOJRULWKP WR GHDO HIILFLHQWO\ ZLWK WKLV NLQG RI +DPLOWRQLDQV ZDV LQWURGXFHG E\ $KDURQRY HW DO� >��@�

ZKHUH ERWK WKH QXPEHU RI JDWHV DQG RI RUDFOH FDOOV DUH SRO\QRPLDO� 6LQFH WKHQ� WKHUH KDV EHHQ D VLJQLILFDQW

DPRXQW RI ZRUN RQ WKH VXEMHFW� VWULYLQJ WR UHDFK RSWLPDOLW\ RI VXFK SDUDPHWHUV� ZKHUH WKH ZRUNV RI >���@

DQG >��@� �DOPRVW RSWLPDO� DQG WKH UHFHQW RQHV RI >���� ���@ �RSWLPDO�� VKDOO EH KLJKOLJKWHG� 7KH PHWKRGV

HPSOR\HG LQ WKHVH DSSUR[LPDWLRQV DUH WKH UHFHQW WHFKQLTXH RI TXELWL]DWLRQ >���@� DQG WKH WUXQFDWHG 7D\ORU

VHULHV PHWKRG >��@�

7KHUH LV DOVR VRPH ZRUN RQ WKH VLPXODWLRQ RI QRQ�VSDUVH +DPLOWRQLDQV� RQO\ DSSOLHG LQ YHU\ OLPLWHG FDVHV

>��@� DQG IRU ZKLFK QR JHQHUDO HIILFLHQW TXDQWXP DOJRULWKP LV NQRZQ >���@� )XUWKHUPRUH� WR WKH EHVW RI RXU

NQRZOHGJH LW LV QRW FOHDU KRZ LQWHUIHUHQFH LV XVHG LQ WKHVH DOJRULWKPV�

��� &DVH VWXG\� 6LPXODW LRQ RI QRQ�UDGLDW LYH HQHUJ\ WUDQVIHU LQ SKRWRV\QWKHW LF V\VWHPV

XVLQJ D TXDQWXP FRPSXWHU

:H H[SORUH QRZ WKH H[SHULPHQWDO VLPXODWLRQ RI D ORFDO +DPLOWRQLDQ� ZKLFK FDQ EH DOVR LQWHUSUHWHG DV

GLVFUHWH TXDQWXP ZDON� WKDW FDQ EH EXLOW DQG UXQQHG LQ D TXDQWXP FRPSXWHU� WKH RQH RI WUDQVIHU HQHUJ\� E\

QRQ�UDGLDWLYH PHDQV� H[LVWHQW LQ ILUVW VWDJH RI SKRWRV\QWKHVLV� 7KLV SURFHVV KDV EHHQ VKRZQ WR EH LQIOXHQFHG

ERWK E\ TXDQWXP FRKHUHQW DQG GHFRKHUHQW HIIHFWV� DVSHFWV DOVR H[SORUHG LQ WKLV VLPXODWLRQ� 7KLV H[SORUDWLRQ

DOVR KHOSV XQGHUVWDQGLQJ� EHVLGHV WKH TXDQWXP DVSHFWV RI SKRWRV\QWKHVLV� KRZ WKH WKHRUHWLFDO DVSHFWV RI

TXDQWXP PHFKDQLFV� SDUWLFXODUO\ WKH HQYLURQPHQWDO RQHV LQWURGXFHG LQ VHFWLRQ ������ ZRUN�

3KRWRV\QWKHVLV LV D YLWDO DQG SHUYDVLYH FRPSOH[ SK\VLFDO SURFHVV LQ QDWXUH� ZKHUH WKH UDGLDWLRQ RI WKH

6XQ LV FDSWXUHG E\ FHUWDLQ OLYLQJ EHLQJV� VXFK DV SODQWV DQG EDFWHULD� DQG WUDQVIRUPHG LQWR WKH QHFHVVDU\

FDUERK\GUDWHV QHHGHG IRU WKHLU VXUYLYDO >���� ���@� )URP WKH SK\VLFV DQG FKHPLVWU\ SHUVSHFWLYH� LW LV

D FRPSOH[ SURFHVV RFFXUULQJ WKURXJK VHYHUDO VWDJHV ZLWK VHYHUDO NLQGV RI SK\VLFDO SKHQRPHQD LQYROYHG�

QDPHO\� WKH OLJKW DEVRUSWLRQ� HQHUJ\ WUDQVSRUW� FKDUJH VHSDUDWLRQ� SKRWRSKRVSKRU\ODWLRQ DQG FDUERQ GLR[LGH

IL[DWLRQ >���@� 7KH XQGHUVWDQGLQJ RI VXFK SKHQRPHQD KDV JUHDWO\ SURJUHVVHG LQ WKH SDVW �� \HDUV ZLWK

WKH SK\VLFDO FKDUDFWHUL]DWLRQ RI WKH VWUXFWXUH RI PDQ\ SKRWRV\QWKHWLF FRPSOH[HV >���� ���� ��@� 7KH

FRPSUHKHQVLRQ RI VXFK SURFHVVHV ZRXOG DOORZ IRU PDQ\ SRWHQWLDO KXJH�LPSDFW LQGXVWULDO EUHDNWKURXJKV LQ

WKH ILHOG RI HQHUJ\� IURP WKH JUHDW HIILFLHQF\ LPSURYHPHQW LQ HQHUJ\ FDSWXUH RI VRODU SDQHOV >���@ WR WKH

FRQVWUXFWLRQ RI DUWLILFLDO OLJKW�KDUYHVWLQJ GHYLFHV DQG VRODU IXHOV >���� ���� ���� ���@�

7KH SKRWRV\QWKHVLV EHJLQV E\ WKH DEVRUSWLRQ RI D SKRWRQ� ,W RFFXUV YLD H[FLWDWLRQ RI D SLJPHQW PROHFXOH�

ZKLFK DFWV DV D OLJKW�KDUYHVWLQJ DQWHQQD FRQQHFWHG WR WKH UHVW RI WKH SKRWRV\QWKHWLF DSSDUDWXV E\ SURWHLQ

PROHFXOHV� 3KRWRV\QWKHWLF SLJPHQW�SURWHLQ FRPSOH[HV WUDQVIHU WKH DEVRUEHG VXQOLJKW HQHUJ\� LQ WKH IRUP
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RI PROHFXODU HOHFWURQLF H[FLWDWLRQ� WR WKH UHDFWLRQ FHQWHU� ZKHUH FKDUJH VHSDUDWLRQ LQLWLDWHV D VHULHV RI

ELRFKHPLFDO SURFHVVHV >���@� 7KLV ZRUN LV IRFXVHG RQ WKH ILUVW VWDJH RI SKRWRV\QWKHVLV� PRUH SUHFLVHO\� RQ

WKH WUDQVSRUW RI WKH DEVRUEHG UDGLDWLRQ HQHUJ\ IURP WKH DQWHQQD WR WKH UHDFWLRQ FHQWUH� ZKLFK SURFHHGV LQ

WKH IRUP RI WKH VR�FDOOHG ([FLWRQLF (QHUJ\ 7UDQVIHU �((7�� DV VFKHPDWLFDOO\ VKRZQ LQ )LJ���

Figure 7: Schematics of the energy transfer process from light-harvesting antenna (the donor)
through a chain of acceptor molecules to the reaction center. The excited states of the
participating molecules, denoted 𝜖𝑚, are broadened and it allows for resonance energy
transfer via irreversible Förster-type resonant process of exciton transfer from donor
to acceptor even if 𝜖𝑚 ≠ 𝜖𝑚+1, which is denoted by the thick arrow labelled FRET.
However, if the coupling between the donor and the acceptor molecules is strong enough,
the process becomes reversible and the exciton can go to and through many times before
it is transferred; this situation is labeled by "reversible EET" and it does not require
matching of the energy levels 𝜖𝑚 and 𝜖𝑚+1. Picture taken from [179].

7KLV WUDQVSRUW LV NQRZQ WR EH YHU\ HIILFLHQW LQ SKRWRV\QWKHVLV� DV LV WKH ZKROH SURFHVV� ZLWK WKH RYHUDOO

TXDQWXP HIILFLHQF\ RI LQLWLDWLRQ RI FKDUJH VHSDUDWLRQ SHU DEVRUEHG SKRWRQ XS WR ��� >���@� 7KH DEVRUEHG

SKRWRQ FUHDWHV DQ H[FLWRQ RQ WKH DQWHQQD PROHFXOH� ZKLFK FDQ HYHQWXDOO\ WUDQVIHU LW WR RWKHU PROHFXOHV� ,Q

WKLV FRQWH[W� LW LV FDOOHG GRQRU� ZKLOH WKH RWKHUV DUH FDOOHG DFFHSWRUV DQG WKH ((7 SURFHVV FDQ EH GHVFULEHG

E\ WKH IROORZLQJ UHDFWLRQ HTXDWLRQ� 𝐷⋆ +𝐴 → 𝐷+ 𝐴⋆ . (68)

2QH PD\ EH OHDG WR EHOLHYH WKDW� JLYHQ WKH µVL]Hµ RI WKH SK\VLFDO FRPSRQHQWV LQYROYHG� WKH ((7 LV D IXOO\

FODVVLFDO �L�H� LUUHYHUVLEOH DQG XQLGLUHFWLRQDO� SURFHVV� KRZHYHU H[SHULPHQWDO UHVXOWV KDYH VKRZQ WKH RSSRVLWH�

ZLWK WKH YHULILFDWLRQ RI FRKHUHQFH EHWZHHQ PROHFXOHV RYHU VRPH SHULRG RI WLPH� HYLGHQFHG E\ ORQJ�OLYHG

RVFLOODWRU\ IHDWXUHV LQ WKH G\QDPLFDO UHVSRQVH RI VHYHUDO SKRWRV\QWKHWLF V\VWHPV LQ PDQ\ H[SHULPHQWDO

ZRUNV >���� ���� ���@� +RZHYHU� LW LV SUHGLFWHG WKDW WKHVH SURFHVVHV DUH VWLOO VWURQJO\ LQIOXHQFHG E\ WKH

HQYLURQPHQW >���@� DV WKH GRQRU�DFFHSWRU SDLUV DUH QRW LVRODWHG IURP WKH UHVW RI WKH ZRUOG� DQG� KHQFH� WKH
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DSSURSULDWH WKHRUHWLFDO VHWWLQJ WR GHDO ZLK WKLV NLQG RI V\VWHPV LV WKH RQH RI TXDQWXP RSHQ V\VWHPV� ,Q WKLV

VHWWLQJ� TXDQWXP V\VWHPV DUH WUHDWHG DV SDUW RI D ODUJHU V\VWHP RQHV� FRPSRVHG E\ WKH ((7 V\VWHP XQGHU

VWXG\ DQG WKH HQYLURQPHQW� 7KH ODWWHU LV PRGHOHG E\ D WKHUPDO EDWK� ZKLFK LQWHUDFWV ZLWK WKH ((7 TXDQWXP

V\VWHP� LQWURGXFLQJ UHOD[DWLRQ DQG GHSKDVLQJ LQWR DQG� WKHUHIRUH� LQIOXHQFLQJ WKH HIILFLHQF\ RI WKH HQHUJ\

WUDQVSRUW�

7KH WKHRUHWLFDO WUHDWPHQW RI VXFK V\VWHPV LV YHU\ FRPSOH[ IURP WKH FRPSXWDWLRQDO SRLQW YLHZ� WR ZKLFK D

P\ULDG RI PHWKRGV LV DYDLODEOH� JURXSHG E\ WKH W\SH RI UHJLPHV WKH\ FDQ EH DSSOLHG� FKDUDFWHUL]HG E\ WKH

FRXSOLQJ VWUHQJWK EHWZHHQ HQYLURQPHQW DQG PDLQ V\VWHPV� DV ZHOO DV WKH SUHVHQFH RI PHPRU\ HIIHFWV �L�H�

ZKHWKHU WKH V\VWHP FDQ EH FRQVLGHUHG DV 0DUNRYLDQ RU QRW� >���� ���� ���� ���� ���� ���� ���@

7KLV FDVH�VWXG\ SURSRVHV D TXDQWXP VLPXODWLRQ IRU WKH ((7 TXDQWXP WUDQVSRUW� DQG WKH EHKDYLRXU RI WKH

V\VWHP LV HYDOXDWHG RQ GLIIHUHQW HQYLURQPHQW UHJLPHV� IURP WKH XQH[LVWHQFH RI HQYLURQPHQWDO HIIHFWV �SXUH�

WR GLIIHUHQW V\VWHP�HQYLURQPHQW FRXSOLQJV� ZLWK WKH HQYLURQPHQW EHLQJ PRGHOHG RQO\ E\ WKH HPSOR\PHQW RI

SXUH GHSKDVLQJ HIIHFWV� 7KH H[SHULPHQWDOO\ +DPLOWRQLDQV GHILQHG >��@� DQG DOUHDG\ XVHG LQ RWKHU TXDQWXP

VLPXODWLRQV >���@� ZHUH XVHG DQG WKH H[SHULPHQWDO VWXG\ ZDV FRQGXFWHG LQ WKH FRPPHUFLDOO\ DYDLODEOH ,%0

4 RI � TXELWV >���@� ZKLFK PDNHV LW D GLIIHUHQW DSSURDFK IURP WKH H[LVWHQW RQHV >���� ���� ���� ���@�

����� 0RGHOLQJ WKH VLPXODWLRQ

2XU LPSOHPHQWDWLRQ FRQWDLQV D TXDQWXP SDUW� DLPHG DW VLPXODWLQJ WKH XQLWDU\ SDUW RI WKH V\VWHP·V HYROXWLRQ�

DQG D FODVVLFDO SDUW WKDW VLPXODWHV WKH VWRFKDVWLF LQWHUDFWLRQ ZLWK WKH HQYLURQPHQW� WKH ODWWHU RQO\ EHLQJ

DEOH WR PLPLF SXUH GHSKDVLQJ HQYLURQPHQWDO HIIHFWV�

:H DLP DW H[SORULQJ WKH HQHUJ\ WUDQVSRUW XQGHUO\LQJ WKH SKRWRV\QWKHVLV� WKURXJKRXW WLPH� XQGHU WZR

UHJLPHV� �L� LQ DQ LVRODWHG V\VWHP DQG �LL� XQGHU DQ DFWLRQ RI WKH HQYLURQPHQW FDXVLQJ GHFRKHUHQFH�

&RQFHUQLQJ WKH SDUWLFXODU TXELW HQFRGLQJ FKRVHQ� D FKDLQ RI 𝑁 = 2𝑞 PROHFXOHV LV HQFRGHG E\ D VHW RI𝑞 TXELWV� ZKHUH |𝑚⟩ FRUUHVSRQGV WR WKH H[FLWDWLRQ �H[FLWRQ� RQ WKH 𝑚�WK PROHFXOH� H�J� IRU D WZR�PROHFXOH

FKDLQ� VWDWH |0⟩ UHSUHVHQWV WKH H[FLWRQ RQ WKH ILUVW PROHFXOH DQG |1⟩ RQ WKH VHFRQG RQH� DQG D SRVVLEOH

VXFFHVVIXO WUDQVSRUW RI HQHUJ\ ZRXOG FRUUHVSRQG WR WKH WUDQVLWLRQ RI WKH VWDWH |0⟩ WR WKH VWDWH |1⟩� :H GHQRWH
WKLV DV WKH VLWH EDVLV� 7KH FRPSXWDWLRQDO +DPLOWRQLDQV XQGHU WKLV HQFRGLQJ IRU WKH FDVHV XQGHU VWXG\ DUH

GLVFXVVHG LQ WKH IROORZLQJ VHFWLRQV� )URP QRZ RQ� ZH VKDOO VHW ~ = 1� $OVR� LW LV FRQYHQLHQW WR PHDVXUH WKH
HQHUJLHV�IUHTXHQFLHV LQ FP−1� DV LW LV FRPPRQ LQ VSHFWURVFRS\�
����� 1R²GHFRKHUHQFH +DPLOWRQLDQ

&RQVLGHULQJ D VPDOO FKDLQ RI 𝑁 PROHFXOHV� WKH V\VWHP·V +DPLOWRQLDQ LQ WKH VLWH EDVLV UHDGV DV IROORZV�
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�̂�𝑆 = 𝑁−1∑𝑚=0 𝜖𝑚 |𝑚⟩ ⟨𝑚| + ∑𝑚≠𝑛 𝐽𝑚𝑛 |𝑚⟩ ⟨𝑛| (69)

ZKHUH 𝜖𝑚 LV WKH ILUVW H[FLWHG VWDWH HQHUJ\ RI WKH PROHFXOH 𝑚 DQG 𝐽𝑛𝑚 LV WKH HOHFWURQLF FRXSOLQJ EHWZHHQ WKH

PROHFXOHV 𝑛 DQG 𝑚� 7KH +DPLOWRQLDQ ���� IRU MXVW WZR PROHFXOHV �� TXELW�� LQ WKH 2 × 2 PDWUL[ IRUP� UHDGV�

�̂�𝑆 = ⎛⎜⎝𝜖0 𝐽𝐽 𝜖1⎞⎟⎠ . (70)

,WV HYROXWLRQ RSHUDWRU LV JLYHQ E\

|Ψ(𝑡)⟩ = 𝑒−𝑖�̂�𝑆𝑡 |Ψ(0)⟩ ≡ �̂�(𝑡) |Ψ(0)⟩ . (71)

$OWKRXJK WKH +DPLOWRQLDQ (70) SRVVHVVHV QRQ�GLDJRQDO HOHPHQWV� ILQGLQJ D JRRG DSSUR[LPDWLRQ LQ WHUPV
RI TXDQWXP FLUFXLWV LV UHODWLYHO\ VWUDLJKWIRUZDUG� $ SRVVLEOH VWUDWHJ\ IRU WKLV LV E\ ILQGLQJ D GLDJRQDOL]LQJ

WUDQVIRUPDWLRQ� 𝑇� RI WKH +DPLOWRQLDQ� VXFK WKDW�
�̂�𝑆 = 𝑇†�̂�𝑆−𝑑𝑖𝑎𝑔𝑇 . (72)

ZKHUH �̂�𝑆−𝑑𝑖𝑎𝑔 LV WKH GLDJRQDO +DPLOWRQLDQ� 7KHUHIRUH� WKH HYROXWLRQ RSHUDWRU FDQ EH UHZULWWHQ DV IROORZV�

�̂�(𝑡) = 𝑒−𝑖�̂�𝑆𝑡 = 𝑇†𝑒−𝑖�̂�𝑆−𝑑𝑖𝑎𝑔𝑡𝑇 . (73)

7KH SUREOHP QRZ UHGXFHV WR WKH DSSUR[LPDWLRQ RI WKH 𝑇 RSHUDWRU �DQG LWV DGMRLQW� DQG WKH +DPLOWRQLDQ�̂�𝑆−𝑑𝑖𝑎𝑔� ZKLFK FDQ DOO EH HIILFLHQWO\ DSSUR[LPDWHG LQ TXDQWXP FLUFXLWV� 7KH ODWWHU RSHUDWRU LV GLDJRQDO LQ

WKH VLWH EDVLV� WKXV WKH XQLWDU\ HYROXWLRQ RSHUDWRU FDQ EH H[SUHVVHG DV

�̂�(𝑡) = 𝑒−𝑖�̂�𝑆𝑡 = 𝑇† [𝑒−𝑖 ∑1𝑚=0 𝐸𝑚𝑡]𝑇 = 𝑇† ⎡⎢⎣
1∏𝑚=0 𝑒−𝑖𝐸𝑚𝑡⎤⎥⎦𝑇 . (74)

7KH 𝑇 DQG 𝑇† PDWULFHV FDQ EH LPSOHPHQWHG E\ VLPSOH URWDWLRQV� 𝑅𝑦(𝜃) DQG 𝑅𝑦(−𝜃)� IRU D WZR�PROHFXOH
V\VWHP� +RZHYHU� IRU D KLJKHU QXPEHU RI PROHFXOHV� D URWDWLRQDO GHFRPSRVLWLRQ DOJRULWKP WRJHWKHU ZLWK WKH

*UD\ FRGH >���@� ZKLFK GHFRPSRVHV D PDWUL[ LQ WKH PXOWLSOLFDWLRQ RI D VLQJOH TXELW DQG &127 JDWHV� KDV WR

EH XVHG� 8VLQJ WKLV SDUWLFXODU DOJRULWKP WKH JDWH FRPSOH[LW\ IRU 𝑁 PROHFXOHV LV 𝒪(𝑁2𝑙𝑜𝑔2[𝑁]) >���@�
2Q WKH RWKHU KDQG� WKH GLDJRQDOL]HG HYROXWLRQ RSHUDWRU�

�̂�(𝑡) = ⎛⎜⎝𝑒−𝑖𝐸0𝑡 00 𝑒−𝑖𝐸1𝑡⎞⎟⎠ , (75)

WUDQVODWHV LQWR WULYLDO SKDVH URWDWLRQV RYHU HDFK RI WKH HQHUJ\ HLJHQVWDWHV ∣𝐸𝑖⟩ RI WKH V\VWHP ZLWK WKH UHVSHFWLYH

HQHUJ\ HLJHQYDOXHV 𝐸𝑖� 7KLV RSHUDWRU FDQ EH FRQVWUXFWHG DV D VHTXHQFH RI 𝐶𝑅𝑍(𝜙𝑖) JDWHV DSSOLHG WR DQ
46
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DQFLOOD TXELW �LQLWLDOL]HG DW |1⟩�� ZKHUH WKH DQJOH LV JLYHQ E\ 𝜙𝑖 = −2𝐸𝑖𝑡� 𝑖 = 1, 2� 7KH 𝑋 JDWHV DUH XVHG WR

µVHOHFWµ WKH HLJHQYHFWRU WR ZKLFK WKH FRQWUROOHG URWDWLRQ LV WR EH DSSOLHG� 7KH FLUFXLW LPSOHPHQWDWLRQ RI WKH

RSHUDWRU GHILQHG LQ (75) LV LOOXVWUDWHG LQ )LJXUH �� 7KH JDWH FRPSOH[LW\ RI WKLV RSHUDWRU� LQ WHUPV RI VLQJOH
TXELW DQG &127 JDWHV IRU 𝑁 PROHFXOHV� LV 𝒪(𝑁 ORJ[𝑁])�

∣𝑞𝑠𝑦𝑠𝑡𝑒𝑚⟩ 𝑋 • 𝑋 •
|1⟩𝑎𝑛𝑐 𝑅𝑍(−2𝐸′0𝑡) 𝑅𝑍(−2𝐸′1𝑡)

Figure 8: Implementation of the system’s evolution operator. ∣𝑞𝑠𝑦𝑠𝑡𝑒𝑚⟩ is the state vector of the
system’s qubit in the energy eigenbasis.

)RU WKH ZKROH FLUFXLW� UHVXOWLQJ IURP WKH VHTXHQFLQJ RI 𝑇†�̂�𝑆−𝑑𝑖𝑎𝑔𝑇� WKH QXPEHU RI TXELWV UHTXLUHG WR

VLPXODWH D PROHFXODU FKDLQ RI 𝑁 HOHPHQWV LV 2 ORJ2 𝑁 DQG WKH JDWH FRXQW VFDOHV ZLWK 𝒪(𝑁2
ORJ

22 𝑁) VLQJOH
TXELW DQG &127 JDWHV� 7KH WUDQVIRUPDWLRQV 𝑇 DQG 𝑇†� LQ WKH JHQHUDO FDVH� SRVVHVV D KLJK FLUFXLW GHSWK�
ZKLFK PDNHV WKH V\VWHP KDUG WR VLPXODWH DFFXUDWHO\� ZLWK ORZ HUURU UDWH� LQ WKH FXUUHQW DYDLODEOH TXDQWXP

FRPSXWHUV� 0RUH HIILFLHQW PHWKRGV DUH DYDLODEOH WR GR WKLV WDVN� DV GLVFXVVHG LQ VHFWLRQ ������ DV WKH

+DPLOWRQLDQ LV FOHDUO\ ORFDO� +RZHYHU� IRU D PDWWHU RI VLPSOLFLW\� WKH RSWLRQ RI XVLQJ WKH GLDJRQDOL]DWLRQ

PHWKRG RQ WKH RSHUDWRU ZDV XVHG� ZKLFK GXH WR WKH VL]H RI WKH V\VWHP� ZDV QRW SDUWLFXODUO\ SUREOHPDWLF�

����� ,QWURGXFLQJ GHFRKHUHQFH LQWR WKH V\VWHP

:H VKDOO LPSOHPHQW DUWLILFLDO GHFRKHUHQFH DV SXUH�GHSKDVLQJ E\ DGGLQJ 0DUNRYLDQ IOXFWXDWLRQV WR WKH

+DPLOWRQLDQ� 7KLV DSSURDFK LV FRQVLGHUHG D JRRG DSSUR[LPDWLRQ LQ WKH KLJK�WHPSHUDWXUH UHJLPH IRU WKH EDWK

>���� ���� ��@� 7KH DFWXDO DOJRULWKP WR EH XVHG LV WKH RQH RI >���@� ZKLFK LV XVHG WR VLPXODWH RSHQ TXDQWXP

V\VWHPV� ZLWK SXUH GHSKDVLQJ� PRGHOLQJ WKH DFWLRQ RI WKH GHFRKHUHQFH DV FODVVLFDO UDQGRP IOXFWXDWLRQV �D

WHOHJUDSK�W\SH FODVVLFDO QRLVH DIIHFWLQJ WKH V\VWHP�� 7KH DFWXDO +DPLOWRQLDQ IRU WKLV V\VWHP UHDGV DV

�̂� = �̂�𝑆 + �̂�𝐹 (76)

DQG LW FRQVLVWV RI WKH V\VWHP +DPLOWRQLDQ� �̂�𝑆� RI WKH SUHYLRXV VHFWLRQ DQG WKH SHUWXUEDWLRQ RI D EL�VWDEOH
IOXFWXDWRU HQYLURQPHQW� �̂�𝐹� 7KH ODWWHU VLPSO\ VKLIWV WKH HQHUJ\ E\ D FRQVWDQW YDOXH IRU HDFK PROHFXOH�±𝑔𝑚/2� DV LOOXVWUDWHG LQ )LJ� �� ([SOLFLWO\�

�̂�𝐹 = 1∑𝑚=0 𝜒𝑚(𝑡) ̂𝐴𝑚 (77)
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ZKHUH ̂𝐴𝑚 |𝑚⟩ ⟨𝑚| LV WKH SURMHFWLRQ RSHUDWRU DQG FRQVLGHULQJ RQH IOXFWXDWRU LQWHUDFWLQJ ZLWK HDFK PROHFXOH𝑚� 𝜒𝑚(𝑡) = 𝑔𝑚𝜉𝑚(𝑡) . (78)

7KH IXQFWLRQ 𝜉𝑚(𝑡) VZLWFKHV WKH IOXFWXDWRU EHWZHHQ WKH SRVLWLYH DQG QHJDWLYH YDOXHV �DSSHDULQJ UDQGRPO\� DW
D JLYHQ IL[HG UDWH 𝛾 DQG 𝑔𝑚 LV WKH IOXFWXDWLRQ VWUHQJWK �RU WKH FRXSOLQJ VWUHQJWK WR D PROHFXOH 𝑚�� 3K\VLFDOO\�

WKH DFWLRQ RI WKH IOXFWXDWLRQV LV W\SLFDOO\ VWURQJHU IRU WKH H[FLWHG VWDWHV >���� ��@ DQG 𝑔 FDQ EH ODUJHU WKDQ

WKH GRQRU�DFFHSWRU FRXSOLQJ 𝐽�

Figure 9: Uncorrelated random fluctuations applied to donor and aceptor’s excited state energies,𝜖0 and 𝜖1. Each molecule is affected by one fluctuator, which generates a telegraph-type
classical noise. The fluctuators switch randomly between the positive and negative value
at a given fixed rate, so that the periods of time when the molecule energy is constant,𝜖𝑚 + 𝑔𝑚/2 or 𝜖𝑚 − 𝑔𝑚/2, are random. 𝐽 is the coupling strength between the molecules
that can be seen as the rate of hoppings between these fluctuating energy levels.

7KH LPSOHPHQWDWLRQ RI VXFK UDQGRP EL�YDOXHG IXQFWLRQ 𝜉𝑚(𝑡)� FDQ EH GRQH LQ D VWUDLJKWIRUZDUG ZD\ E\ D
FODVVLFDO SVHXGR�UDQGRP QXPEHUV JHQHUDWRU ZLWK D SUREDELOLW\ RI 50% RI WKH YDOXHV −1/2 DQG 1/2� )RU
FLUFXLW JHQHUDWLRQ SXUSRVHV� WKH YDOXHV UHVXOWLQJ IURP WKH UDQGRP VDPSOLQJ KDYH WR EH SURYLGHG LQ DGYDQFH

RI WKH TXDQWXP VLPXODWLRQ�

7KH IOXFWXDWRU LQWHUDFWLRQ +DPLOWRQLDQ DQG WKH V\VWHP +DPLOWRQLDQ GR QRW FRPPXWH� VR� LQ RUGHU WR

JHQHUDWH DQ DSSURSULDWH TXDQWXP FLUFXLW� RQH QHHGV WR DSSO\ DQ DSSUR[LPDWLRQ WHFKQLTXH VXFK DV WKH 7URWWHU

SURGXFW IRUPXOD >���@� 8QGHU WKLV DSSUR[LPDWLRQ� WKH XQLWDU\ HYROXWLRQ RSHUDWRU RI WKH +DPLOWRQLDQ� IRU D

WLPH 𝑡 = 𝑁𝑖Δ𝑡� ZKHUH 𝑁𝑖 LV WKH QXPEHU RI LWHUDWLRQV DQG Δ𝑡 LV WKH LWHUDWLRQ WLPH�VWHS� EHFRPHV
𝑈(𝑁𝑖Δ𝑡) = (𝑒−𝑖�̂�Δ𝑡)𝑁𝑖 = (𝑒−𝑖�̂�𝐹Δ𝑡𝑇†𝑒−𝑖�̂�𝑆Δ𝑡𝑇)𝑁𝑖 = ⎛⎜⎝⎡⎢⎣

1∏𝑚=0 𝑒±𝑖 𝑔𝑚2 Δ𝑡⎤⎥⎦𝑇† ⎡⎢⎣
1∏𝑚=0 𝑒−𝑖𝐸𝑚Δ𝑡⎤⎥⎦𝑇⎞⎟⎠

𝑁𝑖 ,
(79)

ZKHUH 𝐸𝑚 GHQRWH WKH HLJHQYDOXHV RI WKH V\VWHP +DPLOWRQLDQ� 7KH ZKROH FLUFXLW LV SUHVHQWHG LQ )LJ� �� IRU

RQH LWHUDWLRQ�
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∣𝑞𝑠𝑦𝑠𝑡𝑒𝑚⟩ 𝑅𝑦(𝜃) 𝑋 • 𝑋 • 𝑅𝑦(−𝜃) 𝑋 • 𝑋 •
|1⟩𝑎𝑛𝑐 𝑅𝑍(−2𝐸′0Δ𝑡) 𝑅𝑍(−2𝐸′1Δ𝑡) 𝑅𝑍(±𝑔′Δ𝑡) 𝑅𝑍(±𝑔′Δ𝑡)

Figure 10: Implementation of one iteration of the system with decoherence algorithm. Here∣𝑞𝑠𝑦𝑠𝑡𝑒𝑚⟩ represents the system’s qubit state vector in the site basis.

7KH IOXFWXDWRU LQWHUDFWLRQ HYROXWLRQ RSHUDWRU 𝑒±𝑖 𝑔𝑚2 Δ𝑡 LV D VHOHFWLYH URWDWLRQDO JDWH RYHU D PROHFXOH 𝑚
�|𝑚⟩�� 7KH IOXFWXDWRU ZDLWLQJ WLPH �LQWHUYDO RI WLPH EHWZHHQ VZLWFKHV�� L�H� 1𝛾 � FDQ RQO\ EH HTXDO RU KLJKHU
WKDQ WKH LWHUDWLRQ WLPH�VWHS� Δ𝑡� 7KH VZLWFKLQJ LQ WKH IOXFWXDWRU�PROHFXOH FRXSOLQJ VWUHQJWK LV SHUIRUPHG DW
HYHU\ 1𝛾Δ𝑡 LWHUDWLRQV� ZKHUH 𝑎Δ𝑡 = 1𝛾 , 𝑎 ∈ ℕ�

)RU D WLPH 𝑡� DQG LWHUDWLRQ WLPH VWHS Δ𝑡� DQG WKH JDWH UHVRXUFH FRPSOH[LW\� LQFOXGLQJ VLQJOH TXELW DQG
&127 JDWHV� � UHDGV� IRU D VLQJOH UXQ� DV 𝒪( 𝑡Δ𝑡[𝑁(ORJ2 𝑁 + 𝐹)]) � ZKHUH 𝑁 LV WKH QXPEHU RI PROHFXOHV

DQG 𝐹 LV WKH QXPEHU RI IOXFWXDWRUV LQWHUDFWLQJ ZLWK HDFK RQH�

,Q WKH LPSOHPHQWDWLRQ RI WKH V\VWHP ZLWK GHFRKHUHQFH� WKH DOJRULWKP JDWH UHVRXUFHV FRPSOH[LW\ LV𝒪( 𝑡Δ𝑡[𝑁2 × ORJ
22 𝑁 +𝑁𝐹]) IRU D VLQJOH UXQ� 7KLV VLPXODWLRQ� \HW DJDLQ� SRVVHVV D YHU\ KLJK FLUFXLW GHSWK

ZKLFK PDNHV LWV DSSOLFDWLRQ XQIHDVLEOH LQ TXDQWXP FRPSXWHUV� 7KH QXPEHU RI QHFHVVDU\ TXELWV LV WKH VDPH

DV LQ WKH QR GHFRKHUHQFH VLPXODWLRQ �2 ORJ2 𝑁��

,W DOVR UHTXLUHV 𝒪(𝑁𝑅∑𝐹𝑗=0 𝑡𝛾𝑗) UDQGRP QXPEHUV WR EH FODVVLFDOO\ JHQHUDWHG� ZKHUH 𝑅 LV WKH QXPEHU

RI UXQV RI WKH DOJRULWKP DQG 𝛾𝑗 LV WKH VZLWFKLQJ UDWH RI WKH IOXFWXDWRU 𝑗 LQWHUDFWLQJ ZLWK WKH PROHFXOH� 7KH
QXPEHU RI UHTXLUHG VLPXODWLRQ UXQV WR DYHUDJH WKH UHVXOWV DQG REWDLQ DQ HUURU 𝜖 > 0� LV SUHGLFWHG WR VFDOH
DV 𝒪([𝐹 𝑡Δ𝑡]2/𝜖2)� 7KLV FRPSOH[LW\ LV FDOFXODWHG EDVHG RQ WKH SRVVLEOH QRQ�GHJHQHUDWH HQHUJ\ VWDWH

RXWFRPHV RI WKH HQWLUH FKDLQ LQ WKH VLPXODWLRQ IRU D WLPH 𝑡�
����� 5HVXOWV

:H FRQGXFWHG VLPXODWLRQ H[SHULPHQWV IRU WKH TXDQWXP WUDQVSRUW LQ D PROHFXODU FKDLQ XVLQJ WKH DOJRULWKP

GHVFULEHG LQ WKH SUHYLRXV VHFWLRQ� :H H[HFXWHG WKH VLPXODWLRQ IRU WKH FRKHUHQW V\VWHP RQ D UHDO TXDQWXP

FRPSXWHU� WKH ,%0 4 RI � TXELWV� ZKLOH WKH SXUH GHSKDVLQJ VFHQDULR ZDV VLPXODWHG RQ WKH 4$60 TXDQWXP

VLPXODWRU� ERWK LQ WKH QHDU�UHVRQDQW DQG QRQ�UHVRQDQW UHJLPHV� )RU WKH YDOLGDWLRQ SXUSRVHV� ZH FRPSDUHG

WKH UHVXOWV IRU WKH FRKHUHQW V\VWHP ZLWK WKH WKHRUHWLFDO SUHGLFWLRQV REWDLQHG E\ VROYLQJ WKH 6FKU|GLQJHU

HTXDWLRQ �VHH 6XSSOHPHQWDU\ ,QIRUPDWLRQ $����

$V IRU WKH GHFRKHUHQW UHJLPH� ZH XVHG D FODVVLFDO FRPSXWDWLRQ RI WKH VWRFKDVWLF +DNHQ�6WU|EO PRGHO

>���� ���@� 7KH VLPXODWLRQV DQG FLUFXLWV LQYROYHG� HQFRGHG LQ WKH 4LVNLW SODWIRUP >���@� FDQ EH WHVWHG LQ

WKH IROORZLQJ XUO� KWWSV���JLWKXE�FRP�MDNXPLQ�3KRWRV\QWKHVLV�TXDQWXP�VLPXODWLRQ�
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����� &RKHUHQW UHJLPH

7KH VFHQDULR IRU WKLV UHJLPH ZDV VLPXODWHG ZLWK D VLPSOH FKDLQ RI WZR PROHFXOHV� $V GLVFXVVHG LQ VHFWLRQ

0DWHULDOV DQG 0HWKRGV DQG XVLQJ WKH SDUDPHWHUV DV SURSRVHG LQ >���@� ZH GHILQH WKH V\VWHP·V +DPLOWRQLDQ

DV IROORZV�

�1HDU�UHVRQDQW UHJLPH� 𝐻𝑆 = ⎛⎜⎝13000 126126 12900⎞⎟⎠ 𝑐𝑚−1 ; (80)

�1RQ�UHVRQDQW UHJLPH� 𝐻𝑆 = ⎛⎜⎝12900 132132 12300⎞⎟⎠ 𝑐𝑚−1 . (81)

7KH UHVXOWV IRU ERWK UHJLPHV ZHUH REWDLQHG XVLQJ DQ DFWXDO TXDQWXP GHYLFH �WKH ,%04 ORQGRQ RI � TXELWV�

DQG FDQ EH VHHQ LQ )LJV� �� DQG ��� UHVSHFWLYHO\� 'XH WR WKH VWRFKDVWLF QDWXUH RI TXDQWXP FRPSXWHUV� WKH

H[SHULPHQWV ZHUH FRQGXFWHG ZLWK 2048 VKRWV IRU HDFK WLPH YDOXH� ,Q WKH IROORZLQJ UHVXOWV� WKH SUREDELOLW\

RI WKH GRQRU DQG DFFHSWRU PROHFXOHV EHLQJ H[FLWHG LV GHQRWHG E\ 𝑃(0) = ⟨0| 𝜌𝑆(𝑡) |0⟩ DQG 𝑃(1) =⟨1| 𝜌𝑆(𝑡) |1⟩� UHVSHFWLYHO\�

Figure 11: Evolution dynamics of the isolated system obtained by employing the quantum algo-
rithm for the near-resonant system: simulation results (points) and theory (lines).
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Figure 12: Evolution dynamics of the isolated system obtained by employing the quantum algo-
rithm for the non-resonant system: simulation results (points) and theory (lines).

7DNLQJ WKH IOXFWXDWRU·V VZLWFKLQJ UDWH WR EH 𝛾 = 0 RU WKH IOXFWXDWRU�PROHFXOH FRXSOLQJ VWUHQJWK WR EH𝑔 = 0� RQH KDV WKH FRKHUHQW UHJLPH� 7KHVH VLPXODWLRQV VKRZ WKH OLPLWLQJ FDVH RI WKH 5HGILHOG UHJLPH� L�H�

WKH YHU\ ZHDN V\VWHP�HQYLURQPHQW FRXSOLQJ� 𝑔 ≪ 𝐽� 7KH TXDQWXP EHDWLQJV� REVHUYHG LQ WKH VLPXODWLRQ

UHVXOWV� FDQ EH WKRXJKW RI DV D UHYHUVLEOH WUDQVIHU RI HQHUJ\ EHWZHHQ WKH PROHFXOHV� ZKHUH WKH H[FLWDWLRQ

JRHV EDFN DQG IRUWK DFURVV WKH PROHFXOHV >��@�

,Q WKH SHUIRUPHG VLPXODWLRQV� WKH QHDU�UHVRQDQW DQG QRQ�UHVRQDQW UHJLPHV KDYH D PD[LPXP SUREDELOLW\

RI ∼ 90% DQG ∼ 20%� UHVSHFWLYHO\� RI WKH HQHUJ\ EHLQJ WUDQVIHUUHG WR WKH DFFHSWRU PROHFXOH� 8VLQJ

WKH TXDQWXP /LRXYLOOH HTXDWLRQ >���@ �VHH 6XSSOHPHQWDU\ LQIRUPDWLRQ $���� WKH SHULRG RI WKH TXDQWXP

EHDWLQJ LV 𝑇𝑛𝑒𝑎𝑟−𝑟𝑒𝑠 ≈ 123 𝑓 𝑠 IRU WKH QHDU�UHVRQDQW UHJLPH DQG 𝑇𝑛𝑜𝑛−𝑟𝑒𝑠 ≈ 51 𝑓 𝑠 IRU WKH QRQ�UHVRQDQW
UHJLPH� 7KHVH SHULRGV DUH LQ WKH IHPWRVHFRQG WLPHVFDOH RI WKH H[SHULPHQWDOO\ REVHUYDEOH TXDQWXP EHDWLQJV

>���� ���� ���@� 7KH VLPXODWLRQ UHVXOWV VKRZ D VLPLODU EHKDYLRXU DV WKRVH SUHGLFWHG E\ WKH 6FKU|GLQJHU

DQG TXDQWXP /LRXYLOOH HTXDWLRQV� ZKHUH WKH RII�FXUYH SRLQWV DUH SUHGRPLQDQWO\ RULJLQDWHG E\ HUURUV LQ WKH

TXDQWXP KDUGZDUH�

����� 'HFRKHUHQW UHJLPH

7KH VFHQDULR IRU WKH UHJLPH ZLWK GHFRKHUHQFH LQWURGXFHG LV� LQ VRPH UHVSHFW� VLPLODU WR WKH RQH SUHVHQWHG

IRU WKH FRKHUHQW UHJLPH IRU D FKDLQ RI WZR PROHFXOHV� 1R IXUWKHU FKDQJHV DUH PDGH WR WKH +DPLOWRQLDQ

GLVFXVVHG LQ WKH VHFWLRQ ,QWURGXFWLRQ RI GHFRKHUHQFH LQ WKH V\VWHP� 7KH TXDQWXP VLPXODWLRQ UHVXOWV DUH

FRPSDUHG ZLWK D WKHRUHWLFDO HYROXWLRQ EDVHG RQ WKH VWRFKDVWLF +DNHQ�6WU|EO PRGHO� LQ WKH IRUP RI WKH

/LQGEODQG PDVWHU HTXDWLRQ >���� ���@� 7KH /LQGEODQG HTXDWLRQV ZHUH VROYHG LQ D FODVVLFDO FRPSXWHU XVLQJ

4XWLS >���@� D TXDQWXP RSHQ V\VWHPV VRIWZDUH IUDPHZRUN� 7KH VHW RI /LQGEODQG HTXDWLRQV� FRUUHVSRQGHQW

51



3.3. Case study: Simulation of non-radiative energy transfer in photosynthetic systems using a quantum computer 52

WR WKH PRGHO LQ WKLV VHWWLQJ� KDG RQH IUHH SDUDPHWHU UHJDUGLQJ WKH HQYLURQPHQW� WKH GHSKDVLQJ UDWH� 𝛾𝑑𝑒𝑝ℎ�
7KH /LQGEODQG HTXDWLRQ LQ WKH +DNHQ�6WU|EO PRGHO UHDGV�

𝑑𝜌𝑑𝑡 = ℒ[𝜌] = −𝑖[𝐻𝑆, 𝜌] + 𝛾𝑑𝑒𝑝ℎ ∑𝑚 (𝐿𝑚𝜌(𝑡)𝐿†𝑚 − 12𝜌(𝑡)𝐿†𝑚𝐿𝑚 − 12𝐿†𝑚𝐿𝑚𝜌(𝑡)) (82)

ZKHUH 𝐿𝑚 = |𝑚⟩ ⟨𝑚| DUH WKH /LQGEODQG RSHUDWRUV� UHVSRQVLEOH IRU WKH V\VWHP�HQYLURQPHQW LQWHUDFWLRQ� 7KH
V\VWHP +DPLOWRQLDQ� 𝐻𝑆� LV JLYHQ E\ WKH PDWUL[ (80) IRU WKH QHDU�UHVRQDQW V\VWHP DQG WKH PDWUL[ (81) IRU
WKH QRQ�UHVRQDQW V\VWHP�

7KH HQYLURQPHQW FRQWDLQV RQO\ RQH IOXFWXDWRU LQWHUDFWLQJ ZLWK HDFK PROHFXOH ZLWK VZLWFKLQJ UDWH 𝛾 = 125
7+]� $V PHQWLRQHG DERYH� WKH GHSKDVLQJ UDWH� 𝛾𝑑𝑒𝑝ℎ� IRU WKH /LQGEODQG HTXDWLRQ LV DGMXVWHG WR WKH EHKDYLRXU
RI WKH V\VWHP XQGHU WKH DFWLRQ RI D IOXFWXDWLRQ VWUHQJWK 𝑔� )RU D UDQJH RI IOXFWXDWLRQ VWUHQJWKV RI [100, 1000]𝑐𝑚−1� LQ WKH TXDQWXP DOJRULWKP� DQG WKH FRUUHVSRQGLQJ GHSKDVLQJ UDWH RI WKH +DNHQ�6WU|EO PRGHO OLHV LQ

WKH ∼ [2.3, 70] 7+] UDQJH� 'XH WR WKH H[LVWHQFH RI UDQGRP IOXFWXDWLRQV� ODUJH QXPEHU RI VDPSOHV KDG

WR EH JHQHUDWHG� 7KH DOJRULWKP ZDV LPSOHPHQWHG ZLWK 250 UXQV� ZKHUH 5000 VKRWV ZHUH SHUIRUPHG IRU

HDFK WLPH 𝑡� )LJXUHV �� DQG �� SUHVHQW WKH VLPXODWLRQ UHVXOWV IRU GLIIHUHQW YDOXHV RI WKH IOXFWXDWLRQ VWUHQJWK�

DORQJ ZLWK WKH WKHRUHWLFDO HYROXWLRQ G\QDPLFV� IRU WKH QHDU�UHVRQDQW DQG QRQ�UHVRQDQW V\VWHPV� UHVSHFWLYHO\�

,W LV VHHQ LQ )LJXUHV �� DQG �� WKDW RVFLOODWLRQ DPSOLWXGHV GHFD\ RYHU WLPH� DV H[SHFWHG� GXH WR WKH ORVV RI

UHODWLYH SKDVH FRKHUHQFH EHWZHHQ WKH H[FLWHG VWDWHV RI WKH WZR PROHFXOHV� HYLGHQFHG E\ WKH GLVDSSHDUDQFH

RI WKH TXDQWXP EHDWLQJV� 7KLV LV DVVRFLDWHG ZLWK WKH LUUHYHUVLEOH HYROXWLRQ ZKHQ WKH V\VWHP ORVHV LWV FDSDFLW\

RI SHUIRUPLQJ FRKHUHQW WUDQVSRUW� $GGLWLRQDOO\� LW LV FOHDU WKDW WKH V\VWHP LV OHG WR D FODVVLFDO GLVWULEXWLRQ RI

WKH SRSXODWLRQV LQ WKH VLWH HLJHQEDVLV�

,Q WKH UHJLPH XQGHU WKH VWXG\� ZKHUH WKH HQYLURQPHQW LV DVVXPHG WR EH DW WKHUPDO HTXLOLEULXP� WKH

ILQDO SUREDELOLW\ GLVWULEXWLRQ LV FDOFXODWHG LQ WKH OLPLW RI WKH FODVVLFDO %ROW]PDQQ GLVWULEXWLRQ ⟨𝑚| 𝜌𝑆(𝑡 →∞) |𝑚⟩ = 𝑐𝑜𝑛𝑠𝑡 × 𝑒− 𝜖𝑚𝑘𝐵𝑇 � +HUH 𝑘𝐵 LV WKH %ROW]PDQQ FRQVWDQW� 𝑇 LV WKH WHPSHUDWXUH RI WKH EDWK DQG 𝑐𝑜𝑛𝑠𝑡
LV D QRUPDOL]DWLRQ FRQVWDQW >��@� 7DNLQJ WKH OLPLW RI YHU\ KLJK WHPSHUDWXUHV� WKH SRSXODWLRQ WHUPV DSSURDFK

WKH %ROW]PDQQ GLVWULEXWLRQ ⟨0| 𝜌𝑆(𝑡 → ∞) |0⟩ ≈ ⟨1| 𝜌𝑆(𝑡 → ∞) |1⟩ ≈ 12 � ZKLFK LV FRPSDWLEOH ZLWK WKH
UHVXOWV REWDLQHG� 7KH UHOD[DWLRQ FDQ QRW EH IXOO\ REVHUYHG LQ )LJV� ��D� ��D DQG ��E EHFDXVH D YHU\ ODUJH

QXPEHU RI LWHUDWLRQV ZRXOG EH UHTXLUHG IRU WKLV�
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(a) 𝑔 = 100 𝑐𝑚−1, 𝛾𝑑𝑒𝑝ℎ = 2.3 𝑇𝐻𝑧. (b) 𝑔 = 300 𝑐𝑚−1, 𝛾𝑑𝑒𝑝ℎ = 10 𝑇𝐻𝑧.

(c) 𝑔 = 700 𝑐𝑚−1, 𝛾𝑑𝑒𝑝ℎ = 41 𝑇𝐻𝑧. (d) 𝑔 = 1000 𝑐𝑚−1, 𝛾𝑑𝑒𝑝ℎ = 70 𝑇𝐻𝑧.

Figure 13: Evolution dynamics of the system with decoherence obtained by employing the quantum
algorithm for the near-resonant system: simulation results (points) and theory (lines).

7KH VZLWFKLQJ UDWH PXVW EH KLJK HQRXJK WR REVHUYH WKH GHSKDVLQJ HIIHFWV� +HUH ZH XVHG D YDOXH ≈ 33
WLPHV ODUJHU WKDQ WKH WUDQVIHU UDWH� 𝐽 �WKDW LV� WKH IOXFWXDWRU ZDLWLQJ WLPH PXVW EH VKRUWHU WKDQ 𝐽−1�� $V
REVHUYHG LQ WKH VLPXODWLRQV� LW LV D VXLWDEOH YDOXH IRU REVHUYLQJ WKH UHOHYDQW HIIHFWV RI UDQGRP IOXFWXDWLRQV

LQ WKH V\VWHP� $W YHU\ ORZ UDWHV� LW OHDGV WKH V\VWHP·V HYROXWLRQ WR D EHKDYLRXU VLPLODU WR WKH SUHYLRXVO\

REVHUYHG LQ WKH QR�GHFRKHUHQFH UHJLPH� )LJV� �� DQG ���

7KH WLPH WKDW FRKHUHQFH ODVWV LQ WKH V\VWHP LV HVVHQWLDOO\ GHILQHG E\ WKH IOXFWXDWLRQ VWUHQJWK� 𝑔� LQ )LJV�
��D� ��E� ��D DQG ��E �ORZHU 𝑔� WKH FRKHUHQFH LV PDLQWDLQHG IRU VRPH WLPH� ZKLOH LQ )LJXUHV ��F� ��G� ��F
DQG ��G �KLJKHU 𝑔� LW LV TXLFNO\ VXSSUHVVHG� ,Q WKH ODWWHU UHJLPH� DQ DSSUR[LPDWHG GLIIXVLYH PRWLRQ GULYHV WKH
V\VWHP·V HYROXWLRQ� ZKHUH TXDQWXP EHDWLQJ LV SUDFWLFDOO\ DEVHQW� 7KH WLPH WKDW WKH TXDQWXP EHDWLQJ ODVWV

LQ WKHVH VLPXODWLRQV �XQWLO LW UHDFKHV DQ DSSUR[LPDWH QRQ�RVFLOODWLQJ EHKDYLRXU�� LV DERXW 350 𝑓 𝑠 LQ )LJXUH
��E �QHDU�UHVRQDQW V\VWHP� DQG 200 𝑓 𝑠 LQ )LJXUH ��E �QRQ�UHVRQDQW V\VWHP�� ZLWK D IOXFWXDWLRQ VWUHQJWK𝑔 = 300 𝑐𝑚−1� $W D ORQJHU WLPH� LW KDV EHHQ H[SHULPHQWDOO\ REVHUYHG WR SHUVLVW �𝑡 > 660 𝑓 𝑠 >���@�� D
WLPHVFDOH ZKLFK FRXOG EH PRGHOHG LQ WKH SUHVHQW VLPXODWLRQ E\ FKDQJLQJ WKH HQYLURQPHQW SDUDPHWHUV� L�H�

ORZHULQJ WKH IOXFWXDWLRQ VWUHQJWK 𝑔 DV FDQ EH REVHUYHG LQ )LJXUHV ��D DQG ��D�
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(a) 𝑔 = 100 𝑐𝑚−1, 𝛾𝑑𝑒𝑝ℎ = 2.3 𝑇𝐻𝑧. (b) 𝑔 = 300 𝑐𝑚−1, 𝛾𝑑𝑒𝑝ℎ = 10 𝑇𝐻𝑧.

(c) 𝑔 = 700 𝑐𝑚−1, 𝛾𝑑𝑒𝑝ℎ = 41 𝑇𝐻𝑧. (d) 𝑔 = 1000 𝑐𝑚−1, 𝛾𝑑𝑒𝑝ℎ = 70 𝑇𝐻𝑧.

Figure 14: Evolution dynamics of the system with decoherence obtained by employing the quantum
algorithm for the non-resonant system: simulation results (points) and theory (lines).

)RU HDFK TXDQWXP VLPXODWLRQ SHUIRUPHG� D ILWWLQJ SURFHVV KDV EHHQ HPSOR\HG E\ DGMXVWLQJ WKH GHSKDVLQJ

UDWH RI WKH +DNHQ�6WU|EO PRGHO� VR WKDW WKH V\VWHP·V HYROXWLRQ LQ ERWK FODVVLFDO DQG TXDQWXP DOJRULWKPV

KDYH VLPLODU EHKDYLRXUV� 7KLV HQDEOHV RQH WR SHUIRUP D GLUHFW FRPSDULVRQ EHWZHHQ ERWK WKHRULHV DQG WR ILQG

WKH DFWXDO GHSKDVLQJ UDWH RI WKH PRGHOHG HQYLURQPHQW RYHU WKH YDULRXV UHJLPHV FRQVLGHUHG LQ WKLV ZRUN�

7KH UHVXOWV UHIOHFW D JRRG DJUHHPHQW EHWZHHQ WKH GDWD REWDLQHG DQG WKH WKHRUHWLFDO SUHGLFWLRQV ERWK

IRU WKH FRKHUHQW FDVH �YV 6FKU|GLQJHU HTXDWLRQ� DQG WKH GHFRKHUHQW FDVH �YV +DNHQ�6WU|EO PRGHO�� IRU WKH

GLIIHUHQW UHJLPHV GHILQDEOH E\ WKH FRXSOLQJ VWUHQJWK >���@� 6LPLODU WR 5HI� >���@� WKLV VHWWLQJ UHYHDOHG LWVHOI

DV DQ LQWHUHVWLQJ SODWIRUP IRU WKH VWXG\ WKH TXDQWXP DQG HQYLURQPHQWDO HIIHFWV LQ D VPDOO SKRWRV\QWKHWLF

V\VWHP� DQG WKHUHIRUH ZH FRQVLGHU� WKDW WKH XVH RI TXDQWXP VLPXODWLRQV PD\ EH D IHDVLEOH DOWHUQDWLYH LQ

V\VWHPV ZLWK PHGLXP�VWURQJ FRXSOLQJ DQG QRQ�0DUNRYLDQ V\VWHPV� LQ WKH IXWXUH� ZKRVH PDLQ DGYDQWDJH

ZKHQ FRPSDUHG WR VLPLODU ZRUNV 5HI� >���@� LV WKH IOH[LELOLW\ RQ WKH LPSOHPHQWDWLRQ EURXJKW WKH TXDQWXP

FRPSXWHU XVHG�

+RZHYHU� WKH DOJRULWKP REWDLQHG� SRVVHVV KLJK UHTXLUHPHQWV LQ WHUPV RI JDWHV DQG TXELWV� DQG� KHQFH� LW

LV IHDVLEOH WR LPSOHPHQW WR UHDOLVWLF VLQFH D UHDOLVWLF TXDQWXP VLPXODWLRQ RI D SKRWRV\QWKHWLF V\VWHP ZRXOG

KDYH WR LQYROYH KXQGUHGV RI OLJKW�KDUYHVWLQJ PROHFXOHV� ZKLFK LV EH\RQG WKH FXUUHQW TXDQWXP WHFKQRORJ\�

DQG VLPXOWDQHRXVO\ WKH FRPSOH[LW\ RI FLUFXLW JHQHUDWLRQ LV VWLOO 𝑂(𝑁3)� DQG LW RQO\ LQYROYHV SXUH�GHSKDVLQJ
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EDWKV� )RU IXWXUH ZRUN� ZH DLP DW H[WHQGLQJ LW WR QHZ W\SHV RI EDWK� H�J� WKRVH DOORZLQJ IRU KLJKHU H[FLWRQ

UHFRPELQDWLRQ UDWHV DQG QRQ�0DUNRYLDQ HIIHFWV DV ZHOO DV WR QHZ JHRPHWULHV RI SKRWRV\QWKHWLF V\VWHPV� LQ

SDUWLFXODU� WR WKH )HQQD�0DWWKHZV�2OVRQ FRPSOH[ >���@�

,Q FRQFOXVLRQ WKH FRKHUHQW FDVH LV FOHDUO\ GHVFULEHG E\ D ORFDO +DPLOWRQLDQ DQG KHQFH LW LV HIILFLHQWO\

VLPXODWDEOH� DOWKRXJK QRW WKH EHVW FKRLFH RI FLUFXLW DSSUR[LPDWLRQ ZDV XVHG LQ WKLV ZRUN� 7KH DGGLWLRQ RI

HQYLURQPHQWDO QRLVH� WR VLPXODWH GHFRKHUHQFH� TXLFNO\ UDLVHV WKH FRPSOH[LW\ RI WKH DOJRULWKP� PDNLQJ D

UHDOLVWLF VLPXODWLRQ RI D SKRWRV\QWKHWLF V\VWHP XQIHDVLEOH LQ FXUUHQW TXDQWXP FRPSXWHUV� 1RQHWKHOHVV� D

YHU\ JRRG SLFWXUH RI KRZ WKH HQYLURQPHQWDO QRLVH LQWHUDFWV ZLWK D FORVHG V\VWHP� GHVWUR\LQJ FRKHUHQFH� ZDV

REWDLQHG� FRPSOHPHQWLQJ WKH GLVFXVVLRQ RI FKDSWHU ��

��� $OJRUL WKPV EDVHG LQ WKH TXDQWXP )RXULHU WUDQVIRUP

7KH )RXULHU WUDQVIRUP LV H[SRQHQWLDOO\ IDVWHU LQ TXDQWXP FRPSXWHUV WKDQ LW LV RQ FODVVLFDO RQHV� DQG LW

LV D FRUQHUVWRQH RI VHYHUDO RI WKH PRVW UHOHYDQW DQG HIILFLHQW TXDQWXP DOJRULWKPV� VXFK DV WKH RQHV RI

'HXWVFK�-R]VD >���@� 6LPRQ >���@ DQG 6KRU >���@� ,W VHHPV WR EH WKH PDLQ FDXVH RI TXDQWXP DGYDQWDJH LQ

TXDQWXP DOJRULWKPLFV� PDNLQJ H[WHQVLYH XVH RI TXDQWXP LQWHUIHUHQFH� ,WV PDWKHPDWLFDO IRXQGDWLRQ FDQ EH

JLYHQ LQ WHUPV RI JURXS DQG UHSUHVHQWDWLRQ WKHRU\� ZKLFK DOORZV LWV JHQHUDOL]DWLRQ WR RWKHU DOJRULWKPV� DQG WR

REWDLQ IXUWKHU FKDUDFWHUL]DWLRQ LQVLJKWV DERXW WKHP� 6R IDU� RQO\ DOJRULWKPV EDVHG RQ WKH )RXULHU WUDQVIRUP

RYHU IXQFWLRQV VXEMHFW WR WKH DFWLRQ $EHOLDQ JURXSV DUH HIILFLHQW� L�H� WKH RQO\ RQHV LQ ZKLFK LUUHGXFLEOH

UHSUHVHQWDWLRQV DUH LQ D RQH WR RQH UHODWLRQVKLS ZLWK WKH HOHPHQWV RI WKH JURXS�

)URP WKLV SHUVSHFWLYH� HIILFLHQW DOJRULWKPV IRU D ZLGH UDQJH RI SUREOHPV KDYH EHHQ REWDLQHG� KRZHYHU� WKH

DWWHPSWV WR JHQHUDOL]H LW WR QRQ�$EHOLDQ JURXSV IHOW VKRUW� DQG QR JHQHUDOL]HG DOJRULWKP IRU WKHVH SUREOHPV

H[LVW� OHDYLQJ RXW SUREOHPV ZLWK KLJK LQGXVWULDO LPSDFW VXFK DV WKH JUDSK�LVRPRUSKLVP� ,Q WKLV VHFWLRQ ZH

H[SORUH WKHVH LVVXHV�

����� 7KH 4XDQWXP )RXULHU WUDQVIRUP DOJRULWKP

7KH )RXULHU WUDQVIRUP LV D YLWDO WRRO LQ PRGHUQ PDWKHPDWLFV� SK\VLFV DQG HQJLQHHULQJ ZLWK D ZLGH UDQJH

RI DSSOLFDWLRQV IURP TXDQWXP PHFKDQLFV WR VLJQDO SURFHVVLQJ� ,Q TXDQWXP FRPSXWDWLRQ� LW DOVR SOD\V D

FHQWUDO DQG YLWDO� UROH DV LW LV WKH PRVW LPSRUWDQW EXLOGLQJ EORFN RI WKH PRVW ZHOO�NQRZQ HIILFLHQW TXDQWXP

DOJRULWKPV� DQG GHILQLWHO\� D VRXUFH RI TXDQWXP DGYDQWDJH� WKH IDVWHVW FODVVLFDO )RXULHU WUDQVIRUP KDV D WLPH

FRPSOH[LW\ RI RUGHU 𝑁𝑙𝑜𝑔(𝑁)� ZKLOH WKH TXDQWXP RQH� KDV RQO\ (𝑙𝑜𝑔𝑁)𝑙𝑜𝑔(𝑙𝑜𝑔𝑁)� L�H� DQ H[SRQHQWLDO
DGYDQWDJH� 7KLV PDNHV WKH DSSOLFDWLRQ RI WKH TXDQWXP )RXULHU WUDQVIRUP IHDVLEOH� WR SUREOHPV ZKHUH WKH

FODVVLFDO )RXULHU WUDQVIRUP LV QRW� DV� IRU H[DPSOH� WR ILQG WKH SHULRG RI D IXQFWLRQ DV LQ 6KRU DOJRULWKP� 7KH

PRVW FRPPRQ IRUP RI WKH )RXULHU WUDQVIRUP� XVHG LQ ILHOGV VXFK DV VLJQDO SURFHVVLQJ� UHDGV DV IROORZV�

55



3.4. Algorithms based in the quantum Fourier transform 56

̂𝑓 (𝑥) = ∫ 𝑒−2𝜋𝑖𝑘𝑥𝑓 (𝑥) 𝑑𝑥, 𝑘 ∈ ℝ (83)

,Q WKLV ILHOG RI DSSOLFDWLRQ� WKH )RXULHU WUDQVIRUP� FDQ EH LQWHUSUHWHG DV D IXQFWLRQ EHWZHHQ WKH GRPDLQ RI

WLPHV DQG WKH GRPDLQ RI IUHTXHQFLHV� ZKHUH 𝑒−2𝜋𝑖𝑘𝑥� FRUUHVSRQGV WR D VLQXVRLGDO IXQFWLRQ FKDUDFWHULVWLF
RI D IUHTXHQF\ 𝑘� DQG ̂𝑓 (𝑥) FRUUHVSRQGV WR WKH IUHTXHQF\ UHVSRQVH RI WKH WLPHG IXQFWLRQ DW D JLYHQ SRLQW�
GHFRPSRVLQJ WKH WLPHG VLJQDO LQ LWV IUHTXHQFLHV� 7KH VDPH LQWXLWLRQV DUH YDOLG� IRU LQVWDQFH LQ TXDQWXP

PHFKDQLFV� WKH )RXULHU WUDQVIRUP LV D IXQFWLRQ IURP WKH SRVLWLRQ GRPDLQ WR WKH PRPHQWXP GRPDLQ� $ PRUH

DEVWUDFW WUHDWPHQW RI WKH )RXULHU WUDQVIRUP� SKUDVHV LW LQ WHUPV RI JURXS WKHRU\� ZKHUH LW LV LQWHUSUHWHG DV D

IXQFWLRQ EHWZHHQ WZR JURXSV� WKH JURXS RI WKH RULJLQDO IXQFWLRQ 𝑓 (𝑥)� 𝐺� DQG WKH JURXS RI XQLWDU\ OLQHDU
RSHUDWRUV 𝐺𝐿(𝑉)� ZKLFK LV JLYHQ E\ WKH IROORZLQJ H[SUHVVLRQ�

̂𝑓 (𝑝) = 𝑛−1∑𝑥∈𝐺 𝑓 (𝑥)𝑝(𝑥), 𝑝 ∈ 𝐺𝐿(𝑉) , (84)

ZKHUH 𝑓 (𝑥) LV IXQFWLRQ RYHU 𝑥� ZKHUH 𝑥 ∈ 𝐺� DQG 𝑝(𝑥) WKH LUUHGXFLEOH UHSUHVHQWDWLRQ DW SRLQW 𝑥� 7KH ILUVW
HIILFLHQW DOJRULWKP IRU WKH )RXULHU WUDQVIRUP� WKH IDVW )RXULHU DOJRULWKP �))7� ZDV GLVFRYHUHG E\ &RROH\ DQG

7XFNH\ >���@� DQG LWV WUDQVODWLRQ DQG DSSOLFDWLRQ WR WKH TXDQWXP UHDOP ZDV ILUVWO\ PDGH E\ 6LPRQ >���@

DQG 6KRU >���@� 7KH 4)7 DOJRULWKP VWDUWV E\ FUHDWLQJ D VXSHUSRVLWLRQ VWDWH� LQ ZKLFK WKH DPSOLWXGHV RI WKH

VWDWHV DUH WKH DFWXDO YDOXHV RI 𝑓 (𝑥)� DV IROORZV�
|Ψ⟩ = 2𝑛−1∑𝑥=0 𝑓 (𝑥) |𝑥⟩ . (85)

8SRQ WKH DSSOLFDWLRQ RI WKH TXDQWXP )RXULHU WUDQVIRUP� WKH UHVXOWDQW VWDWH LV JLYHQ E\�

|Ψ⟩ = ∑𝑦 𝑔(𝑦) ∣𝑦⟩ (86)

ZKHUH IXQFWLRQ J�\�� FRUUHVSRQGV WR WKH DPSOLWXGH RI HDFK RI WKH HOHPHQWV RI WKH 𝑦 EDVLV� DQG FRUUHVSRQGV

WR WKH DFWXDO )RXULHU WUDQVIRUP IRUPXOD

𝑔(𝑦) = 𝑎(Φ → 𝑦) = ⟨𝑦∣Φ⟩ = 12𝑛/2
2𝑛−1∑𝑥=0 𝑒2𝑖𝜋𝑥𝑦/2𝑓 (𝑥) . (87)

7KH VWDWLVWLFV RI WKH TXDQWXP )RXULHU WUDQVIRUP� LV LQYDULDQW WR FRQVWDQW VKLIWV DIIHFWLQJ WKH IXQFWLRQ 𝑓 (𝑥)�
L�H� IRU IXQFWLRQV ZKRVH UHVXOWDQW )RXULHU WUDQVIRUP IRUP

12𝑛/2 1√𝐾
𝐾−1∑𝑘=0 𝑒2𝑖𝜋𝑦(𝑐+𝑘𝑟)/2𝑛 ∣𝑦⟩ , (88)

WKH VWDWLVWLFV RI RI WKH )RXULHU WUDQVIRUP� UHDGV DV
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𝑝(𝑦) = 12𝑛 1√𝐾∣∣∣∣
𝐾−1∑𝑘=0 𝑒2𝑖𝜋𝑘𝑦𝑟/2𝑛 ∣∣∣∣

2 , (89)

L�H� LW LV QRW DIIHFWHG E\ 𝑐� 7KH UHDVRQ IRU WKLV LV WKDW 𝑐 RQO\ DIIHFWV WKH JOREDO SKDVH� DQG� KHQFH� GRHV
QRW DIIHFW WKH VWDWLVWLFV RI WKH PHDVXUHPHQWV� %\ UHDVRQLQJ DERXW WKHVH VWDWLVWLFV LW LV SRVVLEOH WR UHWULHYH

LPSRUWDQW SURSHUWLHV RI WKH RULJLQDO IXQFWLRQ 𝑓 (𝑥)� VXFK DV LWV SHULRG DV GRQH LQ WKH 6KRU DOJRULWKP RI WKH

IROORZLQJ VHFWLRQ�

����� 7KH 6KRU DOJRULWKP DQG WKH KLGGHQ VXEJURXS SUREOHP �+63�

7KH 6KRU DOJRULWKP >���@ LV WKH PRVW LPSRUWDQW LQ TXDQWXP FRPSXWDWLRQ� GXH WR LWV LQGXVWULDO LPSDFW� DV

LW FDQ EUHDN 56$ FU\SWRJUDSK\ >��@� ,Q SUDFWLFH� ZKDW WKH DOJRULWKP GRHV LV ILQGLQJ WKH �ODUJH� SHULRG RI D

IXQFWLRQ� IURP ZKLFK DQ DWWDFN RQ WKH FU\SWRJUDSKLF VFKHPH FDQ EH EXLOW� 7KH DOJRULWKP RI 6KRU LV EDVHG

RQ 6LPRQ DOJRULWKP IRU WKH FDOFXODWLRQ RI GLVFUHWH ORJDULWKPV >���@� DQG LQ IDFW� WKHVH DOJRULWKPV FDQ EH

SKUDVHG LQ D PRUH JHQHULF ZD\ DV LQVWDQFHV RI WKH +LGGHQ VXEJURXS SUREOHP >��� ���@� D SUREOHP IURP

WKH GRPDLQ RI JURXS WKHRU\� /DWHU� RWKHU LQVWDQFHV RI WKLV SUREOHP ZHUH IRXQG� DV GHSLFWHG LQ WDEOH �� 7KH

IRUPDO GHILQLWLRQ RI WKH +LGGHQ VXEJURXS SUREOHP JRHV DV IROORZV�

Definition 3.4.1. Given a function 𝑓 ∶ 𝐺 → 𝑅, where 𝐺 is a finite group and 𝑅 an arbitrary
finite range, and the assumption that there exists a subgroup 𝐻 ≤ 𝐺, where 𝑓 is constant
and distinct on the left cosets of H, find the generating set of H.

7KH GHILQLWLRQ PD\ VRXQG VRPHZKDW SX]]OLQJ IRU QRQ�PDWKHPDWLFLDQV� VR WKH HDVLHVW ZD\ LV WR ORRN LQWR DQ

H[DPSOH� ZKLFK JRHV DV IROORZV�

Example 3.4.1. Consider a periodic function 𝑓 on a group 𝐺 presented in the following table:

x 0 1 2 3 4 5 6 7 8 9
f (x) 0 1 2 0 1 2 0 1 2 0

assumed to be of type 𝑓 ∶ 𝐺 → ℝ, where + is the operation of 𝐺. The structure of the group,
i.e. including its actual number of elements is not known, but according to the definition
3.4.1, 𝑓 (𝑥) is constant in the cosets of the group. Hence, from the simple observation of the
function, one concludes the cosets must correspond to the following sets:

{0, 3, 6, 9, ...}, {1, 4, 7, ...}, {2, 5, 8, ...} . (90)

Each coset corresponds to an equivalency class, resulting from the action of an element of
group, over the hidden subgroup. From group theory, it is well known that any element of
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a group generates a subgroup. Hence, from the information available about the function
(elements and operation), the possible subgroups read as follows:

⟨0⟩ = {0} ⟨1⟩ = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, ...}⟨2⟩ = {0, 2, 4, 6, 8, ...} ⟨3⟩ = {0, 3, 6, 9, ...}
So, having calculated all the subgroups, is trivial is to see what is the one that fits the

coset structure presented in equation (90), is the subgroup generated by element 3, ⟨3⟩,
which can be confirmed by operating a arbitrary element of each of the cosets with the
subgroup determined, allowing to retrieve the cosets back again:

0 ⋅ {0, 3, 6, 9, ...} = {0, 3, 6, 9, ...} 1 = {1, 4, 7, ...}2 ⋅ {0, 3, 6, 9, ...} = {2, 5, 8, ...} ....
Hence the so-called hidden subgroup is {0, 3, 6, 9, ...} and its generator is 3, which also
corresponds to the period of the function, which can be trivially verified. It is also the
number needed to perform the attack on RSA encryption scheme.

,Q WKH 56$ FU\SWRJUDSKLF VFKHPH� WKH PRGXODU H[SRQHQWLDWLRQ LV XVHG� LQVWHDG RI WKH PRGXODU VXPPLQJ

RSHUDWLRQ� DV H[SORUHG LQ H[DPSOH ������ DQG WKH FRPSXWDWLRQDO VROXWLRQ H[SORUHG LQ VXFK H[DPSOH LV FOHDUO\

FRPSXWDWLRQDOO\ LQHIILFLHQW� DV LW UHTXLUHV WKH FDOFXODWLRQ RI DOO SRVVLEOH VXEJURXSV� EHLQJ RQO\ D WR\ H[DPSOH�

7KH 6KRU DOJRULWKP LV DEOH WR GHWHUPLQH WKH ULJKW FRVHW VWUXFWXUH DQG WKH JHQHUDWRU RI WKH FRUUHFW VXEJURXS

ZLWK KLJK SUREDELOLW\ LQ D YHU\ HIILFLHQW ZD\� ZLWK DQ H[SRQHQWLDO DGYDQWDJH WR WKH EHVW FODVVLFDO DOJRULWKPV�

7KH VDPH TXDQWXP DOJRULWKP XVHG LQ 6KRU LV FRPPRQ DQG HIILFLHQW IRU DOO $EHOLDQ JURXSV ZLWK PDQ\

DSSOLFDWLRQV >���� ���� ���@� ,W KDV DOVR EHHQ VKRZQ WKDW WKH DOJRULWKP ZRUNV HIILFLHQWO\ IRU DOO JURXSV�

ZKLFK HYHQ QRW $EHOLDQ� LI WKH\ SRVVHVV QRUPDO VXEJURXSV >���@� RQO\�

Problem Query Complexity Main Technique
Abelian Stabilizer Problem Polynomial Fourier Sampling/Transform [225]

Shor algorithm for factoring and discrete logarithm Polynomial Fourier Sampling/Transform [328]
Simon’s XOR-mask finding a Polynomial Fourier Sampling/Transform [330]

Pell’s equation and Principal Ideal Polynomial Fourier Sampling/Transform [186]
Unit Group and Class group Polynomial Fourier Sampling/Transform [185]

Table 7: Some problems with efficient quantum algorithms using the Fourier transform

7KH DOJRULWKP VWDUWV ZLWK WKH VWDWH SUHSDUDWLRQ� ZKHUH WZR ORJLFDO UHJLVWHUV DUH XVHG� WR HQFRGH WKH

GRPDLQ DQG FRGRPDLQ RI D KRPRPRUSKLF IXQFWLRQ EHWZHHQ $EHOLDQ JURXSV� 7KH ILUVW VWHS FRUUHVSRQGV WR

WKH SUHSDUDWLRQ RI WKH GRPDLQ RI WKH IXQFWLRQ LQ WKH ILUVW UHJLVWHU� EXLOGLQJ D KRPRJHQHRXV VXSHUSRVLWLRQ RI

YDOXHV RI WKH GRPDLQ�

|Φ⟩ = 12𝑛/2 ⎛⎜⎝
2𝑛−1∑𝑥=0 |𝑥⟩⎞⎟⎠ ⊗ |0…0⟩ (91)
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7KH VHFRQG VWHS FRUUHVSRQGV WR WKH DSSOLFDWLRQ RI DQ RUDFOH 𝑓� ZKLFK EDVHG RQ WKH GRPDLQ HOHPHQWV RI WKH
ILUVW UHJLVWHU� FRQVWUXFWV WKH FRGRPDLQ HOHPHQWV LQ WKH VHFRQG UHJLVWHU�

∣Ψ𝑓⟩ = 𝑈𝑓 |Φ⟩ = 12𝑛/2 ⎛⎜⎝
2𝑛−1∑𝑥=0 ∣𝑥 ⊗ 𝑓 (𝑥)⟩⎞⎟⎠ . (92)

$W WKLV VWDJH� GXH WR WKH UHTXLUHPHQW RI EHLQJ FRQVWDQW RQ WKH FRVHWV� IRU HDFK 𝑓 (𝑥) LV DVVRFLDWHG D FRVHW RI
WKH IXQFWLRQ� L�H� D SRWHQWLDO PHDVXUHPHQW RI WKH VHFRQG UHJLVWHU ZLOO \LHOG WKH FRUUHVSRQGLQJ FRVHW LQ WKH

ILUVW UHJLVWHU�

∣Ψ0⟩ = 1√𝐾
𝐾−1∑𝑘=0 ∣𝑥0 + 𝑘𝑟⟩ . (93)

,Q HTXDWLRQ (93)� 𝑘𝑟� FRUUHVSRQGV WR WKH H[SRQHQWLDWLRQ RI WKH JHQHUDWRU RI WKH KLGGHQ VXEJURXS� 𝑟𝑘� DQG𝑥0 LV WKH FRVHW UHSUHVHQWDWLYH� ZKLFK LV XQNQRZQ� DQG WKXV� SUHYHQWV GLUHFW PHDVXUHPHQW RI WKH JHQHUDWRU�

+RZHYHU� LWV HIIHFW FDQ EH GLVFDUGHG� LI RQH JRHV LQVWHDG RQWR WKH SKDVH GRPDLQ� ZKLFK FDQ EH GRQH

V\VWHPDWLFDOO\ E\ WKH XVH RI WKH )RXULHU WUDQVIRUP� 7KH DSSOLFDWLRQ RI WKH )RXULHU WUDQVIRUP WR WKH FRVHW

VWDWH \LHOGV WKH IROORZLQJ VWDWH�

12𝑛/2 1√𝐾
𝐾−1∑𝑘=0 𝑒2𝑖𝜋𝑦(𝑥0+𝑘𝑟)/2𝑛 ∣𝑦⟩ (94)

:KLOH LW FDQ EH REVHUYHG WKDW WKH FRVHW UHSUHVHQWDWLYH 𝑥0 LV VWLOO SDUW RI WKH DPSOLWXGH RI WKH EDVLV HOHPHQWV∣𝑦⟩� L�H� E\ ORRNLQJ WR WKH DPSOLWXGH RI DQ HOHPHQW RI WKH EDVLV 𝑦 JLYHQ E\

𝑎(Φ ↦ 𝑦) = 12𝑛/2 1√𝐾
𝐾−1∑𝑘=0 𝑒2𝑖𝜋𝑦(𝑥0+𝑘𝑟)/2𝑛 , (95)

LW LV DOVR REVHUYDEOH WKDW WKH HOHPHQW 𝑥0 GRHV QRW KDYH DQ\ VWDWLVWLFDO HIIHFW RQ WKH PHDVXUHPHQW RI HOHPHQWV�

DV LW RQO\ DIIHFWV WKH JOREDO SKDVH RI WKH VWDWH� GLVDSSHDULQJ ZKHQ WKH DPSOLWXGH LV VTXDUHG�

𝑝(𝑦) = 12𝑛 1√𝐾∣∣∣∣
𝐾−1∑𝑘=0 𝑒2𝑖𝜋𝑘𝑦𝑟/2𝑛 ∣∣∣∣

2 . (96)

+HQFH� WKH JHQHUDWRU 𝑟 FDQ EH UHWULHYHG� E\ WKH XVH RI D VWDWLVWLFDO LQIHUHQFH WHFKQLTXH QDPHG )RXULHU

VDPSOLQJ� 7KH HTXDWLRQ DERYH LV HTXDO WR WKH JHRPHWULF VHULHV�

𝑝(𝑦) = 𝑠𝑖𝑛2 (2𝜋.𝑐𝑠.𝑟.𝑀2𝑛 )
𝑠𝑖𝑛2(2𝜋.𝑐𝑠.𝑟2𝑛 ) (97)

� LI 𝑦 = 𝑗𝐾� DQG � LQ WKH RWKHU FDVH
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𝑝(𝑦) = 12𝑛𝐾 𝑠𝑖𝑛2(𝜋𝑦)𝑠𝑖𝑛2(𝜋𝑦/𝐾) = 1𝑟 . (98)

,W FDQ EH FRQFOXGHG WKDW 𝑗/𝑟 = 𝑦/2𝑛� DQG RQH FDQ REWDLQ M DQG U IURP WKH LUUHGXFLEOH IRUP RI 𝑦/2𝑛�
ZKLFK FDQ EH REWDLQHG E\ PHDVXULQJ 𝑦 DQG H[SDQGLQJ WKH UHVXOW WRZDUGV DQ LUUHGXFLEOH IUDFWLRQ XVLQJ WKH

1HZWRQ DOJRULWKP� 7KH DOJRULWKP LV SUREDELOLVWLF DQG WKH SHULRG REWDLQHG PXVW EH YDOLGDWHG E\ WHVWLQJ LW�𝑓 (𝑥) = 𝑓 (𝑥 + 𝑟)� DQG WKH H[HFXWLRQ RI WKH DOJRULWKP UHSHDWHG� LI QHFHVVDU\� 7KH SUREDELOLW\ RI REWDLQLQJ D

VWDWHG UHGXFLEOH WR 𝑗/𝑟 LV KLJK� ZKHQ FRPSDUHG WR WKH GHPDQGHG SUHFLVLRQ� ZKLFK PHDQV WKH DOJRULWKP LQ

VRXQG� 7KH DOJRULWKP FRUUHVSRQGV WR ILQGLQJ WKH $EHOLDQ JURXS JHQHUDWRU�

����� 1RQ�$EHOLDQ +LGGHQ VXEJURXS SUREOHP

$IWHU WKH VXFFHVV RI WKH KLGGHQ VXEJURXS SUREOHP DOJRULWKP IRU $EHOLDQ JURXSV� WKHUH KDV EHHQ DQ H[WHQVLYH

UHVHDUFK HIIRUW LQ H[WHQGLQJ WKH DOJRULWKP WR QRQ�$EHOLDQ JURXSV� ([DPSOHV RI UHOHYDQW JURXSV LQ WKHVH

FRQGLWLRQV DUH WKH GLKHGUDO DQG V\PPHWU\ JURXS� IRU ZKLFK HIILFLHQW DOJRULWKPV IRU WKHLU KLGGHQ VXEJURXS

SUREOHP ZLOO KDYH DQ LPSRUWDQW LPSDFW� \LHOGLQJ HIILFLHQW VROXWLRQV WR ODWWLFH�EDVHG FU\SWRJUDSK\ >���@ DQG

JUDSK LVRPRUSKLVP >��� ���@� +RZHYHU� GHVSLWH RI VRPH VXFFHVVHV RQ WKLV VLGH� >���� ���@� WKH KLGGHQ

VXEJURXS SUREOHP IRU WKH PRVW UHOHYDQW JURXSV LV VWLOO EH\RQG UHDFK� HYHQ� DV GHPRQVWUDWHG� ZLWK WKH TXHU\

FRPSOH[LW\ DOZD\V EHLQJ 𝑙𝑜𝑔(|𝐺|) IRU WKHVH DOJRULWKPV >���@� +RZHYHU� IRU VRPH JURXSV WKH LQIRUPDWLRQ
ZLWKLQ FRVHWV LV QRW HQRXJK WR FDSWXUH WKH KLGGHQ VXEJURXS DQG IXUWKHU SURFHVVLQJ PD\ EH UHTXLUHG� ZKLFK LV

JHQHUDOO\ WLPHZLVH LQHIILFLHQW� )RU VRPH JURXSV LW PD\ EH VXIILFLHQW WR HQKDQFH WKH +63 ZLWK WKH DSSOLFDWLRQ

RI D SURSHU PHDVXUHPHQW VWUDWHJLHV >��@� KRZHYHU LW KDV DOVR EHHQ VKRZQ WKDW WKH DSSOLFDWLRQ RI WKH

WHFKQLTXH LV ERXQGHG E\ SK\VLFDO OLPLWDWLRQV >���@� 6XFK LQIRUPDWLRQ VKDOO WKHQ EH ILOWHUHG FODVVLFDOO\ LQ

RUGHU WR UHWULHYH WKH KLGGHQ VXEJURXS� ZKLFK PD\ LQFOXGH VROYLQJ OLQHDU HTXDWLRQV >���@ RU RWKHU DOWHUQDWLYH

WHFKQLTXHV >���@� 0RUHRYHU� DQ HIIHFWLYH SUHWW\ JRRG PHDVXUHPHQW DEOH WR GLVWLQJXLVK VXFK VWDWHV� ZLOO DOVR

QHHG WR LQYROYH 𝑁𝑙𝑜𝑔𝑁 VWDWHV� ZKLFK PDNHV LW DOPRVW XQIHDVLEOH IURP WKH SK\VLFDO SRLQW RI YLHZ�

'XH WR LPSRVVLELOLW\ RI UHDFKLQJ DQ HIILFLHQW DOJRULWKP IRU UHOHYDQW JURXSV ZLWK SRWHQWLDO LPSDFW LQ LQGXVWU\�

LW ZDV DOVR DWWHPSWHG WR H[SORUH GLIIHUHQW DOJRULWKPV� VXFK DV KLGGHQ�VKLIWV >��� ���@� KLGGHQ�SRO\QRPLDOV�

KLGGHQ WUDQVODWLRQV >���@� KLGGHQ FRVHWV >���@ DQG WKH JHQHUDOL]HG VWXG\ RI V\PPHWU\ JURXSV �ZKLFK PD\

KDYH PDQ\ GLIIHUHQW DSSOLFDWLRQV�

��� +\EULG DOJRUL WKPV

7KHUH LV DQRWKHU FODVV RI TXDQWXP DOJRULWKP� ZKLFK PDNHV XVH RI TXDQWXP VLPXODWLRQ DQG RI WKH H[SRQHQWLDO

DGYDQWDJH RI WKH )RXULHU WUDQVIRUP� DV LW LV WKH H[DPSOH RI WKH HVWLPDWLRQ RI HLJHQYDOXHV RI $EUDPV DQG

//R\G >��@ DQG WKH ++/ DOJRULWKP IRU WKH UHVROXWLRQ RI OLQHDU HTXDWLRQV� SURSRVHG E\ +DUURZ� +DVVLGLP
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DQG //R\G >���@� 7KH IRUPHU FRQVLVWV RI WZR VWHSV� QDPHO\� WKH VLPXODWLRQ RI WKH +DPLOWRQLDQ DQG WKH

DSSOLFDWLRQ RI SKDVH HVWLPDWLRQ >���@ �DQ DOJRULWKP UHO\LQJ RQ WKH )RXULHU WUDQVIRUP� WR REWDLQ WKH HLJHQYDOXHV

FRUUHVSRQGLQJ WR D JLYHQ HLJHQYHFWRU� L�H� WKH FRPSRVLWLRQ

3KDVH HVWLPDWLRQ ∘ +DPLOWRQLDQ VLPXODWLRQ (99)

7KHUHIRUH� WKH HIILFLHQF\ RI WKH DOJRULWKP LV GLUHFWO\ GHSHQGHQW RQ WKH HIILFLHQF\ RI WKH +DPLOWRQLDQ VLPXODWLRQ�

JLYHQ WKDW WKH SKDVH HVWLPDWLRQ VWHS LV NQRZQ WR EH HIILFLHQW� 7KH ODWWHU DOJRULWKP� WKH ++/ RQH� FDQ EH VHHQ

DV D PRUH JHQHUDOL]HG IRUP RI ILQGLQJ D SDUWLFXODU HLQJHQYDOXH� DQG DOVR GHSHQGV RQ WKH HIILFLHQW VLPXODWLRQ

RI WKH H[SRQHQWLDO RI DQ +HUPLWLDQ RSHUDWRU� %ULHIO\� WKH DOJRULWKP LV DEOH WR VROYH V\VWHPV RI HTXDWLRQV RI

WKH VRUW�

𝐴 ⃗𝑥 = ⃗𝑏 (100)

ZKHUH 𝐴 DQG 𝑏 GHILQH D VHW RI OLQHDU HTXDWLRQV� 7KH DOJRULWKP UHTXLUHV WKH VLPXODWLRQ RI 𝑒𝑖𝐴𝑡 IRU GLIIHUHQW
YDOXHV RI 𝑡� ZKLFK SRVVHVV D SRWHQWLDO H[SRQHQWLDO DGYDQWDJH� DV H[SORUHG LQ VHFWLRQ ������ 7KH PDWUL[ 𝐴�
PD\ QRW DOZD\V EH D +HUPLWLDQ RSHUDWRU� EXW LW FDQ EH WUDQVODWHG LQWR RQH� E\ WKH IROORZLQJ FRQVWUXFWLRQ�

⎛⎜⎝ 0 𝐴𝐴𝑡 0⎞⎟⎠ (101)

DQG ZKHQHYHU 𝐴𝑡 LV DQ +HUPLWLDQ RSHUDWRU� 𝑒𝑖𝐴𝑡 LV DQ XQLWDU\ RSHUDWRU� 7HFKQLFDOO\� WKH DOJRULWKP SUHSDUHV∑𝑁𝑖=1 𝑏𝑖 |𝑖⟩� DQG WKHQ XVLQJ TXDQWXP VLPXODWLRQ� FDOFXODWHV 𝑒𝑖𝐴𝑡 IRU D VXSHUSRVLWLRQ RI GLIIHUHQW WLPHV W�
DQG IXUWKHU� ZLWK WKH KHOS RI WKH SKDVH HVWLPDWLRQ DOJRULWKP� LV DEOH WR GHFRPSRVH ∣𝑏⟩ LQ WKH HLJHQEDVLV RI $
DQG ILQG WKH FRUUHVSRQGLQJ HLJHQYDOXHV 𝜆𝑗� 7KH UHVXOW RI WKHVH RSHUDWLRQV UHDGV DV�

𝑁∑𝑗=1 𝛽𝑗 ∣𝑢𝑗⟩ ∣𝜆𝑗⟩ (102)

ZKHUH {∣𝑢𝑗⟩ |𝑗 ∈ 1…𝑁 1 LV WKH GLPHQVLRQ RI V\VWHP} LV WKH HLJHQYHFWRU EDVLV RI $� DQG ∣𝑏⟩ = ∑𝑗1 𝛽𝑗 ∣𝑢𝑗⟩�
7KH RQO\ WKLQJ UHTXLUHG ULJKW QRZ LV WR ILQG WKH LQYHUVH RI HDFK RI WKH HLJHQYHFWRUV� SURGXFLQJ WKH VWDWH𝐶𝜆−1𝑗 ∣𝜆𝑗⟩� )LQDOO\� RQH REWDLQV WKH VWDWH

𝑁∑𝑗=1 𝛽𝑗𝜆−1𝑗 ∣𝑢𝑗⟩ = 𝐴−1 ∣𝑏⟩ = |𝑥⟩ . (103)

%HVLGHV WKH SRVVLELOLW\ RI WKH HIILFLHQW VLPXODWLRQ WKH +DPLOWRQLDQ� WKH SHUIRUPDQFH RI WKH DOJRULWKP DOVR

GHSHQGV RI WKH GLIIHUHQFHV RI HLJHQYDOXHV� FDSWXUHG E\ D SDUDPHWHU 𝑘� 7KH DFWXDO HOHPHQWV |𝑥⟩� FDQ EH
REWDLQHG LQGLYLGXDOO\ LQ D VLQJOH H[HFXWLRQ� ZKLFK UHTXLUHV 𝑁 UHSHWLWLRQV RI WKH DOJRULWKP� LI RQH LV LQWHUHVWHG
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LQ HYHU\ YDOXH� 1RQHWKHOHVV� RQH FDQ DOVR REWDLQ WKH H[SHFWHG HLJHQYDOXHV ⟨ ⃗𝑥∣𝐴 ⃗𝑥⟩ HIILFLHQWO\� ZKLFK XVHIXO
LQ PDQ\ DSSOLFDWLRQV�

7KH DSSOLFDWLRQV RI WKH DOJRULWKP DUH OLPLWHG� GXH H[DFWO\ WR WKH FDYHDWV RI WKH GHSHQGHQF\ RI WKH

+DPLOWRQLDQ VLPXODWLRQ� WR ZKLFK� DV SUHYLRXVO\ GLVFXVVHG� DUH RQO\ HIILFLHQW IRU VSDUVH RU ORFDO +DPLOWRQLDQV�

8QIRUWXQDWHO\� GHQVH PDWULFHV DUH YHU\ UHOHYDQW WR VSHFLILF SUREOHPV LQ PDFKLQH OHDUQLQJ� IURP NHUQHO

PHWKRGV WR FRQYROXWLRQDO QHXUDO QHWZRUNV� +RZHYHU� WKHUH H[LVW DOWHUQDWLYH DSSURDFKHV IRU WKH DOJRULWKP�

ZKLFK UHSODFH WKH FRQGLWLRQ RQ WKH VSDUVLW\ RQ WKH PDWUL[� WR EHLQJ DSSUR[LPDEOH E\ ORZ�UDQN PDWULFHV >���@�

7KLV DOJRULWKP H[SRQHQWLDWHV D PDWUL[ QR VSDUVH� SRVLWLYH GHILQLWH ORZ�UDQN >���@�

7KHUH DUH PDQ\ VROYDEOH V\VWHPV RI HTXDWLRQV� WKDW FDQ EH KDQGOHG E\ WKLV IDPLO\ RI TXDQWXP DOJRULWKPV�

>��� ��@� 7KH FDVH RI +DPLOWRQLDQ VLPXODWLRQ LV VLPSO\ D VSHFLDO FDVH RI 2'(� ZKHUH 𝐴 LV DQWL�+HUPLWLDQ

�𝐴 ≠ 𝐴†� DQG I LV ]HUR� LQ WKH IROORZLQJ HTXDWLRQ�
𝑑𝑥(𝑡)𝑑𝑡 = 𝐴(𝑡)𝑥(𝑡) + 𝑓 (𝑡) (104)

%HVLGHV VROYLQJ V\VWHPV RI HTXDWLRQV� WKH DOJRULWKP KDV PDQ\ DSSOLFDWLRQV SDUWLFXODUO\ LQ WKH ILHOG RI

PDFKLQH OHDUQLQJ� IURP GDWD ILWWLQJ� VXFK DV LQ >���� ���@� RU VXSSRUW YHFWRU PDFKLQHV DOJRULWKP >���@�

��� 6XPPDU\

,Q WKLV FKDSWHU WZR PDLQ W\SHV RI HIILFLHQW TXDQWXP DOJRULWKPV ZHUH VWXGLHG� WKH G\QDPLF RQHV� ZKLFK UHO\

RQ WKH DELOLW\ RI TXDQWXP FRPSXWHUV WR DSSUR[LPDWH HIILFLHQWO\ D ZLGH FODVV RI +DPLOWRQLDQV� L�H� IURP ORFDO

+DPLOWRQLDQV WR G�VSDUVH RQHV� DV ZHOO D ZLGH FODVV RI VHDUFK DQG VDPSOLQJ SUREOHPV ZKLFK PD\ EH UHGXFHG

WR WKHP� )XUWKHUPRUH� DQRWKHU LPSRUWDQW EUDQFK RI HIILFLHQW DOJRULWKPV LV JLYHQ E\ WKH )RXULHU WUDQVIRUP

DQG LWV GHULYDWHV� ZKLFK HQFRPSDVV� IRU LQVWDQFH� WKH 6KRU DOJRULWKP DQG ++/� ZKLFK ZHUH EULHIO\ GLVFXVVHG

LQ WKLV FKDSWHU� )URP WKH DQDO\VLV ZH FRQFOXGHG WKDW�

� $OO VDPSOLQJ SUREOHPV WKDW FDQ EH UHGXFHG WR WKH VLPXODWLRQ RI ORFDO� VSDUVH RU G�VSDUVH +DPLOWRQLDQ

SRVVHVV HIILFLHQW TXDQWXP DOJRULWKPV�

� $OO VHDUFK SUREOHPV WKDW FDQQRW EH UHGXFHG WR ILQGLQJ D JURXQG�VWDWH� LQYROYLQJ RQO\ ORFDO FRPSRQHQWV

ZLWK OHVV WKDQ GLPHQVLRQ 2� GRHV QRW KDYH DQ HIILFLHQW TXDQWXP DOJRULWKP�

:H DSSOLHG WKLV ILQGLQJ LQ D FRQFHSWLRQ RI D FDVH VWXG\ IRU WKH VLPXODWLRQ RI D ORFDO +DPLOWRQLDQ� WKH

VLPXODWLRQ RI QRQ�UDGLDWLYH HOHFWURQLF WUDQVIHU H[LVWLQJ LQ WKH SUHOLPLQDU\ VWDWH RI SKRWRV\QWKHVLV� ,W ZDV DOVR

VWXGLHG WKH LPSDFW RI WKH HQYLURQPHQW LQ WKH TXDQWXP SURFHVV RI SKRWRV\QWKHVLVÅ ZKHUH LW ZDV FRQFOXGHG

WKDW LW PD\� LQGHHG� SOD\ DQ LPSRUWDQW UROH LQ WKH SURFHVV� E\ HQIRUFLQJ WKH QRQ�UHYHUVLELOLW\ RI WKH SURFHVV�

E\ NLOOLQJ LQWHUIHUHQFH� 7KH UHVXOWV DOVR EULQJ LQVLJKW DERXW WKH TXDQWXP PHFKDQLFDO FRQFHSWV LQWURGXFHG LQ

FKDSWHU ��
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7KH KXPDQ XQGHUVWDQGLQJ RI UHDOLW\ LV OLPLWHG E\ LQWUDFWDEOH SUREOHPV IURP DOO SHUVSHFWLYHV� IURP GRZQ

EHORZ� E\ WKH GDXQWLQJ FRPSOH[LW\ RI PDQ\�ERG\ SUREOHPV LQ SK\VLFV� WKH LQWUDFWDELOLW\ RI PROHFXODU SUREOHPV�

DULVLQJ LQ PHGLFLQH DQG ELRORJ\ DQG WKH XQSUHGLFWDELOLW\ RI JHRORJLFDO HYHQWV� VXFK DV HDUWKTXDNHV� IURP

WKH XSSHU VLGH E\ WKH LQDELOLW\ RI SUHGLFW WKH HPHUJHQW EHKDYLRXU RI WKH LQGLYLGXDO DFWLRQV WDNHQ E\ D ODUJH

QXPEHU RI LQGLYLGXDOV� HLWKHU LQ FRRSHUDWLRQ� RU LQ FRPSHWLWLRQ� YLWDO LQ DUHDV VXFK DV HFRQRPLFV� ILQDQFH� RU

VRFLRORJ\�

0DQ\ RI VXFK SUREOHPV DUH FRPSXWDEOH� EXW FRPSOHWHO\ LQDFFHVVLEOH WR FODVVLFDO FRPSXWHUV� ZKLFK

GHVSLWH WKH DGYDQFHPHQWV RI VFLHQFH� KDYH IDOOHQ �YHU\� VKRUW WR VROYH PDQ\ RI WKHP� :LWK WKH XSFRPLQJ

HUD RI TXDQWXP FRPSXWDWLRQ� RQH PLJKW DVN LI TXDQWXP FRPSXWHUV FDQ PDNH D GHILQLWH FRQWULEXWLRQ WR

DQ\ RI WKRVH LVVXHV� KHOS VKHGGLQJ OLJKW WR VRPH RI WKH KDUGHVW TXHVWLRQV LQ KXPDQ XQGHUVWDQGLQJ� 7KH

DQVZHU WR WKLV TXHVWLRQ� VHHPV WR EH WKDW LW LV QRW WKDW VR� L�H� DV TXDQWXP FRPSXWHUV FDQQRW VROYH HIILFLHQWO\

PRVW RI WKH SUREOHPV DOUHDG\ LQDFFHVVLEOH WR FODVVLFDO FRPSXWHUV� +RZHYHU� VRPH DGYDQWDJH� ZKLFK FDQ

EH TXLWH VLJQLILFDQW LV VRPH RI WKHP� PD\ EH H[SHFWHG� DV VKRZQ E\ UHFHQW UHVXOWV LQ FRPSOH[LW\ WKHRU\� $

SDUWLFXODU H[DPSOH RI WKLV LV TXDQWXP FKHPLVWU\� ZKLFK UHSKUDVHV FKHPLVWU\ LQ SXUHO\ TXDQWXP PHFKDQLFDO

WHUPV� DOORZLQJ D EHWWHU XQGHUVWDQGLQJ RI WKH UROH RI TXDQWXP HIIHFWV DW FKHPLFDO OHYHO >���@� +HUH� D

KXJH DGYDQWDJH RI TXDQWXP FRPSXWDWLRQ PHWKRGV� LQ FRPSDULVRQ ZLWK FODVVLFDO DE�LQLWLR RQHV� LV H[SHFWHG�

7KH DSSOLFDWLRQ RI QRZDGD\V VKRUW�WHUP GHYLFHV WR WKHVH NLQGV RI SUREOHPV� SDUWLFXODUO\ LQ SUREOHPV ZLWK

KLJK�VRFLHWDO LPSDFW� DV LQ LQGXVWU\� ILQDQFH� DQG TXDQWXP VFLHQFH� KDYH UDLVHG D ORW RI LQWHUHVW IURP WKH

UHVHDUFK DQG LQGXVWULDO FRPPXQLWLHV� DQG LQ WKLV FKDSWHU� ZH GLVFXVV VRPH RI WKH WHFKQLTXHV HPSOR\HG�

7KH FDOFXODWLRQ RI JURXQG�VWDWH RI TXDQWXP SK\VLFDO V\VWHPV� L�H� PRUH JHQHUDOO\ WKH FDOFXODWLRQ RI

WKHLU SRLQWV RI HTXLOLEULXP� FDQ EH XQGHUVWRRG DV YHU\ FRPSOH[ RSWLPL]DWLRQ SUREOHPV� IRU ZKLFK PDQ\

RSWLPL]DWLRQ SUREOHPV FDQ EH UHGXFHG WR� 7KH PDLQ FRQWULEXWLRQ RI WKLV FKDSWHU OLHV DORQJ WKHVH OLQHV� LQ
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WKH ILHOG RI TXDQWXP FKHPLVWU\� DQG FRQVLVWV LQ WKH FRQFHSWLRQ RI WKH FDOFXODWLRQ RI WKH JURXQG�VWDWH RI

VPDOO PROHFXOHV� K\GURJHQ 𝐻2 DQG OLWKLXP�K\GULGH 𝐿𝑖𝐻� XQGHU WKH DFWLRQ RI VWDWLRQDU\ HOHFWULFDO ILHOG XVLQJ

YDULDWLRQDO PHWKRGV� ZKLFK� WR WKH EHVW RI RXU NQRZOHGJH� ZDV QRW GLUHFWO\ DGGUHVVHG LQ WKH OLWHUDWXUH EHIRUH�

7KH ZRUN GRQH LQ WKH VHTXHO LQYROYHG WKH DSSOLFDWLRQ RI WKH 94( PHWKRG LQ WKH ,%0 4 H[SHULPHQW DQG ZDV

SXEOLVKHG LQ >���@� $ UHOHYDQW SDUW RI WKH FRQWULEXWLRQ ZHUH WKH FDOFXODWLRQV PDGH IRU WKH PDWUL[ HOHPHQWV RI

WKH )HUPLRQLF RSHUDWRUV� DYDLODEOH LQ DSSHQGL[ $�

��� 6HDUFK� FRQVWUDLQW VDW LVIDFW LRQ DQG RSWLPL]DW LRQ

6HDUFK SUREOHPV� L�H� SUREOHPV FRQFHUQHG ZLWK ILQGLQJ D VROXWLRQ WKDW PDWFKHV D FHUWDLQ FULWHULD IURP D

ZLGH VHW RI SRVVLEOH VROXWLRQV� DUH SHUYDVLYH LQ FRPSXWHU VFLHQFH� DQG VSDQ DOO WKH FRPSOH[LW\ KLHUDUFK\� L�H�

VRPH RI WKHP DUH FRPSXWDWLRQDOO\ HDV\ WR VROYH� ZKLOH VRPH RWKHUV DUH UHDOO\ KDUG� IRU ZKLFK QR HIILFLHQW

VROXWLRQ LV OLNHO\ WR DSSHDU LQ WKH QHDU IXWXUH� HYHQ ZLWK TXDQWXP FRPSXWHUV� $UJXDEO\� HYHU\ FRPSXWDWLRQDO

SUREOHP FDQ EH SKUDVHG DV VRPH VRUW RI VHDUFK SUREOHP� L�H� UHGXFLEOH WR WKH H[WHQVLYH HYDOXDWLRQ RI DOO WKH

SRVVLEOH FDVHV WKDW FRPSRVH LW�

3DUWLFXODU H[DPSOHV RI VHDUFK SUREOHPV� WKDW DUH IRXQG YHU\ IUHTXHQWO\ LQ SUDFWLFH DQG DUH� LQ JHQHUDO�

KDUG� DUH WKH RQHV RI FRQVWUDLQW VDWLVIDFWLRQ DQG RSWLPL]DWLRQ� 7KH ODWWHU UHDGV DV LQ GHILQLWLRQ ������

Definition 4.1.1. (Optimization Problem)

minimize: 𝑓𝑜(𝑥)
subject to: 𝑓𝑖(𝑥) ≤ 𝑏𝑖, 𝑖 = 1,… ,𝑚.

where 𝑥 is a vector of variables, 𝑓𝑜 is a valuation function and 𝑓𝑖(𝑥) ≤ 𝑏𝑖 are restrictions over
variables.

,Q IDFW� RSWLPL]DWLRQ SUREOHPV FDQ EH VHHQ DV JHQHUDOL]DWLRQ RI FRQVWUDLQ VDWLVIDFWLRQ RQHV� L�H� LQ WKH

ODWWHU� DOO VROXWLRQV WKDW UHVSHFW WKH FRQVWUDLQWV DUH HTXDOO\ YDOLG� ZKLOH LQ WKH IRUPHU� WKH LGHD LV WR ILQG WKH

VROXWLRQV WKDW PLQLPL]H�PD[LPL]H D FRVW IXQFWLRQ� DPRQJ WKRVH ZKLFK UHVSHFW WKH FRQVWUDLQWV� ([DPSOHV RI

FRQVWUDLQW VDWLVIDFWLRQ SUREOHPV DUH WKH 6$7 SUREOHPV� UHJDUGLQJ WKH VDWLVIDFWLRQV RI ORJLFDO SURSRVLWLRQV E\

%RROHDQ YDULDEOHV�

7KHUH LV D YHU\ ULFK UHODWLRQVKLS EHWZHHQ FRQVWUDLQW VDWLVIDFWLRQ SUREOHPV DQG SK\VLFDO SUREOHPV� ODLG� IRU

LQVWDQFH� E\ %DUDKRQD HW DO� LQ ���� >��@� ZKHUH LW ZDV GLVFRYHUHG WKDW ILQGLQJ WKH PLQLPXP OHYHO RI HQHUJ\

�JURXQG�VWDWH� RI DQ ,VLQJ V\VWHP� ZDV 13�FRPSOHWH� 7KLV ZD\ LW ZDV SRVVLEOH WR DVVLJQ D SK\VLFDO PHDQLQJ

WR 13�FRPSOHWHQHVV� L�H� WKH FRVWV RI WKH SK\VLFDO SURFHVVHV WKDW FRXOG EH XVHG IRU WKDW FDOFXODWLRQ� :LWK

WKH DGYHQW RI TXDQWXP FRPSXWDWLRQ� LW VXSSOLHG WKH IRXQGDWLRQV IRU WKH UHGXFWLRQ WKH FODVVLFDO 13�FRPSOHWH

SUREOHPV WR WKH JURXQG VWDWH RI WKH ,VLQJ +DPLOWRQLDQV >���@� LQ ZKLFK D FRPSXWDWLRQDO DGYDQWDJH LV

H[SHFWHG� +RZHYHU� WKLV DGYDQWDJH LV QRW H[SHFWHG WR PDNH WKH UHVROXWLRQ RI VXFK SUREOHPV HIILFLHQW >��@�
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7KLV FRQQHFWLRQ EHWZHHQ WKHRUHWLFDO SK\VLFV DQG FRPSXWDWLRQ� ZKLFK QRZ IDOOV XQGHU WKH ILHOG RI +DPLOWR�

QLDQ FRPSOH[LW\� KDV SURJUHVVHG� DQG .LWDHY LQWURGXFHG WKH N�ORFDO +DPLOWRQLDQ SUREOHP� DV WKH TXDQWXP

JHQHUDOL]DWLRQ RI FODVVLFDO FRQVWUDLQW VDWLVIDFWLRQ SUREOHPV >���@� WR ZKLFK PDQ\ RSWLPL]DWLRQ SUREOHPV

FDQ EH UHGXFHG� 7KH SUREOHP FRQVLVWV RI ILQGLQJ WKH JURXQG�VWDWH XQGHU WKH DFWLRQ RI D ORFDO�+DPLOWRQLDQ

ZKLFK LV LQ JHQHUDOO\ NQRZQ WR EH YHU\ KDUG >���@� L�H� ZKLOH WKH VRIW VLPXODWLRQ RI V\VWHPV JRYHUQHG E\

ORFDO +DPLOWRQLDQV� ZKLFK LQFOXGHV WKH VDPSOLQJ� FDOFXODWLRQ RI H[SHFWHG HLJHQYDOXHV DQG HWF�� LV HIILFLHQW

�VHH VHFWLRQ ������� FDOFXODWLQJ WKH JURXQG�VWDWH RI VXFK V\VWHPV LV QRW�

,Q IDFW� WKLV SUREOHP LV NQRZQ WR EH FKDUDFWHULVWLF RI WKH 4XDQWXP 0HUOLQ�$UWKXU FODVV >��� ���@� ZKLFK LV

WKH DQDORJXH RI WKH FODVVLFDO 13�FODVV� FRQWDLQLQJ SUREOHPV EHOLHYHG WR EH KDUG HYHQ IRU TXDQWXP FRPSXWHUV�

L�H� MXVW DV WKH 13 FODVV FRQWDLQV SUREOHP KDUG IRU FODVVLFDO FRPSXWHUV� +RZHYHU� WKH N�ORFDO +DPLOWRQLDQ LV

DOVR DQ RSWLPL]DWLRQ SUREOHP� L�H� ILQGLQJ WKH JURXQG�VWDWH RI D TXDQWXP V\VWHP LV WR ILQG WKH ZDYH IXQFWLRQ

WKDW PLQLPL]HV WKH HQHUJ\ RI D V\VWHP DQG D SRVVLEOH VWUDWHJ\ RI UHVROXWLRQ RI FODVVLFDO RSWLPL]DWLRQ SUREOHPV

LV H[DFWO\ WR UHGXFH WKHP WR D N�ORFDO +DPLOWRQLDQ SUREOHP�

7KH PRVW QDWXUDO IRUP XQGHU ZKLFK KDUG FRPSXWDWLRQDO SUREOHPV DSSHDU LQ LQGXVWU\ DQG VFLHQFH LV DV

RSWLPL]DWLRQ SUREOHPV� +HQFH LQ RUGHU WR KDYH D EHWWHU XQGHUVWDQGLQJ RI KRZ TXDQWXP FRPSXWDWLRQDO

WHFKQLTXHV DSSO\ WR WKHVH SUREOHPV� LQ WKLV VHFWLRQ ZH EULHIO\ UHYLHZ WKH EDFNJURXQG RI WKH ILHOG �IXUWKHU

LQIRUPDWLRQ FDQ EH REWDLQHG LQ WKH IROORZLQJ UHIHUHQFHV� >���� ��@��

Figure 15: Hierarchy of continuous optimization problems.

$ ILUVW GLYLVLRQ EHWZHHQ RSWLPL]DWLRQ SUREOHPV UHJDUGV WKH W\SH RI YDULDEOHV� ZKLFK GHILQH WKH W\SH RI

SURJUDP� H�J� LI 𝑥 LV D YHFWRU RI YDULDEOHV� DQG 𝑛 DQ LQWHJHU GHQRWLQJ WKH QXPEHU RI YDULDEOHV� WKH IROORZLQJ

FODVVHV SRSXS�

� &RQWLQXRXV� 𝑥 ∈ ℝ𝑛
� 0L[HG LQWHJHU� 𝑥 ∈ ℝ𝑛 × ℤ𝑛�
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� %LQDU\ RSWLPL]DWLRQ� 𝑥 ∈ {0, 1}𝑛�
� ,QWHJHU SURJUDPPLQJ� 𝑥 ∈ ℤ+0 �
$ IXUWKHU GLYLVLRQ RI RSWLPL]DWLRQ SUREOHPV FRQFHUQV WKH W\SH RI IXQFWLRQV DQG UHVWULFWLRQV WR RSWLPL]H�

ZKLFK FDQ EH KLHUDUFKLFDOO\ RUJDQL]HG� LQ WHUPV RI H[SUHVVLYHQHVV� DV IROORZV �DOVR SUHVHQWHG LQ LQ ILJXUH ����

OHDVW�VTXDUHV� OLQHDU� VHPL�GHILQLWH� FRQYH[ DQG QRQ�OLQHDU�

/LQHDU SURJUDPV DUH WKH PRVW FRPPRQ IRUP RI RSWLPL]DWLRQ SUREOHPV IRXQG LQ SUDFWLFH� DQG IRU FRQWLQXRXV

YDULDEOHV� WKHUH DUH HIILFLHQW DOJRULWKPV WKDW FDQ ILQG WKH RSWLPDO VROXWLRQ� 2Q WKH RWKHU KDQG� IRU WKH GLVFUHWH

FDVHV� L�H� ELQDU\� RU LQWHJHU YDULDEOHV� WKH ZRUVW�FDVH LV 13�+$5'� ,Q TXDQWXP FRPSXWLQJ D UHOHYDQW FODVV

RI RSWLPL]DWLRQ SUREOHPV LV WKH RQH RI VHPL�GHILQLWH SURJUDPV �6'3·V�� ZKLFK FRUUHVSRQG WR D JHQHUDOL]DWLRQ

RI OLQHDU SURJUDPV� ZKHUH UHVWULFWLRQV FDQ EH H[SUHVVHG DV PDWULFHV�

Definition 4.1.2. (Semi-definite program)

minimize 𝑇𝑟(𝐶𝑋)
subject to 𝑇𝑟(𝐴𝑖𝑋) ≤ 𝑏𝑖, 𝑖 = 1,…𝑚.

where 𝑋 is a 𝑛×𝑛 Hermitian matrix defining the variables, so as 𝐶, which defines the objective
function. The 𝐴𝑖’s are also 𝑛 × 𝑛 Hermitian matrices and define program restrictions.

/LQHDU SURJUDPV FRUUHVSRQG WR D SDUWLFXODU FDVH RI DQ 6'3� ZKHUH DOO PDWULFHV LQYROYHG DUH GLDJRQDO� $

FRQYH[ SURJUDP LV HYHQ D PRUH JHQHUDO WKDQ OLQHDU SURJUDP� RU DQ 6'3 SURJUDP� ZKHUH ERWK WKH FRVW

IXQFWLRQ DQG WKH UHVWULFWLRQV DUH FRQYH[�

Definition 4.1.3. (Convex Program)
Is an optimization program where the function 𝑓0 specifies the objective function, and 𝑓𝑖
and 𝑏𝑖 specify the restrictions, all of them being convex functions, i.e. satisfying

𝑓𝑖(𝛼𝑥 + 𝛽𝑦) ≤ 𝛼𝑓𝑖(𝑥) + 𝛽𝑓𝑖(𝑦) (105)

&RQYH[ SUREOHPV KDYH WKH LPSRUWDQW SURSHUW\ WKDW HYHU\ ORFDO PLQLPXP� FRUUHVSRQGV WR WKH JOREDO PLQLPD�

DQG IRU WKLV UHDVRQ� WKHUH DUH SRO\QRPLDO VROXWLRQV IRU WKHVH SUREOHPV� DW OHDVW IRU WKH FRQWLQXRXV IRUP�

EDVHG� IRU LQVWDQFH� LQ JUDGLHQW GHVFHQW PHWKRGV >��@�

2SWLPL]DWLRQ SURJUDPV LQYROYLQJ GLVFUHWH YDULDEOHV DUH� LQ JHQHUDO� KDUGHU WKDQ FRQWLQXRXV RQHV� DQG

DFWXDOO\� WKH ODWWHU RQHV XVXDOO\ FRUUHVSRQG WR UHOD[DWLRQV RI WKH IRUPHU� $Q LPSRUWDQW VXE�W\SH RI GLVFUHWH

RSWLPL]DWLRQ SUREOHPV LV FRPELQDWRU\ RSWLPL]DWLRQ� ZKHUH WKH VROXWLRQ VSDFH LV JLYHQ E\ WKH SRZHUVHW RI

WKH VHW RI SRVVLEOH FRPSRQHQWV RI D VROXWLRQ� H�J� DOO SRVVLEOH VHWV RI HGJHV LQ D JUDSK� LQGXFHG E\ WKH VHW

RI DOO SRVVLEOH DVVLJQPHQWV RI ELQDU\ YDULDEOHV 𝑥 ∈ {0, 1}𝑛� H�J� WDNLQJ WKH H[DPSOH RI HGJHV LQ D JUDSK�
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0 GHWHUPLQHV DQ HGJH LV QRW SUHVHQW� 1 GHWHUPLQHV LWV SUHVHQFH DQG D VWULQJ LV D SRVVLEOH VROXWLRQ RI WKH

SUREOHPV�

Definition 4.1.4. (Combinatory Optimization)

minimize 𝑆⊆𝑁{∑𝑗∈𝑆 𝑐𝑗 ∶ 𝑆 ∈ 𝒫}
where 𝒫 is the set of possible solutions, 𝑆 is a solution, 𝑗 a component of the solution and𝑐𝑗 its cost.

0RUHRYHU� D SDUWLFXODU LPSRUWDQW FODVV RI ELQDU\ RSWLPL]DWLRQ SURJUDPV� LV WKH TXDGUDWLF XQFRQVWUDLQHG

ELQDU\ RSWLPL]DWLRQ �48%2� RQH� SDUWLFXODUO\ LPSRUWDQW� GXH WR LWV SUR[LPLW\ ZLWK ILQGLQJ WKH JURXQG�VWDWH RI

WKH ,VLQJ +DPLOWRQLDQ�

Definition 4.1.5. (Quadratic unconstrained binary optimization (QUBO))

minimize 𝑐⊤𝑥 + 𝑥⊤𝑄𝑥
subject to 𝑥 ∈ {0, 1}𝑛, with 𝑐 ∈ ℝ𝑛, 𝑄 ∈ ℝ𝑛×𝑛

$ QLFH VXUYH\ DERXW 48%2 SUREOHPV FDQ EH IRXQG LQ WKH ZRUN RI >���@� )XUWKHUPRUH� D UHOHYDQW UHIHUHQFH

DERXW LQWHJHU SURJUDPPLQJ LV JLYHQ LQ >���@�

��� 2SWLPL]DW LRQ XVLQJ TXDQWXP FRPSXWHUV

7KH VHHN IRU RSWLPL]DWLRQ DOJRULWKPV KDV EHHQ YHU\ DFWLYH LQ WKH ODVW IHZ \HDUV� DQG WKHUH H[LVW PDQ\

GLIIHUHQW DSSURDFKHV WR WDFNOH RSWLPL]DWLRQ SUREOHPV XVLQJ TXDQWXP FRPSXWHUV� $V SUHVHQWHG LQ ILJXUH

��� VXFK WHFKQLTXHV FDQ EH RUJDQL]HG LQ WKUHH PDLQ IDPLOLHV RI WHFKQLTXHV� XQLYHUVDO DOJRULWKPV� L�H�

FLUFXLW�EDVHG DOJRULWKPV GHVLJQHG IRU XQLYHUVDO FRPSXWHUV� ZKLFK H[KLELW SRO\QRPLDO TXDQWXP DGYDQWDJHV

WR WKHLU FODVVLFDO FRXQWHUSDUWV� TXDQWXP DQQHDOHUV� L�H� WHFKQLTXHV EDVHG LQ WKH DQQHDOLQJ DQG DGLDEDWLF

FRPSXWLQJ PRGHOV� 9DULDWLRQDO PHWKRGV� ZKLFK DUH WDUJHWHG WR VKRUW�WLPH GHYLFHV� DQG PRVWO\ DUH FODVVLFDO

RSWLPL]DWLRQ DOJRULWKPV WDNLQJ DGYDQWDJH RI WKH H[SRQHQWLDO JDLQ LQ +DPLOWRQLDQ VDPSOLQJ� 7KURXJKRXW WKH

IROORZLQJ VHFWLRQV WKHVH QRWLRQV DUH GLVFXVVHG ZLWK PRUH GHWDLO�

����� 8QLYHUVDO TXDQWXP DOJRULWKPV

7KHUH DUH HIILFLHQW TXDQWXP DOJRULWKPV WR VROYH OHDVW�VTXDUHV� OLQHDU DQG VHPL�GHILQLWH SURJUDPV� XS WR

FRQYH[ SURJUDPV� ZLWK DW OHDVW SRO\QRPLDO DGYDQWDJH� 7KH DOJRULWKP IRU WKH OHDVW�VTXDUHV SUREOHP LV EDVHG
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Figure 16: Types of approaches to optimization problems

RQ WKH ++/ DOJRULWKP >���@� ZKHUH DQ H[SRQHQWLDO DGYDQWDJH WR FODVVLFDO DSSURDFKHV FDQ EH REWDLQHG�

GHVSLWH WKH H[LVWHQFH RI SRO\QRPLDO FODVVLFDO DOJRULWKPV WR WKLV NLQG RI SUREOHPV�

$QRWKHU YHU\ UHOHYDQW OLQH RI ZRUN LV WKH RQH VWDUWHG E\ %UDQGDR DQG 6YRUH >��@ SURYLGLQJ DQ DOJRULWKP IRU

6HPL�GHILQLWH SURJUDPV� \LHOGLQJ D SRO\QRPLDO DGYDQWDJH WR OLQHDU SURJUDPV� EDVHG RQ VHYHUDO JHRPHWULFDO

SDUDPHWHUV� 7KLV OLQH RI ZRUN ZDV DOVR SXUVXHG LQ >���� ���� ���@�

7KHUH DUH DOVR VRPH UHVXOWV ZLWKLQ WKLV ILHOG� FRQFHUQLQJ PRUH JHQHUDO FRQYH[ RSWLPL]DWLRQ SUREOHPV�

ZKLFK FRQWUDU\ WR OHDVW�VTXDUHV DQG 6'3 SUREOHPV� KDYH QR QDWXUDO TXDQWXP VWUXFWXUH DVVRFLDWHG� +RZHYHU�

DQ DOJRULWKP ZLWK D TXDGUDWLF LPSURYHPHQW WR WKH FODVVLFDO VWDWH RI WKH DUW DOJRULWKP LV DYDLODEOH >���� ��@�

,Q DQ HYHQ PRUH JHQHUDO VHWWLQJ� VKDOO EH FRQVLGHUHG WKH ZRUN RQ TXDQWXP JUDGLHQW GHVFHQW DOJR�

ULWKPV >���� ���@� ZKLFK FDQ EH DSSOLHG WR DQ\ RSWLPL]DWLRQ SUREOHP� LQFOXGLQJ QRQ�FRQYH[ DQG QRQ�OLQHDU

RSWLPL]DWLRQ >��@� LQ VRPH FDVHV ZLWK SRO\QRPLDO TXDQWXP DGYDQWDJH�

,Q D UHFHQW OLQH RI ZRUN� LW KDV DOVR VWDUWHG WR EH H[SORUHG WKH DSSOLFDWLRQ RI WKH *URYHU $GDSWLYH DOJRULWKP

LQ RSWLPL]DWLRQ SUREOHPV >���� ��@�

����� 4XDQWXP DGLDEDWLF FRPSXWLQJ DQG TXDQWXP DQQHDOLQJ

7KH TXDQWXP FRPSXWDWLRQDO WHFKQLTXH RI TXDQWXP DQQHDOLQJ ZDV ILUVWO\ LQWURGXFHG LQ ���� E\ $SROORQL HW

DO� >��@� EHLQJ RQH RI WKH ILUVW TXDQWXP FRPSXWDWLRQDO WHFKQLTXHV FRQFHLYHG� ,Q WKLV ZRUN LW ZDV HVWDEOLVKHG

D FRUUHVSRQGHQFH EHWZHHQ WKH 6FKU|GLQJHU RSHUDWRU� 𝑑2𝑑𝑥2 + 𝑉(𝑥) RQ D VHPL�FODVVLFDO UHJLPH� DQG D

IXQFWLRQ WR EH PLQLPL]HG� FRUUHVSRQGLQJ WR D FRPELQDWRULDO RSWLPL]DWLRQ SUREOHP� E\ PRGHOLQJ WKH ODWWHU

RQ WKH S�RWHQWLDO 𝑉(𝑥) RI WKH IRUPHU� ,Q WKLV VHWWLQJ� WKH ORFDO PLQLPD FRUUHVSRQG WR WKH SRLQWV RI ORZHU
SRWHQWLDO� DQG� SK\VLFDOO\� WKH ZDYH IXQFWLRQ ZLOO \LHOG JUHDWHU SUREDELOLWLHV DW VXFK SRLQWV� +RZHYHU GXH WR

WKH� H[FOXVLYHO\ TXDQWXP� WXQQHOLQJ HIIHFWV� LW DOVR EHFRPHV SRVVLEOH WKDW SDUWLFOHV EUHDN SRWHQWLDO EDUULHUV

DQG MXPS WR WKH UHJLRQ RI RWKHU ORFDO PLQLPD� HYHQWXDOO\ ILQGLQJ JOREDO PLQLPD� ,Q VXFK ZRUN� WKLV LV FOHDUO\

VKRZQ E\ WKH DQDO\VLV RI WKH VHPL�FODVVLFDO G\QDPLFV RI WKH JURXQG�VWDWH RI WKH V\VWHP� LQ RQH KDQG LW LV

YHULILHG WKDW WKH HTXLOLEULXP SRLQWV �SRLQWV WR ZKLFK WKH G\QDPLFV WHQGV WR� RI WKH G\QDPLFV FRUUHVSRQG

WR ORFDO PLQLPD �]HURV RI WKH GHULYDWH IXQFWLRQ�� DQG WKDW TXDQWXP WXQQHOLQJ DOORZV WKH MXPS EHWZHHQ
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HTXLOLEULXP SRLQWV� ,W FDQ DOVR EH VKRZQ WKDW LI HQRXJK WLPH SDVVHV WKH G\QDPLFV WHQGV WR JR WR WKH JOREDO

PLQLPD� +HQFH� TXDQWXP DQQHDOLQJ FDQ EH XQGHUVWRRG DV WKH TXDQWXP FRXQWHUSDUW RI WKH FODVVLFDO PHWKRG

RI VLPXODWLQJ DQQHDOLQJ� ZKHUH WKHUPRG\QDPLFDO RVFLOODWLRQV JXDUDQWHH WKH HVFDSH IURP ORFDO PLQLPD� DQG

LI HQRXJK WLPH SDVVHV WKH V\VWHP ZLOO FRQYHUJH WR WKH JOREDO PLQLPXP�

+RZHYHU� LW LV EHOLHYHG WKDW WKLV PHWKRG SURGXFHV D TXDQWXP DGYDQWDJH� E\ FRQYHUJLQJ PRUH TXLFNO\

WKDQ VLPXODWH DQQHDOLQJ WR JOREDO PLQLPXP� EXW PRVW LPSRUWDQWO\� E\ GRLQJ VR LQ VHPL�FODVVLFDO UHJLPHV�

L�H� EHLQJ PRUH WROHUDQW WR HQYLURQPHQWDO QRLVH� 7KH LGHD KDV DOUHDG\ \LHOGHG VHYHUDO VKRUW�WHUP GHYLFHV DV

GRFXPHQWHG LQ >���� ���� ���@�

0RUHRYHU� DGLDEDWLF TXDQWXP FRPSXWLQJ� ZDV ILUVWO\ SURSRVHG E\ >���@� DQG FDQ EH XQGHUVWRRG DV D

SDUWLFXODU FDVH RI TXDQWXP DQQHDOLQJ� DSSOLFDEOH ZKHQ WKH HQYLURQPHQWDO FRQGLWLRQV �L�H� WHPSHUDWXUH DQG

GLVVLSDWLYH FRQGLWLRQV�� DUH FRPSDWLEOH ZLWK WKH DGLDEDWLF WKHRUHP� L�H� DOORZ IRU DQ DGLDEDWLF WUDQVLWLRQ

ZKHUH QR H[FKDQJH RI LQIRUPDWLRQ ZLWK WKH HQYLURQPHQW KDSSHQV >���@�

7KH PDLQ LGHD RI WKH WHFKQLTXH LV WR SUHSDUH WKH V\VWHP LQ WKH JURXQG VWDWH RI DQ HDV\ WR SUHSDUH

+DPLOWRQLDQ �𝐻𝐼�� DQG WKHQ� VORZO\ LQWURGXFH WKH DFWLRQ RI D VHFRQG +DPLOWRQLDQ �SUREOHP +DPLOWRQLDQ�� LQ

D SHUWXUEDWLYH ZD\� LQ WKH V\VWHP� VR WKDW LQ WKH HQG WKH V\VWHP LV HQFRXQWHUHG LQ WKH JURXQG VWDWH RI WKH

VXP RI +DPLOWRQLDQV� 7KH WRWDO +DPLOWRQLDQ RI WKH V\VWHP VKDOO UHDG DV�

𝐻 = 𝐻𝐼(𝑡𝑇) + 𝐻𝑃(1 − 𝑡/𝑇) (106)

,I WKH WUDQVLWLRQ RFFXUV VORZO\ HQRXJK �ODUJH 𝑇�� WKH JOREDO V\VWHP ZLOO VWD\ LQ WKH JURXQG�VWDWH� ZKLFK ZLOO EH

HTXDO� LQ WKH HQG RI WKH WUDQVLWLRQ� WR WKH JURXQG VWDWH RI +DPLOWRQLDQ 𝐻𝑃� +HQFH� DOO WKDW LV QHFHVVDU\ LV
WKDW WKH VROXWLRQ RI WKH SUREOHP 3� FRLQFLGHV ZLWK WKH JOREDO JURXQG VWDWH RI +DPLOWRQLDQ 𝐻𝑃� 7KHUH DUH
PDQ\ PHWKRGV RI GRLQJ WKLV PDSSLQJ� DQG DGLDEDWLF FRPSXWLQJ� GHVSLWH EHLQJ D XQLYHUVDO FRPSXWDWLRQDO

PHWKRG >��@� LV SDUWLFXODUO\ VXLWHG IRU VROYLQJ RSWLPL]DWLRQ SUREOHPV >���@�

7KHVH WHFKQLTXHV ILQG PDQ\ ILHOGV RI DSSOLFDWLRQ� VXFK DV LQ WUDGLWLRQDO FRPSXWHU VFLHQFH� H�J� VHDUFK

HQJLQHV >���@� RU HYHQ ERDUG JDPHV >���@� RU LQ D ODUJH VSHFWUXP RI LQGXVWULDO DSSOLFDWLRQV� 7KH ODWWHU

LQFOXGHV SKDUPDFHXWLFV >���@�� RU D PXOWLWXGH RI SUREOHPV LQ ILQDQFH� H�J� SRUWIROLR RSWLPL]DWLRQ >���@� ULVN

DQDO\VLV >���@� RU WKH SUHGLFWLRQ RI ILQDQFLDO FULVLV >���@� $ JRRG UHYLHZ RQ WKH DSSOLFDWLRQV RI TXDQWXP

FRPSXWHUV LQ ILQDQFH LV DYDLODEOH LQ UHIHUHQFH >���@� )LQDOO\� WKH VSHFWUD RI DSSOLFDWLRQV HQFRPSDVV WUDGLWLRQDO

DUHDV RI RSWLPL]DWLRQ� VXFK DV SODQQLQJ DQG VFKHGXOLQJ SUREOHPV >���� ���@� LQVWDQWLDWHG LQ ILHOGV VXFK DV

KHDOWK >���@ RU ORJLVWLFV >���@� 7KH TXDQWXP DGYDQWDJH RI TXDQWXP DQQHDOHUV LV \HW XQGHU GLVFXVVLRQ� DV

ZKLOH LW PD\ QRW EH SRVVLEOH WR REWDLQ DQ H[SRQHQWLDO DGYDQWDJH LQ H[DFW VROXWLRQV RI RSWLPL]DWLRQ SUREOHPV�

LW PD\ EH SRVVLEOH WR REWDLQ DGYDQWDJHV LQ DSSUR[LPDWH YHUVLRQV >���@�
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����� 9DULDWLRQDO PHWKRGV

4XDQWXP YDULDWLRQDO PHWKRGV DUH K\EULG TXDQWXP�FODVVLFDO DSSUR[LPDWLRQ DOJRULWKPV� WDUJHWHG DW RSWLPL]DWLRQ

SUREOHPV >���@� ZKLFK FDQ EH DSSOLHG LQ WUDGLWLRQDO RSWLPL]DWLRQ ILHOGV� VXFK DV FRPELQDWRULDO RSWLPL]DWLRQ�

DV ZHOO DV LQ TXDQWXP SK\VLFDO SUREOHPV� VXFK DV ILQGLQJ WKH JURXQG�VWDWH RI TXDQWXP SK\VLFDO V\VWHPV

>���� ���@� 7KH IRUPHU RQHV DUH� KRZHYHU� SDUWLFXODU FDVHV RI WKH ODWWHU� L�H� WKH YDULDWLRQDO PHWKRGV FDQ EH

DSSOLHG WR FODVVLFDO RSWLPL]DWLRQ SUREOHPV� E\ ILQGLQJ D 48%2 IRUPXODWLRQ IRU WKHP� ZKLFK FDQ EH WULYLDOO\

PDSSHG RQWR DQ ,VLQJ +DPLOWRQLDQ �WKHUH DUH PDQ\ VRIWZDUH WRROV WR DLG LQ WKLV WUDQVODWLRQ DYDLODEOH� IRU

LQVWDQFH� LQ WKH TLVNLW SODWIRUP >���@�� RYHU ZKLFK WKH YDULDWLRQDO PHWKRG LV XVHG� WR REWDLQ LWV JURXQG�VWDWH�

5HFHQWO\� WKHVH PHWKRGV KDYH VWDUWHG WR EH XVHG� DOVR� LQ PL[HG�LQWHJHU RSWLPL]DWLRQ SUREOHPV� E\ WKH XVH

RI GHFRPSRVLWLRQ WHFKQLTXHV >���@�

0RUHRYHU� YDULDWLRQDO PHWKRGV KDYH DOVR EHHQ XVHG WR REWDLQ VKRUW�WHUP YHUVLRQV RI WKH PRVW SRSXODU

TXDQWXP DOJRULWKPV� VXFK DV WKH *URYHU >���@� RU )DFWRULQJ >��@� DOWKRXJK WKH TXDQWXP DGYDQWDJH LV OHVV

FOHDU LQ WKHVH VHWWLQJV� 7KLV FODVV RI PHWKRGV EHFDPH D FRUQHUVWRQH RI QRZDGD\V TXDQWXP FRPSXWDWLRQ� GXH

WR UHODWLRQVKLS EHWZHHQ WKH DPRXQW RI TXDQWXP UHVRXUFHV UHTXLUHG DQG WKH TXDQWXP DGYDQWDJH REWDLQHG

�PRUH RQ WKLV LQ VHFWLRQ ������� L�H� ORZ UHVRXUFHV DUH UHTXLUHG WR REWDLQ TXDQWXP DGYDQWDJH� WXUQLQJ GHYLFHV

EDVHG RQ WKLV WHFKQLTXH� JRRG FDQGLGDWHV WR TXDQWXP VXSUHPDF\ DQG SURRI�RI�FRQFHSW IRU LQGXVWULDO DQG

TXDQWXP SK\VLFV RSWLPL]DWLRQ SUREOHPV�

����� 7KH 9DULDWLRQDO 4XDQWXP (LJHQVROYHU

7KH 9DULDWLRQDO 4XDQWXP (LJHQVROYHU �94(� PHWKRG� LV D YDULDWLRQDO PHWKRG� XVHG WR HVWLPDWH WKH ORZHVW

HLJHQYDOXH �WKH JURXQG VWDWH HQHUJ\� RI D +DPLOWRQLDQ� LQWURGXFHG E\ >���@� ZKLFK KDV EHHQ JDLQLQJ UHOHYDQFH

LQ UHFHQW OLWHUDWXUH RQ TXDQWXP FRPSXWDWLRQ� WKURXJK LWV DSSOLFDWLRQ WR +DPLOWRQLDQ JURXQG�VWDWHV VHDUFK�

DQG JHQHUDO RSWLPL]DWLRQ WDVNV ² VHH� H�J�� >���@�

7KH PHWKRG LV D TXDQWXP YHUVLRQ RI WKH YDULDWLRQDO PHWKRG IRU WKH FDOFXODWLRQ RI WKH JURXQG VWDWH HQHUJ\�

H[WHQVLYHO\ XVHG LQ 3K\VLFV �DOVR NQRZQ DV WKH 5D\OHLJK�5LW] PHWKRG� DQG KDV DOVR EHHQ ZLGHO\ XVHG IRU D

ORQJ WLPH LQ 4XDQWXP &KHPLVWU\ ² VHH� H�J�� >���@�

𝐸[Ψ( ⃗𝜃)] = ⟨Ψ( ⃗𝜃)|𝐻|Ψ( ⃗𝜃)⟩⟨Ψ( ⃗𝜃)|Ψ( ⃗𝜃)⟩ . (107)

7KH RSWLPL]DWLRQ FRQVLVWV RI WKH GHWHUPLQDWLRQ RI WKH VHW RI SDUDPHWHUV ⃗𝜃 WKDW PLQLPL]H WKH IXQFWLRQ𝐸[Ψ( ⃗𝜃)] IXQFWLRQ� GHILQHG E\ HTXDWLRQ (107)� FRQVLVWLQJ RI WKH H[SHFWDWLRQ YDOXH RI WKH DFWLRQ RI WKH

+DPLOWRQLDQ RSHUDWRU� 7KH 94( PHWKRG LV DQ LWHUDWLYH PHWKRG� ZKHUHLQ HDFK LWHUDWLRQ D TXDQWXP VWDWH�
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Figure 17: Application of the variational method to fermionic problems, adapted from [267].

FRUUHVSRQGLQJ WR D SDUDPHWHUL]HG WULDO IXQFWLRQ Ψ( ⃗𝜃) �VHH VHFWLRQ ����� IRU DQ H[DPSOH�� LV SUHSDUHG DQG

WKH H[SHFWHG HLJHQYDOXH ZLWK UHVSHFW WR WKH V\VWHP·V +DPLOWRQLDQ LV FDOFXODWHG�

7KHQ D FODVVLFDOO\ LPSOHPHQWHG DOJRULWKP XSGDWHV WKH SDUDPHWHUV ⃗𝜃 ∈ ℝ𝑛 RI WKH TXDQWXP VWDWH XVLQJ D

FODVVLFDO RSWLPL]DWLRQ URXWLQH� 7KH SUHYLRXV VWHS LV UHSHDWHG XQWLO VRPH FRQYHUJHQFH FULWHULD �H�J�� LQ HQHUJ\

DQG�RU LWHUDWLRQ QXPEHU� DUH VDWLVILHG� $Q\ RSWLPL]DWLRQ PHWKRG DEOH WR SHUIRUP WKLV WDVN FDQ� LQ SULQFLSOH�

EH XVHG� 2Q IBM Q >���@� D IHZ PHWKRGV DUH DYDLODEOH IRU WKLV SXUSRVH� )RU LQVWDQFH� WKH 6LPXOWDQHRXV

3HUWXUEDWLRQ 6WRFKDVWLF $SSUR[LPDWLRQ $OJRULWKP >636$� VHH ��@� ZKLFK LV FKDUDFWHUL]HG E\ D YHU\ JRRG

SHUIRUPDQFH XQGHU QRLVH� RU WKH Cobyla PHWKRG >���@�

7KH VFKHPH RI WKH PHWKRG LV GHSLFWHG LQ )LJ� ��� DGDSWHG IURP WKH ODWWHU ZRUN� (YHQ LI WKH RSWLPL]DWLRQ

SDUW LV PRVWO\ FODVVLFDO D TXDQWXP DGYDQWDJH LV� VWLOO� REWDLQHG� DV IXUWKHU GLVFXVVHG LQ VHFWLRQ� ������ $

JRRG DGGLWLRQDO GLVFXVVLRQ RI WKLV PHWKRG FDQ EH IRXQG LQ >���@�

����� 7KH TXDQWXP DGYDQWDJH RI WKH 94( PHWKRG

(DFK LWHUDWLRQ LQ WKH 94( PHWKRG� UHTXLUHV WKH HYDOXDWLRQ RI WKH DFWLRQ RI WKH +DPLOWRQLDQ RYHU WKH DQVDW]�

L�H� WKH HVWLPDWLRQ RI WKH HLJHQYDOXH IRU WKH FXUUHQW DQVDW]� ZKLFK FRUUHVSRQGV WR WKH FRVW IXQFWLRQ� $V LW LV

ZHOO�NQRZQ� WKLV FDQ EH GRQH� ZLWK DQ H[SRQHQWLDO DGYDQWDJH� E\ WKH XVH RI WKH TXDQWXP SKDVH HVWLPDWLRQ

�43(� DOJRULWKP >��@� ZKLFK KDV DOVR VHYHUDO RWKHU DSSOLFDWLRQV� VXFK DV LQ WKH UHVROXWLRQ RI OLQHDU HTXDWLRQV

>���@�
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7KH 43( PHWKRG UHTXLUHV DQ DSSUR[LPDWLRQ RI WKH HYROXWLRQ RSHUDWRU� �̂� = H[S{(−𝑖𝐻𝑡}) �𝑡 LV WLPH��
DQG LWV DSSOLFDWLRQ WR WKH LQLWLDO VWDWH DQ DSSURSULDWH QXPEHU RI WLPHV� )RU DQ HLJHQVWDWH� WKH DSSOLFDWLRQ RI �̂�
UHVXOWV LQ DGGLQJ D SKDVH (−𝐸𝑡)� VR WKDW WKH HQHUJ\ HLJHQYDOXH 𝐸 FDQ EH HVWLPDWHG� 8QIRUWXQDWHO\� GHVSLWH

LWV WKHRUHWLFDO DWWUDFWLYLW\ DQG D EURDG VFRSH RI SRVVLEOH DSSOLFDWLRQV� LW SRVHV VHULRXV WHFKQLFDO GLIILFXOWLHV�

ZKLFK PDNHV LWV SUDFWLFDO UHDOL]DWLRQ XQOLNHO\ DW WKH SUHVHQW OHYHO RI PDWXULW\ RI TXDQWXP FRPSXWHUV� LW

UHTXLUHV D YHU\ ODUJH QXPEHU RI HQWDQJOHG TXELWV DQG TXDQWXP JDWHV WR EH HIIHFWLYH�

$OWHUQDWLYHO\� RQH FDQ DGRSW D VWUDWHJ\ RI DSSO\LQJ WKH +DPLOWRQLDQ RYHU D VWDWH VHYHUDO WLPHV� PHDVXULQJ

WKH UHVXOW �L�H�� SHUIRUPLQJ WKH TXDQWXP VDPSOLQJ�� WR REWDLQ DQ HVWLPDWLRQ RI WKH H[SHFWHG HLJHQYDOXH�

IRU ZKLFK HIIHFWLYH DOJRULWKPV DUH DYDLODEOH� SDUWLFXODUO\ WKH 4XDQWXP ([SHFWHG (LJHQYDOXH (VWLPDWLRQ

�4((� PHWKRG� 7KH PHWKRG UHTXLUHV WKDW WKH +DPLOWRQLDQ RSHUDWRU FDQ EH GHFRPSRVHG LQWR SRO\QRPLDO

�𝑀� LQGHSHQGHQW 𝑛�TXELW RSHUDWRUV DQG FRQVLVWV RI WKH ´PHDVXUHPHQWµ RI WKH H[SHFWDWLRQ YDOXHV RI VXFK
RSHUDWRUV IRU D WULDO VWDWH |Ψ⟩ �DOVR NQRZQ DV WKH DQVDW]��

⟨𝐻|𝐻⟩ = ⟨Ψ|𝐻|Ψ⟩= ∑𝑖; 𝑞 ℎ𝑖𝑞 ⟨𝜎(𝑞)𝑖 ∣𝜎(𝑞)𝑖 ⟩ +∑𝑖1,𝑖2;𝑞1,𝑞2
ℎ𝑖1,𝑖2𝑞1,𝑞2 ⟨𝜎(𝑞1)𝑖1 ⊗ 𝜎(𝑞2)𝑖2 ∣𝜎(𝑞1)𝑖1 ⊗ 𝜎(𝑞2)𝑖2 ⟩ +⋯ (108)

7KH HVWLPDWLRQ RI WKH H[SHFWDWLRQ YDOXHV� ⟨⋯⟩� UHTXLUHV UHSHDWHG PHDVXUHPHQWV RQ WKH SRO\QRPLDO QXPEHU
RI LQGHSHQGHQW WHUPV� $Q REMHFWLYH FRPSDULVRQ RI WKH 43( DQG 4(( PHWKRGV LV SUHVHQWHG E\ >���@ DQG

VXPPDUL]HG LQ 7DEOH ��

Table 8: Comparison of resources needed for two methods, QPE and QEE. 𝑀: the number of
independent terms of the Hamiltonian approximation, 𝑝: the precision chosen, 𝑂(...):
asymptotic lower bound of the associated resource function. See text for details.

Method
Number of
state preparations

Coherence
time

Number
of steps

QEE 𝑂(𝑀) 𝑂(1) 𝑂(|ℎ𝑚𝑎𝑥|2𝑀𝑝−2)
QPE 𝑂(1) 𝑂(𝑝−1) 𝑂(𝑝−1)
$ PDLQ DGYDQWDJH RI WKH 4((� ZKHQ FRPSDUHG ZLWK 43(� LV WKDW LW ODUJHO\ UHGXFHV WKH QHHG IRU JDWHV�

EXW� PRUH LPSRUWDQW� WKH DPRXQW RI WLPH WKH HQWDQJOHPHQW RYHU VHWV RI TXELWV KDV WR EH PDLQWDLQHG� L�H�

WKH FRKHUHQFH WLPH� LV 𝑂(1) �LQGHSHQGHQW RI SUHFLVLRQ� 𝑝�� ZKLFK LV ZLWKLQ WKH JUDVS RI H[LVWLQJ TXDQWXP
FRPSXWHUV� ZKLOH LW JURZV OLQHDUO\ ZLWK 𝑝� 𝑂(𝑝−1)� IRU 43(� +RZHYHU� 4(( LQWURGXFHV WKH QHHG WR SUHSDUH
PRUH FRSLHV RI WKH DQVDW] WR PDLQWDLQ WKH LQGHSHQGHQFH RI WKH WHUPV LQ (T� (108) ² 𝑂(𝑀) DJDLQVW 𝑂(1)
IRU 43( ² UHTXLULQJ SRO\QRPLDOO\ PRUH PHPRU\� L�H� TXELWV� )XUWKHUPRUH� IRU WKH GHVLUHG SUHFLVLRQ 𝑝� WKH
QXPEHU RI QHFHVVDU\ VDPSOLQJ VWHSV LV 𝑂(|ℎ𝑚𝑎𝑥|2𝑀𝑝−2)� ZKHUH ℎ𝑚𝑎𝑥 LV WKH WHUP ZLWK WKH PD[LPXP

QRUP LQ WKH GHFRPSRVLWLRQ RI WKH +DPLOWRQLDQ� ,Q VXPPDU\� WKH 4(( PHWKRG UHGXFHV WKH UHTXLUHG PLQLPXP
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FRKHUHQFH LQ WKH 43(� ZKLOH SUHVHUYLQJ WKH VLJQLILFDQW TXDQWXP DGYDQWDJH LQ FRPSDULVRQ WR FODVVLFDO

PHWKRGV� LQWURGXFLQJ KRZHYHU D SRO\QRPLDO SHQDOW\� ERWK LQ WLPH DQG PHPRU\� L�H� QXPEHU RI TXELWV�

��� &DVH VWXG\� &DOFXODW LRQ RI WKH JURXQG²VWDWH 6WDUN HIIHFW LQ VPDOO PROHFXOHV

7KH ZRUN RI //R\G HW DO� >���@ RQ WKH VLPXODWLRQ RI ORFDO +DPLOWRQLDQV� LQLWLDWHG WKH PRGHUQ HUD RI TXDQWXP

VLPXODWLRQ UHVHDUFK� E\ SURYLGLQJ D UHDOL]DEOH TXDQWXP SURFHVV WR WKH LGHD LQWURGXFHG E\ )H\QPDQ LQ ����

>���@� 7KH SDWK IURP WKDW SRLQW WR WKH RQH LQ ZKLFK LW ZLOO EH SRVVLEOH WR VLPXODWH TXDQWXP FKHPLVWU\

V\VWHPV� LQFOXGHV WKH LQGHSHQGHQW ZRUNV RI :LHVQHU HW DO� >���@� DQG =DOND HW DO� >���@� DQG WKH ZRUN RI

2UWL] HW DO� >���@� RQ WKH VLPXODWLRQ RI )HUPLRQLF +DPLOWRQLDQV� -RLQWO\� WKH\ SURYLGH WKH IRXQGDWLRQ IRU WKH

VLPXODWLRQ RI TXDQWXP FKHPLVWU\�

6LQFH WKHQ WKH QXPEHU RI TXDQWXP DOJRULWKPV LQ TXDQWXP FKHPLVWU\ KDV JURZQ H[SRQHQWLDOO\� PDNLQJ

LW RQH RI WKH GLVFLSOLQHV ZKHUH TXDQWXP FRPSXWDWLRQ FDQ KDYH PRUH LPSDFW� )URP WKH WHFKQLFDO SRLQW RI

YLHZ� D YHU\ UHOHYDQW LVVXH WR WKH VLPXODWLRQ RI TXDQWXP FKHPLVWU\ V\VWHPV� DV VHHQ LQ VHFWLRQ ���� LV WR

EH DEOH WR HIILFLHQWO\ DSSUR[LPDWH +DPLOWRQLDQV IRU TXDQWXP FKHPLVWU\ XVLQJ TXDQWXP JDWHV DQG FLUFXLWV�

7KH SURFHVVHV IRU GRLQJ WKLV KDYH JUHDWO\ LPSURYHG WKURXJKRXW WKH \HDUV ERWK LQ WHUPV RI WKH UHVRXUFHV

UHTXLUHG >���� ���� ���� ��@ DQG LQ WHUPV RI WKH +DPLOWRQLDQ UHSUHVHQWDWLRQ FKRVHQ >��� ��� ���@� ZLWK

DQ H[SRQHQWLDO DGYDQWDJH LQ PDQ\ FDVHV�

7KH SURFHVV RI TXDQWXP VLPXODWLRQ DLPV DW WKH FDOFXODWLRQ RI UHOHYDQW SURSHUWLHV� DV IRU LQVWDQFH ZKDW

ZDV DFKLHYHG LQ WKH VHPLQDO ZRUNV RI /LGDU >���@� RQ WKH FDOFXODWLRQ RI WKHUPDO UDWHV LQ FKHPLFDO UHDFWLRQV�

DQG $VSXUX�*X]LN HW DO� >��@ RQ WKH FDOFXODWLRQ RI JURXQG VWDWHV RI VLPSOH PROHFXOHV� 7KHVH WZR ZRUNV DUH

DOVR FKDUDFWHULVWLF H[DPSOHV RI WKH WZR W\SHV RI SURSHUWLHV RI LQWHUHVW LQ TXDQWXP FKHPLVWU\� WKH G\QDPLF

RQHV� ZKLFK FRQFHUQ DVSHFWV RI WKH HYROXWLRQ RI WKH V\VWHP� H�J� FKHPLFDO UHDFWLRQV� DQG WKH VWDWLF RQHV�

ZKLFK FRQFHUQ SURSHUWLHV DERXW WKH HLJHQYDOXHV� ([DPSOHV RI WKH IRUPHU FDQ EH IRXQG� IRU LQVWDQFH� LQ

ZRUNV RQ WKH SURFHVV RI QLWURJHQ IL[DWLRQ >���� ���@� DQG RI WKH ODWWHU LQ WKH FKDUDFWHUL]DWLRQ RI PROHFXODU

HQHUJ\ VSHFWUD >���@� XVHIXO� IRU LQVWDQFH� WR WKH RSWLPL]DWLRQ RI PROHFXODU JHRPHWULHV >���@� $ SDUWLFXODU

LPSRUWDQW VWDWLF SURSHUW\ LV WKH FDOFXODWLRQ RI WKH PLQLPXP HLJHQYDOXHV� ZKLFK FDQ EH FDOFXODWHG LQ PDQ\

ZD\V� LQFOXGLQJ PRGLILHG YHUVLRQV RI SKDVH HVWLPDWLRQ� WKH VR�FDOOHG LWHUDWLYH SKDVH HVWLPDWLRQ >���� ���@�

0RUH UHFHQWO\� WKH VR�FDOOHG VKRUW�WHUP GHYLFHV VWDUWHG WR DSSHDU� DQG TXLFNO\ JDLQHG UHOHYDQFH LQ WKH

ODQGVFDSH RI TXDQWXP VLPXODWLRQ RI FKHPLVWU\ UHVHDUFK� QDPHO\ WKH GHYHORSPHQW RI VSHFLILF PHWKRGV

WDUJHWHG WR WKLV NLQG RI GHYLFHV� H�J� EDVHG RQ WKH 94( PHWKRG� 2Q WKH ILHOG� WKHVH PHWKRGV DUH DOUHDG\

H[WHQVLYHO\ VWXGLHG� ERWK IURP WKH WKHRUHWLFDO DQG H[SHULPHQWDO SRLQWV RI YLHZ �VHH >��@ IRU DQ H[FHOOHQW

UHYLHZ RQ WKH VXEMHFW�� 7KH VWDWH RI WKH DUW RQ WKLV SDUWLFXODU VXEMHFW HQFRPSDVVHV WKH FDOFXODWLRQ RI WKH

JURXQG VWDWH RI VPDOO PROHFXOHV� QDPHO\� 𝐻2� 𝐿𝑖𝐻� 𝐵𝑒𝐻2 >���@� RU WKH FKDUJHG 𝐻𝑒𝐻+ >���� ���@� LQ

SK\VLFDO V\VWHPV SRVVHVVLQJ 2 WR 6 SK\VLFDO TXELWV� 6WLOO RQ WKLV ILHOG ZLWK VPDOO TXDQWXP GHYLFHV� RQH VKDOO
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DOVR KLJKOLJKW WKH YHU\ UHFHQW EUHDNWKURXJK RI >���@� RQ WKH VLPXODWLRQ RI WKH LVRPHUL]DWLRQ RI GLD]HQH� XVLQJ

FKDLQV RI 𝐻2 PROHFXOHV� RQ SK\VLFDO GHYLFHV ZLWK �� SK\VLFDO TXELWV�

7KH K\GURJHQ PROHFXOH LV WKH VLPSOHVW RQH H[LVWLQJ LQ QDWXUH� DQG WKH /L+ PROHFXOH LV MXVW D ELW PRUH

FRPSOH[ WKDQ +2� ODFNLQJ LWV PLUURU V\PPHWU\� ZKLFK PDNHV WKH FDOFXODWLRQ VOLJKWO\ PRUH FRPSOLFDWHG�

%RWK KDYH EHHQ WKH QDWXUDO WHVW FDVH IRU H[SHULPHQWDO DQG WKHRUHWLFDO UHVHDUFK� SDUWLFXODUO\ FRQFHUQHG

E\ WKH FDOFXODWLRQ RI WKHLU JURXQG VWDWH SURSHUWLHV DQG WKH GLVVRFLDWLRQ FXUYHV� ZKLFK KDYH UHFHQWO\ EHHQ

UHFDOFXODWHG XVLQJ DGYDQFHG FODVVLFDO >���@ DQG TXDQWXP >���@ DOJRULWKPV �WKH ODWWHU ZLWK H[WHQVLRQ WR

H[FLWHG VWDWHV��

7KH IROORZLQJ VHFWLRQV DUH IRFXVHG RQ WKH H[SORUDWLRQ RI WKH VLPXODWLRQV RI VXFK WZR PROHFXOHV K\GURJHQ

�+2� DQG OLWKLXP K\GULGH �/L+�� XQGHU WKH DFWLRQ RI VWURQJ VWDWLRQDU\ HOHFWULF ILHOGV �6WDUN HIIHFW� >���@� XVLQJ

WKH FRPPHUFLDOO\ DYDLODEOH TXDQWXP FRPSXWHU� WKH IBM Q� DFFHVVHG WKURXJK WKH 4XDQWD/DE 80LQKR

$FDGHPLF 4 +XE� DQG SURJUDPPHG XVLQJ WKH QISKit SODWIRUP >���@� 7R WKH EHVW RI RXU NQRZOHGJH� LW KDV

QRW EHHQ VWXGLHG GLUHFWO\ LQ D 1,64 PDFKLQH DQG FRQVWLWXWHV WKH PDLQ FRQWULEXWLRQ RI WKLV ZRUN�

:H DLP DOVR DW UHYLVLWLQJ WKH QHFHVVDU\ VWHSV� DV ZHOO DV WKH UHOHYDQW WKHRU\� IRU WKH FRQVWUXFWLRQ RI D

TXDQWXP VLPXODWLRQ IRU D VPDOO PROHFXOH XVLQJ WKH 94( PHWKRG� H[SORUHG LQ VHFWLRQ ������ DV LW SRVHV PDQ\

FRQFHSWXDO DQG SUDFWLFDO FKDOOHQJHV� IDU IURP WULYLDO >���@� 7KH 94( PHWKRG� LV LQ VRPH VRUW� DQ DOJRULWKPLF

IUDPHZRUN� UHTXLULQJ WKH IROORZLQJ LQSXW�

� $ TXELW +DPLOWRQLDQ� ZKLFK UHTXLUHV WKH FDOFXODWLRQ RI WKH PDWUL[ HOHPHQWV RI WKH IHUPLRQLF +DPLOWRQLDQ�

DQG DQ DSSURSULDWH PDSSLQJ RI WKH UHVXOWDQW PDWUL[ RQWR TXELW +DPLOWRQLDQV�

� 7KH FKRLFH RI DQ DSSURSULDWH DQVDW] DQG LWV LPSOHPHQWDWLRQ RQ TXDQWXP FLUFXLWV�

� 7KH FKRLFH RI D FODVVLFDO RSWLPL]DWLRQ PHWKRG DQG WKH DSSOLFDWLRQ RI WKH 94( URXWLQH�

+HQFH� RYHU WKH QH[W VHFWLRQV� ZH ZLOO GLVFXVV WKH UHOHYDQW WKHRU\ IRU WKHVH TXDQWXP VLPXODWLRQV� QDPHO\�

WKH 4XDQWXP +DPLOWRQLDQ IRUPDOLVP IRU PDQ\�ERG\ V\VWHPV� WKH +DUWUHH�)RFN DSSUR[LPDWLRQ DQG WKH VHFRQG

TXDQWL]DWLRQ UHSUHVHQWDWLRQ� $ JRRG LQWURGXFWLRQ WR WKH VXEMHFW LV RIIHUHG� IRU LQVWDQFH� E\ >���@ DQG >���@�

7KH QHFHVVDU\ LWHPV WR WKH DSSOLFDWLRQ RI WKH 94( PHWKRG DUH DOVR UHYLHZHG� EHDULQJ LQ PLQG WKDW WKH

94( PHWKRG LWVHOI ZDV DOUHDG\ H[SORUHG ZLWK GHWDLO LQ ������ 7KH DFWXDO FDOFXODWLRQ RI WKH VSHFLILF PDWUL[

HOHPHQWV LV H[WHQVLYH� EXW LW LV DYDLODEOH LQ WKH DVVRFLDWHG SXEOLFDWLRQ >���@ DQG LQ DSSHQGL[ $� :H ZLOO DOVR

H[SODLQ WKH PDSSLQJ RQWR D V\VWHP RI TXELWV DQG WKH GHVLJQ RI WKH TXDQWXP FLUFXLW FRUUHVSRQGLQJ WR WKH

LQLWLDO +DPLOWRQLDQ� DQG WKH H[HFXWLRQ RI WKH 94( PHWKRG WR WKLV FDVH VWXG\� VR DV WKH FRUUHVSRQGHQW UHVXOWV

REWDLQHG�
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����� 0DQ\�SDUWLFOH V\VWHPV

7KH 6FKU|GLQJHU·V HTXDWLRQ IRU D V\VWHP RI QRQ�LQWHUDFWLQJ SDUWLFOHV FDQ EH GHFRPSRVHG LQWR D VHW RI

XQFRXSOHG HTXDWLRQV IRU HDFK SDUWLFOH DQG WKH V\VWHP·V :) VXLWDEO\ IDFWRUL]HG� $ FRPELQDWLRQ RI WZR

QRQ�LQWHUDFWLQJ DQG QRQ�HQWDQJOHG V\VWHPV FDQ EH GHVFULEHG E\ DSSO\LQJ WKH WHQVRU SURGXFW WR WKH WZR

YHFWRU VSDFHV�� ZLWK UHVXOWDQW EDVLV JLYHQ DV IROORZV�

|Ψ(1)⟩ ⊗ |Ψ(2)⟩ = 𝑀1∑𝛼
𝑀2∑𝛽 𝜆𝛼𝜇𝛽|Ψ(1)𝛼 ⟩ ⊗ |Ψ(2)𝛽 ⟩

= 𝑀1∑𝛼
𝑀2∑𝛽 𝜆𝛼𝜇𝛽|Ψ(1)𝛼 Ψ(2)𝛽 ⟩ . (109)

,Q (T� (109)� Ψ(𝑠)𝛼 GHQRWHV DQ HLJHQIXQFWLRQ RI D VWDWH 𝛼 = 1,… ,𝑀𝑠 RI WKH V\VWHP Ψ(𝑠) �𝑠 = 1, 2�� 7KH
GLPHQVLRQ RI WKH SURGXFW YHFWRU LV GLP(Ψ(1)) ∗ GLP(Ψ(2)) = 𝑀1 ⋅ 𝑀2�
:KHQ WKH SDUWLFOHV FRQVWLWXWLQJ WKH V\VWHP DUH LGHQWLFDO� WKHLU VSLQ EHFRPHV KLJKO\ UHOHYDQW� 7KH VSLQ�

ZKLFK LV DQ LQWULQVLF DQJXODU PRPHQWXP RI WKH SDUWLFOH� GLVWLQJXLVKHV EHWZHHQ WZR GLIIHUHQW W\SHV RI SDUWLFOHV�

ERVRQV �H�J� SKRWRQV� DQG IHUPLRQV �H�J� HOHFWURQV DQG SURWRQV�� )RU IHUPLRQV� WKH Pauli exclusion
principle VWDWHV WKDW WKH V\VWHP·V :) PXVW EH DQWLV\PPHWULF ZLWK UHVSHFW WR WKH SHUPXWDWLRQ RI DQ\ WZR
SDUWLFOHV� 7KLV HQWDLOV DQ LPSRUWDQW UHVWULFWLRQ XSRQ WKH :)� QDPHO\ WKDW WKH SURGXFW YHFWRU (109)� LI DSSOLHG
WR D SDLU RI QRQ�LQWHUDFWLQJ HOHFWURQV� LV QRW FRPSDWLEOH ZLWK WKH 3DXOL SULQFLSOH�

,Q 4XDQWXP &KHPLVWU\� D VLQJOH�HOHFWURQ :) LV FDOOHG RUELWDO >���@� 2QH FDQ GLVWLQJXLVK VSDWLDO RUELWDOV𝜙(U)� ZKHUH 𝑟 FRUUHVSRQGV WR VSDWLDO FRRUGLQDWHV� DQG VSLQ RUELWDOV 𝜒([)� ZKHUH [ = (U; 𝑠) DQG 𝑠 ∈ {↑, ↓}
VWDQGV IRU WZR SRVVLEOH RULHQWDWLRQV RI HOHFWURQ·V VSLQ� )RU WZR HOHFWURQV� WKH 3DXOL SULQFLSOH PHDQV WKDW

𝜒([1, [2) = −𝜒([2, [1) (110)

RU� HTXLYDOHQWO\� 𝜙(U1, U2) = ∓𝜙(U2, U1) , (111)

ZKHUH WKH XSSHU �ORZHU� VLJQ FRUUHVSRQGV WR SDUDOOHO �DQWLSDUDOOHO� VSLQV RI WKH WZR HOHFWURQV� ,I WKH HOHFWURQ�

HOHFWURQ LQWHUDFWLRQ LV QHJOHFWHG� WKH FRUUHFW �L�H� FRPSDWLEOH ZLWK WKH 3DXOL SULQFLSOH� WZR�HOHFWURQ :) LV

ZULWWHQ LQ WKH IRUP RI WKH VR�FDOOHG 6ODWHU GHWHUPLQDQW�

|𝜒(1)𝛼 𝜒(2)𝛽 ⟩ = 1√2 ∣∣∣∣ 𝜒𝛼([1) 𝜒𝛽([1)𝜒𝛼([2) 𝜒𝛽([2) ∣∣∣∣ , (112)

1 For interacting or entangled systems, the total WF cannot be written as a product ofits parts. Entangled parts of a system,
even if they do not interact physically, may not be described by a wave function, only represented by a density matrix.
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ZKHUH 𝜒𝛼([) DQG 𝜒𝛽([) GHVLJQDWH GLIIHUHQW VSLQ RUELWDOV� $ 6ODWHU GHWHUPLQDQW FDQ EH VWUDLJKWIRUZDUGO\

JHQHUDOL]HG WRZDUGV WKH FDVH RI 𝑁 LGHQWLFDO QRQ�LQWHUDFWLQJ SDUWLFOHV� ,W YDQLVKHV ZKHQ DQ\ WZR HOHFWURQV

´RFFXS\µ WKH VDPH VSLQ RUELWDO� DV UHTXLUHG E\ WKH 3DXOL H[FOXVLRQ SULQFLSOH�

7KH 6ODWHU GHWHUPLQDQW LV D VLPSOH ZD\ RI FRQVWUXFWLQJ D PDQ\�HOHFWURQ :) IURP VSLQ RUELWDOV UHSUHVHQWLQJ

QRQ�LQWHUDFWLQJ HOHFWURQV� &RPSOHWH QHJOHFWLRQ RI WKH &RXORPE LQWHUDFWLRQ EHWZHHQ WKH HOHFWURQV ZRXOG EH

WRR FUXGH DQ DSSUR[LPDWLRQ� ZKLOH VROYLQJ GLUHFWO\ WKH PDQ\�HOHFWURQ 6FKU|GLQJHU HTXDWLRQ LV DQ LQWUDFWDEOH

SUREOHP� $ FRPSURPLVH LV DFKLHYHG E\ D VHOI�FRQVLVWHQW ILHOG PHWKRG DOVR FDOOHG Hartree-Fock �+)�

approximation� $Q HIIHFWLYH RQH�HOHFWURQ RSHUDWRU LV LQWURGXFHG� 𝑣𝐻𝐹([)� FDOOHG WKH Fock operator�
ZKLFK LQFOXGHV� DV D SDUW RI WKH VLQJOH HOHFWURQ SRWHQWLDO HQHUJ\� WKH HOHFWURQ·V LQWHUDFWLRQ ZLWK DOO RWKHU

HOHFWURQV ZKRVH SRVLWLRQV DUH DYHUDJHG XQGHU DQ DVVXPSWLRQ WKDW WKH :) UHSUHVHQWLQJ WKH V\VWHP RI 𝑁
HOHFWURQV LV D VLQJOH 6ODWHU GHWHUPLQDQW� $Q H[SOLFLW H[SUHVVLRQ IRU 𝑣𝐻𝐹([) ZLOO EH SUHVHQWHG EHORZ�
����� 0ROHFXODU +DPLOWRQLDQ DQG +DUWUHH�)RFN DSSUR[LPDWLRQ

7KH JHQHUDO IRUP RI D PROHFXODU +DPLOWRQLDQ LV �LQ DWRPLF XQLWV��

𝐻PRO = − 𝑁∑𝑖=1
12∇2𝑖 − 𝑀∑𝐴=1

12𝑀𝐴∇2𝐴 − 𝑁∑𝑖=1
𝑀∑𝐴=1

𝑍𝐴𝑟𝑖𝐴
+ 𝑁∑𝑖=1

𝑁∑𝑗>𝑖
1𝑟𝑖𝑗 + 𝑀∑𝐴=1

𝑀∑𝐵>𝐴
𝑍𝐴𝑍𝐵𝑟𝐵𝐴 . (113)

7KH ILUVW DQG VHFRQG WHUPV RI (113) FRUUHVSRQG WR WKH NLQHWLF HQHUJ\ RI WKH HOHFWURQV �QXPEHUHG E\ 𝑖 DQG𝑗 = 1,… ,𝑁� DQG QXFOHL �QXPEHUHG E\𝐴 = 1,… ,𝑀�� UHVSHFWLYHO\� 7KH WKLUG RQH UHSUHVHQWV WKH &RXORPE

DWWUDFWLRQ RI HDFK HOHFWURQ WR HDFK QXFOHXV ZLWK 𝑟𝑖𝐴 EHLQJ WKH HOHFWURQ�QXFOHXV GLVWDQFH DQG 𝑍𝐴 WKH QXFOHXV

FKDUJH� )LQDOO\� WKH IRXUWK DQG ILIWK WHUPV FRUUHVSRQG WR WKH UHSXOVLRQ DPRQJ WKH HOHFWURQV DQG WKH QXFOHL�

UHVSHFWLYHO\� ,W LV FRPPRQ DQG ZHOO MXVWLILHG WR XVH WKH Born-Oppenheimer approximation� ZKLFK
QHJOHFWV WKH PRWLRQ RI WKH QXFOHL EHFDXVH WKH\ DUH PXFK KHDYLHU WKDQ HOHFWURQV� ZKHUHE\ WKH SRWHQWLDO

HQHUJ\ RI WKH QXFOHXV�QXFOHXV LQWHUDFWLRQV EHFRPHV D FRQVWDQW �IRU IL[HG SODFHPHQW RI WKH QXFOHL� KHQFH D

SDUDPHWHU IRU WKH HOHFWURQ SUREOHP� :LWK WKLV� WKH HOHFWURQ +DPLOWRQLDQ (113) UHGXFHV WR�

𝐻𝑒𝑙 = − 𝑁∑𝑖=1
12∇2𝑖 − 𝑁∑𝑖=1

𝑍𝐴𝑟𝑖𝐴 + 𝑁∑𝑖=1
𝑁∑𝑗>𝑖

1𝑟𝑖𝑗 . (114)

)RU WKH +2 PROHFXOH� WKH +DPLOWRQLDQ (114) GHSHQGV RQ D VLQJOH SDUDPHWHU� WKH GLVWDQFH EHWZHHQ WKH
SURWRQV 𝑑� ,I WKH ORZHVW HLJHQYDOXH RI (114)� 𝐸0(𝑑) < 0� LV ODUJHU LQ DEVROXWH YDOXH WKDQ WKH SURWRQ�SURWRQ
UHSXOVLRQ HQHUJ\� 𝐸𝑟𝑒𝑝(𝑑) = 𝑑−1� WKH PROHFXOH LV ERXQG� DV LOOXVWUDWHG LQ )LJ� ���
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Figure 18: Left: the hydrogen atom consists of a single electron and a proton and has the energy−0.5 a.u. in the ground state. Right: in the hydrogen molecule H2, made of two
nuclei and two electrons, the total energy can be lower than −1 a.u., which makes the
molecule stable.

7KH +DPLOWRQLDQ (114) KDV WR EH UHGXFHG WR D VLQJOH�HOHFWURQ RQH LQ RUGHU WR SURFHHG ZLWK WKH GHWHUPL�
QDWLRQ RI LWV HLJHQYDOXHV� ZKLFK LV DFKLHYHG E\ PHDQV RI WKH +) DSSUR[LPDWLRQ� ZKHUH RQH WDNHV DQ DYHUDJH

RYHU WKH SRVLWLRQV DQG VSLQV RI DOO EXW RQH �WR EH ODEHOOHG E\ 𝑖 = 1� HOHFWURQ� 7KLV LV GRQH E\ PXOWLSO\LQJ
HTXDWLRQ (114) E\ |𝜒(1)𝛼 𝜒(2)𝛽 …𝜒(𝑁)𝛾 ⟩ DQG WKH FRUUHVSRQGLQJ ´EUDµ� ERWK LQ WKH IRUP RI 6ODWHU GHWHUPLQDQWV

RI GLPHQVLRQ 𝑁 �WKH QXPEHU RI HOHFWURQV LQ WKH V\VWHP�� DQG LQWHJUDWLQJ RYHU [2, [3, … , [𝑁� ZKLFK OHDGV

WR ⎛⎜⎝−12∇21 − 𝑀∑𝐴=1
𝑍𝐴𝑟1𝐴 + 𝑣𝐻𝐹1 ⎞⎟⎠𝜒𝛼([1) = 𝜖𝛼𝜒𝛼([1) , (115)

ZKHUH 𝑣𝐻𝐹1 LV WKH DYHUDJH SRWHQWLDO H[SHULHQFHG E\ WKH ´FKRVHQµ HOHFWURQ� DQG 𝜖𝛼 LV WKH VLQJOH�HOHFWURQ

HQHUJ\� 7KH +) SRWHQWLDO FDQ EH ZULWWHQ LQ WKH IRUP�

𝑣𝐻𝐹1 = ∑𝛽 ∫|𝜒𝛽([2)|2 1|𝑟12| 𝑑[2

− ∑𝛽 ∫𝜒∗𝛼([1)𝜒∗𝛽([2) 1|𝑟12|𝜒𝛽([1)𝜒𝛼([2) 𝑑[2
|𝜒𝛼([1)|2 . (116)

7KH WZR WHUPV LQ (T� (116) DUH FDOOHG &RXORPE DQG H[FKDQJH HQHUJLHV� UHVSHFWLYHO\� 7KH ODWWHU SRVHV WKH
PDLQ GLIILFXOW\ LQ VROYLQJ (T� (115)� KRZHYHU� LWV QHJOHFWLRQ �NQRZQ DV WKH +DUWUHH DSSUR[LPDWLRQ� UHVXOWV
LQ DQ XQVXVWDLQDEOH HUURU� 'XH WR WKH QRQOLQHDULW\ RI WKH +) DSSUR[LPDWLRQ� WKH HTXDWLRQV DUH VROYHG LQ

SUDFWLFH E\ VHOI�FRQVLVWHQW �LWHUDWLYH� PHWKRGV� XVLQJ D ILQLWH VHW RI VSDWLDO EDVLV IXQFWLRQV� 𝜙𝜇(U) �𝜇 = 1, 2,… � 𝐾� ² VHH� H�J�� >���@� 7KH VROXWLRQ \LHOGV D VHW +) VSLQ RUELWDOV {𝜒𝛼} ZLWK FRUUHVSRQGLQJ HQHUJLHV {𝜖𝛼}�𝛼 = 1, 2,… , 2𝐾� 7KH QXPEHU RI HOHFWURQV LQ WKH V\VWHP PXVW EH 2𝐾 ≥ 𝑁� 7KH SRVVLELOLWLHV WR SODFH 𝑁
HOHFWURQV RYHU 2𝐾 VSLQ RUELWDOV JLYHV ULVH WR (2𝐾)!/(𝑁!(2𝐾 − 𝑁)!) 6ODWHU GHWHUPLQDQWV� RQH RI ZKLFK

77



4.3. Case study: Calculation of the ground–state Stark effect in small molecules 78

UHSUHVHQWV WKH JURXQG VWDWH RI WKH V\VWHP DQG WKH RWKHUV FRUUHVSRQG WR H[FLWHG VWDWHV� 7KH +) DSSUR[LPDWLRQ

WDNHV LQWR DFFRXQW WKH 4XDQWXP 0HFKDQLFDO FRUUHODWLRQ FDXVHG E\ WKH 3DXOL SULQFLSOH� KRZHYHU� RQO\ RI

HOHFWURQV ZLWK SDUDOOHO VSLQV� 7KH GLIIHUHQFH EHWZHHQ WKH DSSUR[LPDWH +) HQHUJ\ DQG WKH H[DFW HQHUJ\ RI

WKH V\VWHP LV NQRZQ DV WKH FRUUHODWLRQ FRUUHFWLRQ �RU HQHUJ\��

,W LV FRPPRQ WR XVH� DV LQLWLDO DSSUR[LPDWLRQ EDVLV VHWV WR UHSUHVHQW PROHFXODU RUELWDOV �02� LQ WKH +)

HTXDWLRQV� WKH OLQHDU FRPELQDWLRQV RI DWRPLF RUELWDOV �/&$2�� 6LQFH WKH H[DFW DWRPLF RUELWDOV IRU D JLYHQ

PDQ\�HOHFWURQ DWRP DUH GLIILFXOW WR FRQVWUXFW� WKH VR�FDOOHG 6ODWHU�W\SH RUELWDOV �672� DUH VRPHWLPHV XVHG�

ZKLFK DUH LQVSLUHG E\ WKH �H[DFWO\ NQRZQ� UDGLDO DV\PSWRWLFV RI VSDWLDO RUELWDOV RI WKH K\GURJHQ DWRP��

𝜙(U)∼𝑟𝑛−1𝑒−𝜁𝑟𝑌𝑙,𝑚(𝜃, 𝜑)
�KHUH 𝑌𝑙,𝑚 LV D VSKHULFDO KDUPRQLF�� )RU LQVWDQFH� RQH FDQ XVH

𝜙6721𝑠 (𝜁 , U− 5$) = (𝜁3𝜋)12𝑒−𝜁|U−5$|
IRU 𝑠�VWDWHV� ZKHUH 𝜁 LV WKH 6ODWHU RUELWDO H[SRQHQW� $V WKH 672 IXQFWLRQV DUH GLIILFXOW WR KDQGOH LQ PDQ\�FHQWHU

LQWHJUDOV� RQH SUDFWLFDO UHVRUW FRQVLVWV RI DSSUR[LPDWLQJ WKHVH IXQFWLRQV ZLWK OLQHDU FRPELQDWLRQV RI *DXVVLDQ

IXQFWLRQV� NQRZQ DV 672�/* IXQFWLRQV� 7KH FDOFXODWLRQ RI WKH QHFHVVDU\ PDWUL[ HOHPHQWV LV WKHQ JUHDWO\

IDFLOLWDWHG� EHFDXVH WKH PXOWL�FHQWHU LQWHJUDOV ZLWK *DXVVLDQ IXQFWLRQV FDQ EH HYDOXDWHG DQDO\WLFDOO\ DV

GLVFXVVHG LQ DSSHQGL[ $� ,Q WKLV ZRUN� D VHW RI VXFK IXQFWLRQV ZLWK 𝑛 = 3 *DXVVLDQV PLPLFNLQJ HDFK 672

IXQFWLRQ� QDPHG 672��* EDVLV� LV XVHG� )RU WKH �𝑠 VWDWH� VXFK D IXQFWLRQ LV
𝜙672−�*1𝑠 (𝜁 , U) = 𝑐1(2𝛼1𝜋 )34𝑒−𝛼1𝑟2

+ 𝑐2(2𝛼2𝜋 )34𝑒−𝛼2𝑟2 + 𝑐3(2𝛼3𝜋 )34𝑒−𝛼3𝑟2 , (117)

ZKHUH 𝛼𝑖 DUH WKH *DXVVLDQ RUELWDO H[SRQHQWV WKDW KDYH EHHQ RSWLPL]HG IRU WKH EHVW SRVVLEOH DSSUR[LPDWLRQ
RI 𝜙6721𝑠 (𝜁 , U) IRU D JLYHQ 𝜁 >���@� 7KH FRUUHVSRQGLQJ VSLQ RUELWDOV� 𝜒𝛼(𝑥)� DUH REWDLQHG IURP 𝜙672−�*𝜇 E\

PXOWLSO\LQJ WKHP ZLWK D VSLQRU 𝜓(𝑠)� 𝑠 ∈ {↑, ↓}�
����� 6HFRQG TXDQWL]DWLRQ

,Q WKH TXDQWXP PHFKDQLFV RI V\VWHPV FRQVLVWLQJ RI D QXPEHU RI LGHQWLFDO SDUWLFOHV �HOHFWURQV� LQ RXU FDVH��

LW LV FRPPRQ WR XVH WKH IRUPDOLVP FDOOHG VHFRQG TXDQWL]DWLRQ� RULJLQDOO\ LQWURGXFHG E\ 3� 'LUDF ² VHH� H�J��

2 The STO includes a simple power function of the radius instead of a polynomial, and hence do not possess radial nodes.
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>���@� 7KLV IRUPDOLVP GHDOV ZLWK WKH ZKROH V\VWHP RI SDUWLFOHV� LQVWHDG RI ZLWK HDFK SDUWLFOH LQGLYLGXDOO\� E\

LQWURGXFLQJ D QHZ ZD\ RI GHVFULELQJ VWDWHV� E\ WKH ODWWHU·V RFFXSDWLRQ QXPEHUV� /HW {𝜒𝛼([)} EH D FRPSOHWH
VHW RI RQH�HOHFWURQ �DWRPLF RU PROHFXODU� VSLQ RUELWDOV WKDW FRQVWLWXWHV WKH +LOEHUW VSDFH RI D VLQJOH SDUWLFOH�

,I WKH SDUWLFOHV ZHUH QRQ�LQWHUDFWLQJ ERVRQV� D VWDWH RI WKH ZKROH V\VWHP FRXOG EH HQWLUHO\ VSHFLILHG E\

LQGLFDWLQJ WKH QXPEHUV RI SDUWLFOHV� 𝑛𝛼� RFFXS\LQJ HDFK RI WKHVH RUELWDOV� 6XFK DQ RFFXSDWLRQ QXPEHU VWDWH
FDQ EH GHVLJQDWHG E\ D VWDWH YHFWRU |𝑛1, 𝑛2, ...⟩� ,I WKH SDUWLFOHV LQWHUDFW ZLWK DQ H[WHUQDO ILHOG RU ZLWK HDFK
RWKHU �EXW VWLOO DVVXPLQJ WKDW WKH\ DUH ERVRQV DQG QR UHVWULFWLRQV DUH LPSRVHG E\ WKH SDUWLFOH·V VSLQ�� WKH

VWDWH YHFWRU LQ WKH RFFXSDWLRQ QXPEHU UHSUHVHQWDWLRQ ZLOO HYROYH ZLWK WLPH� REH\LQJ WKH WLPH�GHSHQGHQW

6FKU|GLQJHU HTXDWLRQ (15) ZLWK WKH +DPLOWRQLDQ ZULWWHQ LQ WHUPV RI WKH RFFXSDWLRQ QXPEHUV

𝐻 = 𝐻1 +𝐻2 = ∑𝛼,𝛽 𝜏𝛼𝛽𝑎†𝛼𝑎𝛽 + 12∑𝛼,𝛽,𝛾,𝛿
𝜇𝛼𝛽𝛾𝛿𝑎†𝛼𝑎†𝛾𝑎𝛿𝑎𝛽 . (118)

7KH VXP LV PDGH RYHU VWDWHV LQ WKH VLQJOH�SDUWLFOH +LOEHUW VSDFH� H�J�� 1𝑠�� 2𝑝�OLNH� HWF�� 𝜏𝛼𝛽 EHLQJ D PDWUL[

HOHPHQW RI WKH VLQJOH�HOHFWURQ HQHUJ\�

𝜏𝛼𝛽 = ∫𝑑[1𝜒∗𝛼([1) ⎛⎜⎝−∇22 +∑𝐴 𝑍𝐴|𝑟𝐴1|⎞⎟⎠𝜒𝛽([1) . (119)

7KH VHFRQG WHUP LQ (118) UHSUHVHQWV WKH &RXORPE LQWHUDFWLRQV EHWZHHQ WKH SDUWLFOHV� ZLWK WKH PDWUL[

HOHPHQW JLYHQ� DFFRUGLQJ WR WKH FRQYHQWLRQ XVHG LQ 4XDQWXP &KHPLVWU\ >���@� E\�

𝜇𝛼𝛽𝛾𝛿 = ∫𝑑[1𝑑[2𝜒∗𝛼([1)𝜒𝛽([1) ( 1|𝑟12|) 𝜒∗𝛾([2)𝜒𝛿([2) . (120)

7KH LQWHJUDWLRQ LQ (TV� (119) DQG (120) LV RYHU FRRUGLQDWHV �DQG VXP RYHU VSLQV� RI RQH RU WZR HOHFWURQV

ODEHOOHG �� ��

7KH +DPLOWRQLDQ (118) LV ZULWWHQ LQ WHUPV RI VR�FDOOHG FUHDWLRQ� 𝑎†� DQG DQQLKLODWLRQ� 𝑎� RSHUDWRUV� ZKLFK
DGG RQH SDUWLFOH WR �RU� UHPRYH IURP� DQ RUELWDO 𝛼� UHVSHFWLYHO\�

𝑎†𝛼 |𝑛1, 𝑛2,…⟩ = √𝑛𝛼+1 |𝑛1, 𝑛2,…⟩ ;𝑎𝛼 |𝑛1, 𝑛2,…⟩ = √𝑛𝛼 |𝑛1, 𝑛2,…⟩ . (121)

7KH SURGXFW 𝑎†𝛼𝑎𝛼 LV WKH RFFXSDWLRQ QXPEHU RSHUDWRU IRU WKH RUELWDO 𝛼� ,Q WKH FDVH RI ERVRQV� WKH FUHDWLRQ
DQG DQQLKLODWLRQ RSHUDWRUV IRU GLIIHUHQW 𝛼 DQG 𝛽 FRPPXWH� EHFDXVH GLIIHUHQW RUELWDOV DUH ILOOHG LQGHSHQGHQWO\�

7KLV LV QRW WKH FDVH RI IHUPLRQV� EHFDXVH RI WKH 3DXOL H[FOXVLRQ SULQFLSOH� %\ YLUWXH RI WKLV� WKH IROORZLQJ

�DQWL�FRPPXWDWLRQ� UHODWLRQV KROG IRU WKH HOHFWURQ RSHUDWRUV�

𝑎𝛼 𝑎†𝛽 + 𝑎†𝛼 𝑎𝛽 = 𝛿𝛼𝛽 . (122)
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,W FDQ EH VKRZQ WKDW (122) JXDUDQWHHV WKDW WKH RFFXSDWLRQ QXPEHUV FDQ WDNH RQO\ YDOXHV � DQG � LQ

DFFRUGDQFH ZLWK WKH 3DXOL SULQFLSOH >���@� 7KHUHIRUH� WKH +DPLOWRQLDQ (118) KDV WKH VDPH IRUP IRU ERVRQV

DQG IHUPLRQV� WKH RQO\ GLIIHUHQFH EHLQJ LQ WKH �DQWL��FRPPXWDWLRQ UHODWLRQV RI WKH FUHDWLRQ DQG DQQLKLODWLRQ

RSHUDWRUV� )RU IHUPLRQV� HDFK VWDWH |𝑛1, 𝑛2, ...⟩ RI WKLV +DPLOWRQLDQ FRUUHVSRQGV WR D 6ODWHU GHWHUPLQDQW LQ
WKH )RFN VSDFH �RI GLPHQVLRQ 2𝐾�� ZLWK WKH QXPEHU RI FROXPQV DQG URZV HTXDO WR WKH QXPEHU RI HOHFWURQV
LQ WKH V\VWHP� 𝑁 = ∑2𝐾𝛼=1 𝑛𝛼�
7KH FKRLFH RI VLQJOH�HOHFWURQ EDVLV IXQFWLRQV 𝜒∗𝛼([) LV� LQ SULQFLSOH� DUELWUDU\� EXW LI ZH ´JXHVVµ WKHLU

IRUP FORVH WR WKH ´WUXHµ :)V RI WKH V\VWHP �ZKLFK DFWXDOO\ DUH QRW ZHOO�GHILQHG LQ WKH VLQJOH�HOHFWURQ IRUP���

WKH QRQ�GLDJRQDO HOHPHQWV RI WKH PDWULFHV 𝜏𝛼𝛽 DQG 𝜇𝛼𝛽𝛾𝛿 ZLOO EH PXFK VPDOOHU WKDQ WKH GLDJRQDO RQHV�
)RU SUDFWLFDO FDOFXODWLRQV RI WKHVH LQWHJUDOV� WKH EDVLV IXQFWLRQV DUH H[SUHVVHG LQ WHUPV RI WKH 672��* VHWV

H[SODLQHG LQ WKH SUHYLRXV VHFWLRQ� 7KH FKRLFH RI PROHFXODU RUELWDOV LV EDVHG RQ WKH 02�/&$2 DSSUR[LPDWLRQ�

2QH FDQ LPSURYH WKLV LQLWLDO DSSUR[LPDWLRQ E\ VROYLQJ ILUVW WKH +) HTXDWLRQ (115) DQG XVLQJ LWV VROXWLRQV
WR FDOFXODWH WKH PDWUL[ HOHPHQWV� 7KHQ WKH GLDJRQDOL]DWLRQ RI (T� (118) DPRXQWV WR WKH HYDOXDWLRQ RI WKH
FRUUHODWLRQ HQHUJ\�

,Q WKH VHTXHO ZH DOVR FRQVLGHU WKH VWDWLRQDU\ 6WDUN HIIHFW GHVFULEHG E\ WKH IROORZLQJ �VLQJOH�HOHFWURQ�

+DPLOWRQLDQ� 𝐻𝑆 = −( ⋅ U , (123)

ZKHUH ( LV WKH HOHFWULF ILHOG LQWHQVLW\� ,WV VHFRQG�TXDQWL]DWLRQ UHSUHVHQWDWLRQ LV LGHQWLFDO WR 𝐻1 LQ (118)� DQG
WKH FRUUHVSRQGLQJ PDWUL[ HOHPHQW LV ZULWWHQ DV

𝜏𝑆𝛼𝛽 = ∫𝑑[1𝜒∗𝛼([1) (−𝑒𝔼 𝑟 FRV 𝜃) 𝜒𝛽([1) , (124)

ZKHUH 𝔼 = |(|� DQG WKH 𝑧�D[LV LV DVVXPHG WR EH GLUHFWHG DORQJ (� 7KH XVH RI WKH VHFRQG TXDQWL]DWLRQ

IRUPDOLVP LV IDFLOLWDWHG� IRU LQVWDQFH� E\ WKH PyQuante >���@ DQG WKH PyScf >���@ WRROV� WZR 3\WKRQ

OLEUDULHV WDUJHWHG WR TXDQWXP FKHPLVWU\ FDOFXODWLRQV� :H SUHVHQW WKH PDWUL[ HOHPHQWV (119)� (120) DQG
(124) FDOFXODWHG IRU 1𝑠� 2𝑠 DQG 2𝑝𝑧 DWRPLF RUELWDOV LQ DSSHQGL[ $�
����� 0DSSLQJ WKH IHUPLRQ +DPLOWRQLDQ RQWR D TXELW UHSUHVHQWDWLRQ

,Q RUGHU WR SHUIRUP TXDQWXP FRPSXWDWLRQV� RQH QHHGV WR PDS WKH VHFRQG�TXDQWL]DWLRQ +DPLOWRQLDQ RQWR

D TXELW �VSLQ� UHSUHVHQWDWLRQ DQG WKHQ GHVLJQ WKH FRUUHVSRQGLQJ TXDQWXP FLUFXLW WKDW LPSOHPHQWV LW� 7KH

EDVLF LGHD LV WR UHSODFH WKH IHUPLRQLF RSHUDWRUV 𝑎 DQG 𝑎† E\ WHQVRU SURGXFWV RI WKH 3DXOL PDWULFHV�
𝜎𝑥 = ⎡⎢⎣ 0 11 0 ⎤⎥⎦ , 𝜎𝑦 = ⎡⎢⎣ 0 −𝑖𝑖 0 ⎤⎥⎦ , 𝜎𝑧 = ⎡⎢⎣ 1 00 −1 ⎤⎥⎦ ,
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ZKLFK FDQ EH GRQH LQ D QXPEHU RI ZD\V� VXFK DV WKH -RUGDQ�:LJQHU RU %UDY\L�.LWDHY WUDQVIRUPDWLRQV >��@�

7KH IRUPHU� DGGUHVVHG LQ WKLV VHFWLRQ� LV D VSHFLILF PHWKRG EDVHG RQ WKH LVRPRUSKLVP EHWZHHQ WKH FUHDWLRQ

DQG DQQLKLODWLRQ RSHUDWRUV DQG WKH DOJHEUD RI WKH 3DXOL PDWULFHV >���@�

,Q WKH FDVH RI D VLQJOH �RQH�HOHFWURQ� VWDWH� WKH -RUGDQ ² :LJQHU �-:� PDSSLQJ LV VLPSOH� )ROORZLQJ WKH

FRQYHQWLRQ RI )LJ� ��� FRPPRQ LQ 3K\VLFV�

𝑎† ⇔ 𝜎+ ≡12 (𝜎𝑥 + 𝑖𝜎𝑦) = ⎡⎢⎣ 0 10 0 ⎤⎥⎦ ; (125)

𝑎 ⇔ 𝜎− ≡12 (𝜎𝑥 − 𝑖𝜎𝑦) = ⎡⎢⎣ 0 01 0 ⎤⎥⎦ ; (126)

𝑎†𝑎 − 12 ⇔ 12𝜎𝑧 = ⎡⎢⎣
12 00 −12

⎤⎥⎦ . (127)

7KH PDWULFHV 𝜎± UHSUHVHQW WKH VSLQ�UDLVLQJ DQG VSLQ�ORZHULQJ RSHUDWRUV� UHVSHFWLYHO\� ZKLOH 𝜎𝑧 LV UHODWHG WR

WKH RFFXSDWLRQ QXPEHU RSHUDWRU�

+RZHYHU� XVXDOO\ DQRWKHU FRQYHQWLRQ LV XVHG LQ TXDQWXP LQIRUPDWLRQ� DV WKH FRPSXWDWLRQDO EDVLV LV

GHILQHG DV IROORZV�

|0⟩ = ⎛⎜⎝10⎞⎟⎠ ; |1⟩ = ⎛⎜⎝01⎞⎟⎠ .

s =
1

2

|↑〉

|↓〉

|1〉 ≡ a
†|0〉

|0〉 ≡ a |1〉

Figure 19: A scheme illustrating the mapping of a fermion onto a qubit. The arrows indicate
two spin projections. The two states of the Hamiltonian �̂� = 𝐶�̂�𝑧 (𝐶 is a positive real
constant) are usually denoted by |0⟩ (lower energy state) and |1⟩.They are connected by

the operators 𝑎 and 𝑎†. Considered as spin states, they may be denoted as (01) = |0⟩
and (10) = |1⟩, which leads to the correspondence between the 𝑎 and 𝑎† operators and

the Pauli matrices given by Eqs. (125) - (127).
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$FFRUGLQJO\� 𝑎† ⇔ �̂�− DQG 𝑎 ⇔ �̂�+ . (128)

,Q FDVH RI 𝑁 >1 IHUPLRQV� WKH PDSSLQJ EHFRPHV VOLJKWO\ PRUH FRPSOH[� ,Q RUGHU WR VDWLVI\ WKH DQWL�

FRPPXWDWLRQ UHODWLRQV (122) EHWZHHQ DQ\ SDLU RI IHUPLRQLF RSHUDWRUV� RQH LQGH[HV WKH VWDWHV E\ D VLQJOH
LQGH[ �𝛼� DQG DGGV WKH VWULQJ� L�H� >VSLQ@ >IHUPLRQ@×>VWULQJ@� WDNLQJ LQWR DFFRXQW WKH RFFXSDWLRQ QXPEHUV�𝑛𝛼� RI VWDWHV ZLWK 𝛽 < 𝛼� IRU D JLYHQ 𝛼�

𝜎+𝛼 ⇔ 𝑎𝛼𝑒𝑖𝜋 ∑𝛽<𝛼 𝑛𝛽 , 𝜎−𝛼 ⇔ 𝑎†𝛼𝑒−𝑖𝜋 ∑𝛽<𝛼 𝑛𝛽 . (129)

7KH UHODWLRQ (129) KROGV IRU PXOWLSOH IHUPLRQV DQG WKH SKDVH IDFWRUV �FRPSDUH WR ������ FDQ EH UHSUHVHQWHG
E\ WKH 3DXOL PDWULFHV� (𝜎𝑧)𝛽� DFWLQJ RQ WKH FRUUHVSRQGLQJ IHUPLRQLF VWDWHV� 7KHUHIRUH� WKH IHUPLRQLF

RSHUDWRUV DUH PDSSHG RQWR GLUHFW SURGXFWV RI 3DXOL PDWULFHV DV IROORZV�

𝑎𝛼 ⇔ �⊗(𝛼−1)⊗(𝜎+)𝛼⊗(𝜎𝑧)⊗(𝑁−𝛼)
= ⎡⎢⎣1 00 1⎤⎥⎦

⊗(𝛼−1)⊗⎡⎢⎣0 10 0⎤⎥⎦𝛼⊗⎡⎢⎣1 00 −1⎤⎥⎦
⊗(𝑁−𝛼) ; (130)

𝑎†𝛼 ⇔ �⊗(𝛼−1)⊗(𝜎−)𝛼⊗(𝜎𝑧)⊗(𝑁−𝛼)
= ⎡⎢⎣1 00 1⎤⎥⎦

⊗(𝛼−1)⊗⎡⎢⎣0 01 0⎤⎥⎦𝛼⊗⎡⎢⎣1 00 −1⎤⎥⎦
⊗(𝑁−𝛼) . (131)

7KXV� DQ\ +DPLOWRQLDQ RSHUDWRU ZULWWHQ LQ WKH VHFRQG TXDQWL]DWLRQ UHSUHVHQWDWLRQ FDQ EH UHZULWWHQ LQ WHUPV

RI WKH UDLVLQJ DQG ORZHULQJ VSLQ RSHUDWRUV DQG WKH 3DXOL PDWUL[ 𝜎𝑧� $ FDWDORJXH RI VXFK WUDQVODWLRQV FDQ EH
IRXQG LQ 7DEOH $� RI WKH ZRUN >���@� )RU D +LOEHUW VSDFH RI 2𝐾 VSLQ RUELWDOV� D V\VWHP RI 2𝐾 IHUPLRQV �L�H�

TXELWV� LV UHTXLUHG IRU WKH -: PDSSLQJ� 7KH UHVXOWLQJ TXELW +DPLOWRQLDQ KDV WKH IROORZLQJ JHQHULF IRUP�

𝐻 = ∑𝑖; 𝑞 ℎ𝑖𝑞𝜎(𝑞)𝑖 + ∑𝑖1,𝑖2; 𝑞1,𝑞2
ℎ𝑖1,𝑖2𝑞1,𝑞2𝜎(𝑞1)𝑖1 ⊗ 𝜎(𝑞2)𝑖2 +⋯ (132)

ZKHUH WKH LQGLFHV 𝑖 UHIHU WR WKH W\SH RI WKH 3DXOL PDWUL[ �𝑥� 𝑦 RU 𝑧�� WKH LQGLFHV 𝑞 UXQ RYHU TXELWV DQG HDFK ℎ
LQ FRHIILFLHQWV� 7KH UHVXOWDQW LV DPHQDEOH WR WKH WUHDWPHQW ZLWK WKH 94( PHWKRG� H[SORUHG LQ VHFWLRQ ������
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����� 7ULDO ZDYH IXQFWLRQV �DQVlW]H�

7KH JURXQG VWDWH HQHUJ\ HVWLPDWLRQ UHTXLUHV DQ DSSURSULDWH DQVDW]� ,I WKH QXPEHU RI HOHFWURQV LQ WKH V\VWHP�𝑁� LV IL[HG� RQH PD\ XVH WKH 6ODWHU GHWHUPLQDQW VROXWLRQ RI WKH +) SUREOHP IRU WKH PROHFXOH DW KDQGV�

FRUUHVSRQGLQJ WR LWV JURXQG VWDWH� :H VKDOO GHQRWH LW E\ |Ψ0⟩ DQG ZULWH DV
|Ψ0⟩ = 𝑁∏𝛼 𝑎†𝛼|YDF⟩ ,

ZKHUH 𝛼 UXQV RYHU WKH RFFXSLHG RUELWDOV DQG |YDF⟩ GHQRWHV WKH YDFXXP �DEVHQFH RI SDUWLFOHV�� $OWHUQDWLYHO\�

RQH PD\ VWDUW E\ GHILQLQJ D QHZ ´YDFXXPµ VWDWH LQ WKH 𝑁�SDUWLFOH VHFWRU RI WKH )RFN VSDFH� ZKLFK FDQ EH

FKRVHQ DV |Ψ0⟩ DQG XVHG WR SUHSDUH WKH SDUDPHWUL]HG WULDO TXDQWXP VWDWH >��@� 7KLV FDQ EH GRQH E\ D

TXDQWXP FLUFXLW LPSOHPHQWLQJ D XQLWDU\ RSHUDWRU� �̂�� UHSUHVHQWLQJ D VHW RI SHUWXUEDWLRQV WR VWDWH |Ψ0⟩�
|Ψ( ⃗𝜃)⟩ = �̂�( ⃗𝜃)|Ψ0⟩ . (133)

7KH SDUDPHWUL]HG DQVDW] ZLOO EH XVHG WR HVWLPDWH WKH HQHUJ\ ZLWK UHVSHFW WR WKH +DPLOWRQLDQ� 1RWH WKDW ⃗𝜃
VWDQGV IRU WKH ZKROH VHW RI SDUDPHWHUV �DOVR FDOOHG ´JDWH DQJOHVµ LQ WKLV FRQWH[W� WKDW FDQ EH DGMXVWHG DQG

XVHG LQ WKH RSWLPL]DWLRQ SURFHGXUH �VHH 6HF� ����� EHORZ��

7KHUH DUH VHYHUDO SRVVLEOH FKRLFHV IRU FRQVWUXFWLQJ WKLV RSHUDWRU� OHDGLQJ H�J� WR WKH VR�FDOOHG 8QLWDU\

&RXSOHG &OXVWHU �8&&� DQG KHXULVWLF DSSURDFKHV WKDW DUH GLVFXVVHG LQ E\ >��@ DQG >��@� 7KHUH DUH VHYHUDO

RSWLRQV IRU FKRRVLQJ GLIIHUHQW DQVlW]H LPSOHPHQWHG LQ WKH QISKit SDFNDJH� /HW XV EULHIO\ FRQVLGHU WKH
8&& DSSURDFK� ZKLFK KDV PDLQO\ EHHQ XVHG LQ WKLV ZRUN�

$ IOH[LEOH ZD\ WR JHQHUDWH PXOWLGHWHUPLQDQWDO �KHQFH RYHUFRPLQJ WKH +) DSSUR[LPDWLRQ� UHIHUHQFH VWDWHV

ZLWKLQ WKH &RXSOHG�FOXVWHU �&&� PHWKRG� VXJJHVWHG E\ >���@� KDV EHHQ WUDQVODWHG E\ >��@ �VSHFLILFDOO\ XQGHU

DQ DQJOH RI TXDQWXP DOJRULWKPV IRU HOHFWURQLF VWUXFWXUH FDOFXODWLRQV� LQWR WKH XQLWDU\ YHUVLRQ RI WKH &&

DSSURDFK �8&&�� 7KH RSHUDWRU DFWLQJ RQ WKH ´YDFXXP VWDWHµ DFFRUGLQJ WR (T� (133) LV FKRVHQ DV IROORZV�

∣Ψ( ⃗𝜃)⟩ = 𝑒�̂�( ⃗𝜃)−�̂�†( ⃗𝜃) ∣Ψ0⟩ . (134)

+HUH �̂� LV DQ RSHUDWRU UHSUHVHQWLQJ H[FLWDWLRQV IURP RFFXSLHG WR XQRFFXSLHG VWDWHV �ODEHOOHG EHORZ E\ *UHHN

DQG /DWLQ LQGLFHV� UHVSHFWLYHO\�� FRPSRVHG RI KLHUDUFKLFDO �JLYHQ E\ WKH GLPHQVLRQ RI WKH LQWHUDFWLRQ RSHUDWRU�

ZKLFK FRUUHVSRQGV WR WKH 𝑖 LQ �̂�𝑖� WHUPV�
�̂� = �̂�1 + �̂�2 +… ,

83



4.3. Case study: Calculation of the ground–state Stark effect in small molecules 84

FRUUHVSRQGLQJ WR 𝑛�SDUWLFOH H[FLWDWLRQV� QDPHO\�
�̂�1( ⃗𝜃) = ∑𝛼,𝑎 𝜃𝑎𝛼𝑎†𝑎 𝑎𝛼 , (135)

�̂�2( ⃗𝜃) = 12 ∑𝛼,𝛽; 𝑎,𝑏 𝜃𝑎 𝑏𝛼 𝛽𝑎†𝑎 𝑎†𝑏 𝑎𝛼 𝑎𝛽 , (136)⋯
7KH 8&& DQVDW] XVXDOO\ UHWDLQV RQO\ WKH WZR ILUVW WHUPV LQ WKH H[SDQVLRQ RI �̂�� L�H� LI QHJOHFWV ��SDUWLFOH DQG
KLJKHU�RUGHU H[FLWDWLRQV� 7KH H[SDQVLRQ FRHIILFLHQWV LQ (135)� (136) FDQ EH LQWHUSUHWHG DV PDWUL[ HOHPHQWV
RI D FHUWDLQ H[FLWDWLRQ RSHUDWRU EHWZHHQ RFFXSLHG DQG XQRFFXSLHG RUELWDOV� 7KH\ FDQ EH DVVXPHG WR EH UHDO�

L�H�� {𝜃𝑎𝛼, 𝜃𝑎 𝑏𝛼 𝛽,…} ∈ ℝ�

7KH DQWL�+HUPLWLDQ FRPELQDWLRQ �̂� − �̂�† LQ (134) PDNHV WKH H[SRQHQWLDO RSHUDWRU XQLWDU\� 8QLWDU\ RSHUD�
WLRQV DUH QDWXUDO RQ TXDQWXP FRPSXWHUV� \HW WKH LPSOHPHQWDWLRQ LQWR TXDQWXP FLUFXLWV LV QRW VWUDLJKWIRUZDUG

EHFDXVH RI WKH QRQ�FRPPXWDWLRQ RI GLIIHUHQW SDUWV RI WKH +DPLOWRQLDQ� 6R� WKH RUGHU LQ ZKLFK WKH GLIIHUHQW

WHUPV DUH ZULWWHQ LQ WKH H[SRQHQW LV LQGHHG LPSRUWDQW� 7KLV GLIILFXOW\ LV E\SDVVHG E\ XVLQJ WKH 7URWWHU LGHQWLW\�

𝑒(�̂�+�̂�) = OLP𝑛→∞ [𝑒�̂�/𝑛⊗𝑒�̂�/𝑛]𝑛 , (137)

ZKHUH ̂𝐴 DQG �̂� DUH WZR QRQ�FRPPXWLQJ RSHUDWRUV� H�J� ̂𝐴 = �̂�1 − �̂�†1 DQG �̂� = �̂�2 − �̂�†2� 7KLV LV H[DFW LQ
WKH OLPLW 𝑛→∞� LW LV DQ DSSUR[LPDWLRQ IRU ILQLWH 𝑛� 'LIIHUHQW 7URWWHU DSSUR[LPDWLRQV RI WKH RSHUDWRU (134)
FDQ EH LPSOHPHQWHG RQ D TXDQWXP FRPSXWHU E\ WUDQVIRUPLQJ LW LQWR WKH TXELW UHSUHVHQWDWLRQ DQG XVLQJ

VWDQGDUG FLUFXLW FRPSLODWLRQ WHFKQLTXHV IRU WKH ´H[SRQHQWLDWLRQµ RI WKH 3DXOL PDWULFHV >��@� 6RPH H[DPSOHV

RI VXFK FLUFXLWV DQG FRPSDULVRQ RI UHVXOWV REWDLQHG IRU GLIIHUHQW RUGHUV �𝑛� RI WKH 7URWWHU DSSUR[LPDWLRQ FDQ
EH IRXQG LQ WKH ZRUN E\ >��@�

����� 5HVXOWV DQG 'LVFXVVLRQ

:H XVHG WKH SURFHGXUH RXWOLQHG LQ SUHYLRXV VHFWLRQV WR FDOFXODWH WKH JURXQG VWDWH HQHUJ\ �ZKLFK FDQ

EH VWUDLJKWIRUZDUGO\ FRQYHUWHG LQWR WKH GLVVRFLDWLRQ HQHUJ\� RI WZR PROHFXOHV� K\GURJHQ �+2� DQG OLWKLXP
K\GULGH �/L+�� 7KLV KDV DOVR EHHQ DGGUHVVHG� LQ ZKLFK LV SUHVXPDEO\ D QRYHO UHVXOW� XQGHU WKH DFWLRQ

RI VWDWLRQDU\ HOHFWULF ILHOGV RI IRXU GLIIHUHQW PDJQLWXGHV �𝔼 = ������� ������ ����� ��� DWRPLF XQLWV�

� D�X� ≈ 5 ⋅ 1011 9�P�� 7KHVH FDOFXODWLRQV ZHUH SHUIRUPHG IRU WKH LQWHUDWRPLF GLVWDQFHV� 𝑑� IURP ��� WR

� c ZLWK WKH VWHS ��� c�

7KH DFWXDO FRPSXWDWLRQDO HQYLURQPHQW� ZKHUH WKHVH H[SHULPHQWV ZHUH FRQGXFWHG� ZDV WKH IBM Q� 6XFK

FRPSXWDWLRQDO HQYLURQPHQW LV DYDLODEOH UHPRWHO\ WKURXJK WKH LQWHUQHW DQG FDQ EH DFFHVVHG DQG SURJUDPPHG

XVLQJ WKH QISKit IUDPHZRUN� ZULWWHQ LQ WKH Python ODQJXDJH� 7KH DFWXDO FRGH GHYHORSHG LQ WKLV WKHVLV LV
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Table 9: The set of technical parameters used for the quantum calculations.

parameter value
shots𝑎 4096
Max. number of iterations
of Cobyla

15000

Max. number of iterations
of PySCF

5000

optimization level 3
mapping method Jordan-Wigner
QISkit version 0.13.0𝑎number of times the execution of circuits is to be performed due to the stochastic nature

of quantum computers

DYDLODEOH IURP WKH IROORZLQJ github UHSRVLWRU\� KWWSV���JLWKXE�FRP�DUFDODE�H[SHULPHQWVBTXDQWXPBFKHPLVWU\�

WUHH�PDVWHU�4LVNLWB3URJUDPPDWLFBYHUVLRQBVUF� ,W PDNHV XVH QRWDEO\ RI WKH QISkit DQG WKH PySCF python
IUDPHZRUN�

7KH PySCF WRRO ZDV XVHG WR VSHFLI\ WKH PROHFXOHV DQG FDOFXODWH WKH UHVSHFWLYH RQH�ERG\ DQG WZR�ERG\

LQWHJUDOV� HQFRPSDVVLQJ DOUHDG\ WKH DFWLRQ RI HOHFWULF ILHOGV� XVLQJ WKH WKHRU\ GHYHORSHG WKURXJKRXW DSSHQGL[

$� %RWK PROHFXOHV ZHUH DVVXPHG WR KDYH ]HUR JOREDO FKDUJH DQG VSLQ ]HUR� WKH 672��* EDVLV (117) ZDV
XVHG WR FDOFXODWH WKH LQWHJUDOV�

7KH HYDOXDWLRQ RI WKH FRUUHVSRQGLQJ LQWHJUDOV FDQ WKHQ EH UHIRUPXODWHG LQWR DQ DVVHPEOLQJ RI TXDQWXP

FLUFXLWV� WR EH H[HFXWHG XVLQJ WKH VHW RI VRIWZDUH SDFNDJHV DYDLODEOH H�J� LQ WKH QISkit IUDPHZRUN� Terra�
Aer� Aqua DQG Ignis� 7KH FDOFXODWLRQ RI WKH GLVVRFLDWLRQ FXUYHV UHTXLUHV WKH FDOFXODWLRQ RI WKH JURXQG
VWDWH HQHUJLHV �GLVFXVVHG LQ VHFWLRQ ������ RYHU D UDQJH RI GLVWDQFHV� WR EH DEOH WR LGHQWLI\ WKH PLQLPXP

�ERXQG PROHFXOH� DQG WKH DV\PSWRWLFV �VHSDUDWHG DWRPV� RQHV� )RU WKLV SXUSRVH� ZH XVHG WZR PHWKRGV�

WKH ([DFW (LJHQVROYHU �FODVVLFDO PDWUL[�PXOWLSOLFDWLRQ PHWKRG� DV D EHQFKPDUN� DQG WKH 94(�

:H XVHG WKH 8&& �GLVFXVVHG LQ VHFWLRQ ������ DV WKH YDULDWLRQDO PHWKRG� L�H� DV WKH WHFKQLTXH WR EXLOG

WKH DQVlW]H IRU WKH PROHFXOHV XQGHU VWXG\� DQG WKH +) DSSUR[LPDWLRQ WR REWDLQ WKH LQLWLDO VROXWLRQ IRU WKH

94( PHWKRG� ,Q WKLV UHODWLRQ� VHYHUDO SDUDPHWHUV KDG WR EH FRQVLGHUHG� WKH PD[LPXP QXPEHU RI LWHUDWLRQV

ZLWK WKH Cobyla PHWKRG�� WKH RSWLPL]DWLRQ OHYHO �DQ IBM Q �VSHFLILF SDUDPHWHU GHWHUPLQLQJ WKH GHJUHH

RI RSWLPL]DWLRQ RI WKH FLUFXLWV JHQHUDWHG�� WKH PDSSLQJ PHWKRG WR XVH� VXFK DV WKH -RUGDQ�:LJQHU (131)�
%UDY\L�.LWDHY� RU SDULW\ PHWKRGV �VHH >��@ IRU PRUH LQIRUPDWLRQ RQ WKHVH PHWKRGV�� HDFK RIIHULQJ GLIIHUHQW

�SUHFLVLRQ� � �FLUFXLW VL]H� UHODWLRQVKLSV� 7KH WHFKQLFDO SDUDPHWHUV RI FDOFXODWLRQ� VHOHFWHG DIWHU D FRXUVH RI

WULDO DQG HUURU� DUH VXPPDUL]HG LQ 7DEOH ��

3 In this quantum computation setting, an iteration in the Cobyla method is an expensive operation in terms of computation
time, and therefore one may be interested in limiting the number of iterations. However, the method stops if convergence is
achieved and in our particular case, the method always converged before 15000 iterations.
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7KH XVH RI TXDQWXP RU K\EULG �VXFK DV 94(� SURFHGXUHV LQ WKH IBM Q UHTXLUH WKDW D EDFNHQG LV

VSHFLILHG� L�H� DQ DFWXDO SURFHVVLQJ QRGH DEOH WR H[HFXWH WKH TXDQWXP FLUFXLWV� ZKLFK FDQ EH HLWKHU D

FODVVLFDO FRPSXWHU DEOH WR SHUIRUP D VLPXODWLRQ� ZLWK RU ZLWKRXW VLPXODWHG TXDQWXP QRLVH� RU D UHDO TXDQWXP

GHYLFH� ZLWK D QXPEHU RI TXELWV IURP � WR ��� 7KH UHVXOWV RI WKLV ZRUN ZHUH REWDLQHG XVLQJ D VLPXODWRU� WKH

TDVPBVLPXODWRU�

����� 5HVXOWV� +2 PROHFXOH

Figure 20: Dissociation curve of the H2 molecule, as calculated with a classical solver (full lines)
and with the VQE (symbols connected by lines), for several values of the external
electric field 𝔼 marked by color. The Stark effect (i.e. the shift of the minimum energy
with electric field) is shown in the inset.

7KH WRWDO HQHUJ\ DV D IXQFWLRQ RI WKH LQWHUDWRPLF GLVWDQFH� KHQFH WKH PROHFXOH·V GLVVRFLDWLRQ FXUYH IRU

GLIIHUHQW YDOXHV RI WKH HOHFWULF ILHOG� LV GHSLFWHG LQ )LJXUH ��� 7KH HIIHFW RI WKH HOHFWULF ILHOG RQ WKH VKDSH RI

WKH GLVVRFLDWLRQ FXUYH UHPDLQV QHJOLJLEOH DW VPDOO YDOXHV RI WKH ILHOG LQVSHFWHG \HW UHVXOWV LQ D GUDVWLF FKDQJH

RI WKH 𝑑→∞ DV\PSWRWLF �VORSH� DQG LQ D QRWLFHDEOH VKLIW RI WKH HTXLOLEULXP SRVLWLRQ IRU 𝔼 = 0.1 D�X� 7KH

DEUXSW FKDQJH LQ WKH 𝐸(𝑑) GHSHQGHQFH VORSH DW ODUJH GLVWDQFHV� IRU YHU\ ODUJH HOHFWULF ILHOG 𝔼 = 0.1 D�X��

FDQ EH UHODWHG WR WKH RQVHW RI WKH PROHFXOH·V GLVVRFLDWLRQ� ZKLFK EHFRPHV SRVVLEOH YLD WXQQHOLQJ WKURXJK

WKH HQHUJ\ EDUULHU �EOXH FXUYHV LQ )LJ� ����

7KH LQVSHFWLRQ RI WKH 94( UHVXOWV� UHSUHVHQWHG E\ V\PEROV FRQQHFWHG E\ OLQHV LQ )LJ� ��� UHYHDOV D

QXPHULFDO QRLVH WKDW DSSDUHQWO\ LQFUHDVHV ZLWK WKH HOHFWULF ILHOG PDJQLWXGH� 3RVVLEO\� WKH +) DSSUR[LPDWLRQ

XVHG DV LQSXW IRU WKH TXDQWXP FDOFXODWLRQ EHFRPHV XQVWDEOH XQGHU WKH DFWLRQ RI D VWURQJ HOHFWULF ILHOG�

7KH LQVHW RI )LJXUH �� VKRZV WKH 6WDUN HIIHFW IRU WKH PROHFXOH XQGHU VWXG\� WKDW LV� WKH VKLIW EHWZHHQ WKH

JURXQG�VWDWH HQHUJ\ FDOFXODWHG XQGHU WKH DFWLRQ RI WKH HOHFWULF ILHOG DQG DW 𝔼 = 0� 7KH GLVWDQFH DW ZKLFK
WKH UHVSHFWLYH HQHUJLHV KDYH EHHQ H[WUDFWHG ZDV WKH HQHUJ\ PLQLPXP SRVLWLRQ \LHOGHG E\ WKH FODVVLFDO VROYHU
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DW 𝔼 = 0� 𝑑𝑒𝑞 = 0.7 c� :H WRRN WKLV RSWLRQ EHFDXVH RI WKH IOXFWXDWLRQV RI 𝐸(𝑑) REWDLQHG ZLWK WKH TXDQWXP
VROYHU�

)RU D QRQ�SRODU PROHFXOH ZLWKRXW LQWULQVLF GLSROH PRPHQW� DV LV WKH FDVH RI WKH +2� WKH VWDWLRQDU\ HOHFWURQLF
6WDUN HIIHFW VKRXOG EH TXDGUDWLF LQ WKH HOHFWULF ILHOG� +RZHYHU� ZLWK WKH OLPLWHG PLQLPDO EDVLV XVHG� LW ORRNV

HYHQ ZHDNHU DQG EHFRPHV QRWLFHDEOH RQO\ IRU YHU\ VWURQJ ILHOGV�

����� 5HVXOWV� /L+ PROHFXOH

Figure 21: Same as in Fig. 20 for the LiH molecule.

7KH UHVXOWV IRU WKH OLWKLXP K\GULGH PROHFXOH DUH VKRZQ LQ )LJ� ��� ZKHUH WKH HIIHFW RI WKH DSSOLHG HOHFWULF

ILHOG LV TXLWH QRWLFHDEOH� 7KH GLVSODFHPHQW RI WKH 𝐸(𝑑) FXUYH LQFUHDVHV ZLWK WKH HOHFWULF ILHOG� DOUHDG\

IRU ���� D�X� WKH VKLIW RI WKH GLVVRFLDWLRQ FXUYH EHFRPHV DSSUHFLDEOH� 7KH 6WDUN HIIHFW �LQVHW LQ )LJ� ���

LQFUHDVHV ZLWK WKH ILHOG PDJQLWXGH PXFK IDVWHU WKHQ IRU WKH FDVH RI WKH +2 PROHFXOH� 7KLV LV GXH WR WKH

LQWULQVLF GLSROH PRPHQW WKH /L+ PROHFXOH DOUHDG\ SRVVHVVHV LQ WKH JURXQG VWDWH� 7KH 6WDUN HIIHFW LV OLQHDU LQ𝔼 IRU VPDOO ILHOGV EXW WKDQ VWDUWV JURZLQJ PXFK IDVWHU EHFDXVH RI WKH DGGLWLRQDO SRODUL]DWLRQ RI WKH JURXQG

VWDWH LQGXFHG E\ WKH H[WHUQDO ILHOG�

6LPLODU WR ZKDW KDSSHQV LQ WKH FDVH RI WKH +2 PROHFXOH� WKH QXPHULFDO QRLVH LV YLVLEOH LQ WKH UHVXOWV DQG

EHFRPHV PRUH SURQRXQFHG LQ VWURQJHU HOHFWULFDO ILHOGV� $OVR� WKH JURXQG VWDWH HQHUJ\ REWDLQHG ZLWK WKH

GLIIHUHQW VROYHUV UHVXOWV LQ GLIIHUHQW YDOXHV IRU WKH HTXLOLEULXP GLVWDQFH� 𝑑𝑒𝑞� REWDLQHG IRU WKH TXDQWXP DQG

FODVVLFDO VROYHU� ² ��� c DQG ��� c� UHVSHFWLYHO\� DW 𝔼 = 0� $JDLQ� WKH ODWWHU ZDV WDNHQ DV WKH UHIHUHQFH
YDOXH IRU WKH 6WDUN HIIHFW HYDOXDWLRQ�

87



4.4. Summary 88

��� 6XPPDU\

,Q WKLV FKDSWHU� WKH ODQGVFDSH RI WKH DSSOLFDWLRQ RI TXDQWXP FRPSXWHUV WR YHU\ KDUG FRPSXWDWLRQDO SUREOHPV�

ZDV H[SORUHG� 7KH IRFXV ZHUH RQ WKH RSWLPL]DWLRQ RQHV� ZKLFK DUH SHUYDVLYH LQ LQGXVWU\ DQG FDQ EH GLYLGHG

LQ PDQ\ W\SHV� IURP OLQHDU WR FRQYH[ DQG QRQ�FRQYH[� ,W ZHUH DOVR UHYLHZHG WKH TXDQWXP FRPSXWDWLRQDO

WHFKQLTXHV DQG DOJRULWKPV HPSOR\HG IRU WKHVH W\SHV RI SUREOHPV�

7KH PDLQ FRQWULEXWLRQ RI WKLV FKDSWHU ZDV WKH FDOFXODWLRQ RI WKH JURXQG�VWDWH RI WZR VPDOO PROHFXOHV 𝐻2
DQG 𝐿𝑖𝐻 XQGHU WKH DFWLRQ RI D VWURQJ HOHFWULF ILHOG� ZKLFK FRQILJXUHV WKH VR�FDOOHG 6WDUN HIIHFW� 7KH VWXG\

RI WKH JURXQG�VWDWH RI VXFK PROHFXOHV ZDV H[WHQVLYHO\ VWXGLHG LQ OLWHUDWXUH� LQFOXGLQJ E\ XVLQJ TXDQWXP

FRPSXWHUV� KRZHYHU� WKH LQFOXVLRQ RI WKH HOHFWULF ILHOG LQ WKH FDOFXODWLRQ RI WKH JURXQG�VWDWH RQ D TXDQWXP

FRPSXWHU� SRVHV PDQ\ QRQ�WULYLDO FKDOOHQJHV� LQ WKHRU\ DQG LQ SUDFWLFH� ZKLFK ZHUH QRW DGGUHVVHG GLUHFWO\ LQ

H[LVWHQW OLWHUDWXUH� EXW DUH DGGUHVVHG LQ WKH VHTXHO� +HQFH� LW ZDV DWWHPSWHG WR RXWOLQH� LQ D FRQFLVH ZD\

\HW LQGLFDWLQJ WKH HVVHQWLDO HOHPHQWV DQG WKH XQGHUO\LQJ WKHRU\� D UHSUHVHQWDWLYH SUDFWLFDO UHVROXWLRQ RI WKLV

SUREOHP RQ WKH FRPPHUFLDOO\ DYDLODEOH �VLQFH UHFHQWO\� TXDQWXP FRPSXWHU� IBM Q� LQYROYLQJ�

� 7KH IHUPLRQLF IRUPXODWLRQ RI TXDQWXP FKHPLVWU\ V\VWHPV�

� 7KH FRQQHFWLRQ EHWZHHQ IHUPLRQLF +DPLOWRQLDQV DQG WKH TXDQWXP FLUFXLWV�

� 7KH VWDWH SUHSDUDWLRQ� UXQQLQJ RI WKH DOJRULWKP DQG WKH HYDOXDWLRQ RI WKH UHVXOWV�

7KH FDOFXODWHG UHVXOWV ZHUH REWDLQHG WKH TXDQWXP GHYLFH VLPXODWRU DQG FRPSULVH WKH WRWDO HQHUJ\ DV

D IXQFWLRQ RI ERQG OHQJWK �L�H� WKH GLVVRFLDWLRQ FXUYH�� DOVR XQGHU DQ DSSOLHG VWDWLRQDU\ HOHFWULF ILHOG� :H

DOVR HYDOXDWHG WKH VKLIW RI WKH PROHFXOH·V HQHUJ\ DW D IL[HG 𝑑 �HTXDO WR WKH HTXLOLEULXP LQWHUDWRPLF GLVWDQFH�

ZLWK WKH HOHFWULF ILHOG� L�H� WKH VWDWLRQDU\ HOHFWURQLF 6WDUN HIIHFW� VXSSRVHGO\ TXDGUDWLF LQ 𝔼 DQG VPDOO IRU

WKH QRQ�SRODU +2 PROHFXOH EXW FRQWDLQLQJ WKH OLQHDU WHUP� DQG WKH PXFK VWURQJHU LQ FDVH RI WKH SRODU /L+

PROHFXOH� 6XPPLQJ XS� RXU FDVH VWXG\ VHHPV WR SURYLGH HYLGHQFH IRU WKH IHDVLELOLW\ RI WKH XVH RI WKLV

TXDQWXP FRPSXWHU IRU VPDOO PROHFXOHV� ZLWK D UHDVRQDEOH QXPEHU RI LWHUDWLRQV SHUIRUPHG�
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+LOEHUW VSDFH DQ\PRUH�

-RKQ YRQ 1HXPDQQ� OHWWHU WR *DUUHWW %LUNKRII�

�����

,Q WKH EHJLQQLQJ RI WKH WZHQWLHWK FHQWXU\� WKHUH ZDV D OLQH RI WKRXJKW RQ WKH GHULYDWLRQ RI D FRPSUHKHQVLYH

WKHRU\� DEOH WR VHUYH DV D IRXQGDWLRQ IRU PDWKHPDWLFV� RXW RI ORJLFDO SULQFLSOHV DQG LQ D IRUPDO ZD\� WKH

VR�FDOOHG ORJLFLVP� 7KLV HQGHDYRXU DLPHG DW UHSODFLQJ DG�KRF WKHRULHV RI PDWKHPDWLFV� DV LW LV WKH FDVH RI

WKH =HUPHOR�)UDQNHO VHW WKHRU\�

(YHQWXDOO\� WKLV HQGHDYRXU ORVW LQWHUHVW� GXH PDLQO\ WR *|GHO LQFRPSOHWHQHVV WKHRUHPV� KRZHYHU� XQGHU�

VWDQGLQJ ORJLFDO VWUXFWXUHV EHKLQG VFLHQWLILF WKHRULHV LQ RUGHU WR KDYH D GHHSHU XQGHUVWDQGLQJ RI WKHP LV� VWLOO

WRGD\� D ZLGHO\ XVHG DSSURDFK DFURVV PDQ\ ILHOGV RI VFLHQFH� ,Q WKLV UHJDUG� TXDQWXP WKHRU\ LV D YHU\ JRRG

H[DPSOH� DV LW SRVVHVVHV D YHU\ VSHFLILF DQG LQVLJKWIXO QRWLRQ RI ORJLF� DV ILUVWO\ GLVFXVVHG E\ 9RQ 1HXPPDQ

DQG %LUNKRII LQ WKHLU VHPLQDO ZRUN RI ���� >��@� ZKHUH TXDQWXP ORJLF ZDV LQWURGXFHG IRU WKH ILUVW WLPH�

7KLV ORJLF LV FHQWUHG DURXQG WKH QRWLRQ RI REVHUYDEOH SURSHUWLHV� ZKLFK RUJDQL]H WKHPVHOYHV LQWR DQ

DOJHEUDLF VWUXFWXUH ZKLFK LV FOHDUO\ QRW D %RROHDQ DOJHEUD� GXH WR WKH QRQ�FRPPXWDWLYLW\ RI VRPH RI WKHP�

7KH SURSHU XQGHUVWDQGLQJ RI WKHVH QRWLRQV RULJLQDWHG DQ H[WHQVLYH UHVHDUFK ZRUN� DQG LW ZDV SDUWLFXODUO\

LPSRUWDQW LQ WKH XQGHUVWDQGLQJ RI TXDQWXP WKHRU\ LWVHOI� IRU LQVWDQFH� E\ KHOSLQJ LQ WKH D[LRPDWL]DWLRQ RI

TXDQWXP WKHRU\ LQ WKH IRUPDOLVP RI +LOEHUW VSDFHV� )XUWKHUPRUH� VHYHUDO DSSURDFKHV WR WKH REWHQWLRQ RI D

TXDQWXP WKHRU\ RI JUDYLW\ IROORZ D VRPHZKDW ORJLFLVW DSSURDFK WR SK\VLFV� E\ DWWHPSWLQJ RQ GHILQLQJ WKH

D[LRPDWLFV IRU D SRWHQWLDO XQLILHG WKHRU\� ZKHUH� RI FRXUVH� WKH LQVLJKWV RI TXDQWXP ORJLF KDYH SOD\HG DQ

LPSRUWDQW UROH�

1RZDGD\V� WKH HVWDEOLVKPHQW RI SURSHU ORJLFDO VWUXFWXUHV IRU TXDQWXP WKHRU\ LV DOVR GULYHQ E\ WKH LQWHUHVW

LQ DXWRPDWHG UHDVRQ PHWKRGV DQG WRROV WR GHDO ZLWK TXDQWXP SURWRFROV DQG DOJRULWKPV� ZKLFK KDV EHFRPH

SDUWLFXODUO\ UHOHYDQW LQ WKH UHFHQW \HDUV� ,Q WKLV UHJDUG PDQ\ ORJLFDO IUDPHZRUNV KDYH EHHQ SURSRVHG FRPLQJ
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IURP GLIIHUHQW RULJLQV� IURP SXUHO\ DOJHEUDLF WHUPV DQG FDWHJRU\ WKHRU\� WR PRGDO DQG OLQHDU ORJLF� ,Q WKLV

FKDSWHU ZH UHYLVLW WKH UHOHYDQW EDFNJURXQG WR XQGHUVWDQG TXDQWXP ORJLF� LQ VHFWLRQV ��� DQG ���� DQG

SURSRVH D ORJLF DEOH WR GHDO ZLWK WKH 4$60 SURJUDPPLQJ ODQJXDJH� D TXDQWXP SURJUDPPLQJ ODQJXDJH

LQYROYLQJ TXDQWXP DQG FODVVLFDO SURFHGXUHV� $Q HDUO\ YHUVLRQ RI WKLV ZRUN� SUHVHQWHG LQ VHFWLRQV ���� ���

DQG ���� DSSHDUHG LQ WKH 'DOL ���� ZRUNVKRS >���@�

��� 6WDQGDUG TXDQWXP ORJLFV

,Q ���� 9RQ 1HXPPDQ DQG %LUNKRII� SXEOLVKHG WKH VHPLQDO SDSHU >��@ RQ ZKDW ZRXOG EHFRPH TXDQWXP

ORJLF� IRFXVLQJ RQ WKH VWXG\ WKH DOJHEUDLF SURSHUWLHV RI TXDQWXP SURSRVLWLRQV� 7KH\ FRQVLGHU WKDW WKH

ODWWHU FRUUHVSRQG WR WKH WHVWV WKDW FDQ EH SHUIRUPHG H[SHULPHQWDOO\� L�H� WKH VR�FDOOHG WHVWDEOH SURSHUWLHV�

0DWKHPDWLFDOO\� VXFK SURSHUWLHV DUH FORVHG OLQHDU VXEVSDFHV RI +LOEHUW VSDFHV� ZKLFK FDQ EH GHILQHG DV

IROORZV�

Definition 5.1.1. (Orthogonality and Orthocomplement). Let ℋ be a complex Hilbert space.
Two vectors 𝑥, 𝑦 ∈ ℋ are said to be orthogonal, denoted 𝑥⊥𝑦, iff ⟨𝑥∣𝑦⟩ = 0. Given a subset𝑋 ⊆ ℋ, the orthocomplement of X, denoted by ∼ 𝑋, is given as:

∼ 𝑋 = {𝑦 ∈ ℋ| 𝑦⊥𝑥 for all 𝑥 ∈ 𝑋} .
Definition 5.1.2. (Closed Linear Space) Let 𝑃 be a subspace of a complex Hilbert space ℋ.
P is a closed linear subspace if ∼∼ 𝑃 = 𝑃.
7DNLQJ WHVWDEOH SURSHUWLHV DV SURSRVLWLRQV� WKH ORJLF GHYHORSV DV H[SHFWHG� 1HJDWLRQ LV JLYHQ E\ WKH

RUWKRFRPSOHPHQW RI D SURSRVLWLRQ� GHQRWHG∼ 𝜙� ZKHUH 𝜙 LV D SURSRVLWLRQ� DQG FRQMXQFWLRQ� GHQRWHG 𝜙∧𝜓�
LV JLYHQ E\ WKH LQWHUVHFWLRQ RI WKH WZR FORVHG OLQHDU VXEVSDFHV� 7KH GHILQLWLRQ RI GLVMXQFWLRQ� VOLJKWO\ GLIIHUHQW

IURP WKH FODVVLFDO RQH� LV JLYHQ E\ WKH TXDQWXP MRLQ� WKH FORVHG OLQHDU VXEVSDFH GHILQHG E\ WKH FODVVLFDO

XQLRQ RI WZR SURSRVLWLRQV�

Definition 5.1.3. (Quantum Join) Let ℋ be a complex Hilbert space and let 𝐾, 𝐿 ⊆ ℋ be
two subsets. The quantum join of 𝐾 and 𝐿, denoted 𝑘 ⊔ 𝐿 is given by

𝐾 ⊔ 𝐿 =∼∼ (𝐾 ∪ 𝐿) . (138)

$ PLQLPDOLVWLF TXDQWXP ORJLF EXLOGV RQ WKHVH RSHUDWLRQV� DFFRUGLQJ WR WKH IROORZLQJ V\QWD[�

𝜙 ∶∶= ⊥| ∼ 𝜙|𝜙 ∧ 𝜙|𝜙 ⊔ 𝜙 ,
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ZKHUH ⊥ LV WKH SURSHUW\ IDOVH� FRUUHVSRQGLQJ WR WKH HPSW\ FORVHG +LOEHUW VSDFH� 9DOLG SURSRVLWLRQV� DV XVXDO

LQ ORJLF� SRVVHVV DQ RUGHU UHODWLRQVKLS� EDVHG RQ WKH IDFW WKDW VRPH SURSRVLWLRQV FDQ EH HPEHGGHG RQ

HDFK RWKHU� )RU LQVWDQFH� LI 𝐴∧ 𝐵 LV WUXH� RQH QHFHVVDULO\ FRQFOXGHV WKDW 𝐴 LV WUXH� DQG KHQFH RQH VWDWHV

WKDW 𝐴 ∧ 𝐵 ≤ 𝐴� L�H� 𝐴 LV PRUH JHQHUDO DQG OHVV UHVWULFWLYH� ,Q IDFW� WKH ZKROH VHW RI SURSRVLWLRQV FDQ EH

DUUDQJHG LQ D ERXQGHG SUH�RUGHU VWUXFWXUH� GHQRPLQDWHG ODWWLFH �VHH GHILQLWLRQ ������� 7KH PRVW GLVWLQFWLYH

SURSHUW\ RI TXDQWXP ODWWLFHV RI SURSRVLWLRQV� LV WKDW WKH GLVWULEXWLYLW\ ODZ� RQH RI WKH FRUQHUVWRQHV RI FODVVLFDO

ORJLF� GRHV QRW KROG�

𝑃 ∧ (𝑄 ⊔ 𝑅) ≠ (𝑃 ∧ 𝑄) ⊔ (𝑃 ∧ 𝑅) ,
GXH WR WKH QRQ�FRPPXWDWLYH QDWXUH RI REVHUYDEOH SURSHUWLHV RI TXDQWXP PHFKDQLFV� L�H� WKH RUGHU LQ ZKLFK

REVHUYDWLRQ DUH PDGH PDWWHUV� DV SUHVHQWHG LQ H[DPSOH ������

Example 5.1.1. Due to the Heinsenberg’s uncertainty principle it is well known that it not
possible to have, simultaneously, definite values for momentum and position. From this, it
is possible to build an example where the distributivity law fails. Consider the following
propositions,

• P - |𝑝| ≤ 1 (units are irrelevant),

• Q - 𝑥 ≤ 0 and

• R - 𝑥 ≥ 0
where 𝑥 regards the position of a particle and 𝑝 its momentum. From quantum mechanics,
it can be stated that if 𝑃 is true then

(𝑃 ∧ 𝑄) is false, (𝑃 ∧ 𝑅) is false, (𝑃 ∧ 𝑄) ⊔ (𝑃 ∧ 𝑅) is also false,(𝑄 ⊔ 𝑅) is true, and 𝑃 ∧ (𝑄 ⊔ 𝑅) is also true.

Hence, 𝑃 ∧ (𝑄 ⊔ 𝑅) ≠ (𝑃 ∧ 𝑄) ⊔ (𝑃 ∧ 𝑅) and in this particular case the distributivity law
does not hold.

7KLV IDFW KDV LPSRUWDQW LPSOLFDWLRQV LQ WKH ZD\ RQH FDQ EXLOG LQIHUHQFH UXOHV IRU WKLV ORJLF� L�H� WKH

WUDGLWLRQDO PRGXV SRQHQV LV QRW YDOLG IRU WKH PRVW JHQHUDOL]HG YHUVLRQ LQ LQILQLWH GLPHQVLRQV RI TXDQWXP

ORJLF� KRZHYHU ZHDNHU IRUPV RI WKH GLVWULEXWLYH ODZ DUH SRVVLEOH LQ FHUWDLQ VLWXDWLRQV� ,Q SDUWLFXODU� WKH

PRGXODU ODZ� KDV EHHQ VKRZQ WR KROG IRU ILQLWH GLPHQVLRQDO +LOEHUW VSDFHV

,I 𝐴 ≤ 𝐵 WKHQ 𝐴∨ (𝐵 ∧ 𝐶) = (𝐴 ∨ 𝐵) ∧ (𝐴 ∨ 𝐶) , (139)
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VR DV WKH RUWKRGRPXODU ODZ IRU +LOEHUW VSDFHV RI DUELWUDU\ GLPHQVLRQ� DV VKRZQ E\ +XVLPL >���@�

,I 𝐴 ≤ 𝐵 DQG ∼ 𝐴 ≤ 𝐶 WKHQ ∼ 𝐴 ∨ (𝐵 ∧ 𝐶) = (𝐴 ∨ 𝐵) ∧ (𝐴 ∨ 𝐶) . (140)

7KHVH REVHUYDWLRQV VXJJHVW WKDW TXDQWXP ORJLF LV VXEVWDQWLDOO\ KDUGHU IRU LQILQLWH GLPHQVLRQV� )URP WKH

DOJHEUDLF SHUVSHFWLYH� TXDQWXP ORJLF SUHVHQWV LWVHOI LQ D RUWKRODWWLFH VWUXFWXUH �VHH GHILQLWLRQV ����� DQG

������� ZKHUH WKH FRPPXWDWLYH ODZ GRHV GRW KROG� ZKLFK SUHYHQWV WKH GLVWULEXWLYH ODZ WR KROG� DV LW ZRXOG GR

LQ D %RROHDQ DOJHEUD �GHILQLWLRQ �������

Definition 5.1.4. (Lattice)
A lattice is a structure ℒ = (∧,∨) where the following laws hold:

1. 𝐴∧ 𝐴 = 𝐴;𝐴 ∨ 𝐴 = 𝐴 (idempotence)

2. 𝐴∧ 𝐵 = 𝐵 ∧ 𝐴;𝐴 ∨ 𝐵 = 𝐵 ∨ 𝐴 (commutativity)

3. 𝐴∧ (𝐵 ∧ 𝐶) = (𝐴 ∧ 𝐵) ∧ 𝐶;𝐴 ∨ (𝐵 ∨ 𝐶) = (𝐴 ∨ 𝐵) ∨ 𝐶 (associativity)

4. 𝐴∧ (𝐴 ∨ 𝐵) = 𝐴;𝐴 ∨ (𝐴 ∧ 𝐵) = 𝐴 (absorption)

Definition 5.1.5. (Ortholattice)
An ortholattice is a lattice ℒ = (∼,∧,∨, 0, 1) where the following laws hold:

1. Has a least element (0) and greatest element (1), thus called bounded;

2. Complemented, every element A has a orthocomplement ∼ 𝐴, (𝐴∨ ∼ 𝐴 = 1),
(𝐴∧ ∼ 𝐴 = 0),

3. which is an involution (∼∼ 𝐴 = 𝐴).

Definition 5.1.6. (Boolean algebra)
A Boolean algebra is an ortholattice ℒ = (∼,∧,∨, 0, 1), where the distributivity laws hold:

1. 𝐴∧ (𝐵 ∨ 𝐶) = (𝐴 ∧ 𝐵) ∨ (𝐴 ∧ 𝐶);
2. 𝐴∨ (𝐵 ∧ 𝐶) = (𝐴 ∨ 𝐵) ∧ (𝐴 ∨ 𝐶)

*LYHQ WKLV� RUWKRODWWLFHV VHHP WR FRSH ZLWK WKH QHHGV TXDQWXP ORJLF� KRZHYHU� WKH IDFW WKDW D ZHDNHU IRUP RI

WKH PRGXODU ODZ WR KROG LQ JHQHUDO� OHDGV WR D PRUH DSSURSULDWH DOJHEUDLF VWUXFWXUH � WKDW RI D RUWKRPRGXODU

ODWWLFHV �GHILQLWLRQ ������ � ZKLFK� DUJXDEO\� VHHPV WR EH WKH ULJKW VWUXFWXUH IRU TXDQWXP SURSRVLWLRQV >���@�
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Definition 5.1.7. (Orthomodular lattice)
An orthomodular lattice is an ortholattice ℒ = (∼,∧,∨, 0, 1), where the orthomodular law
(eq (140)) holds:

If 𝐴 ≤ 𝐵 then 𝐴∨ (𝐴∧ ∼ 𝐴) (Weak modularity) . (141)

<HW� ZKLOH RUWKRPRGXODU ODWWLFHV FDSWXUH DFFXUDWHO\ WKH VWUXFWXUH RI TXDQWXP WHVWV UHSUHVHQWHG LQ +LOEHUW

VSDFHV� WKHUH LV VWLOO D PDMRU LVVXH SUHYHQWLQJ WKHP WR EH HTXLYDOHQW WR +LOEHUW VSDFHV DV D IRXQGDWLRQDO

VWUXFWXUH RI TXDQWXP PHFKDQLFV� WKH LQH[LVWHQFH RI D WHQVRU SURGXFW >���@� 7KLV OHG WR H[WHQVLYH UHVHDUFK

ZRUN WR ILQG WKH µULJKWµ ORJLFDO VWUXFWXUH RI TXDQWXP PHFKDQLFV� IURP ZKLFK UHOHYDQW OLQHV RI ZRUN KDYH

DULVHQ� DV IRU LQVWDQFH RUWKRDOJHEUDV� LQWURGXFHG E\ 5DQGDOO DQG )RXOLV >���@� IRU ZKLFK D WHQVRU VWUXFWXUH

H[LVWV >���@� ZKLFK� KRZHYHU� SRVVHVV RWKHU LVVXHV >���@� 5HOHYDQW OLQHV RI ZRUN DUH JLYHQ� IRU LQVWDQFH� E\

HIIHFW DOJHEUDV >���� ���@� DQG SDUWLDO %RROHDQ DOJHEUDV� LQWURGXFHG E\ .RFKHQ�6SHFNWHU >���� ���@�

([FHOOHQW UHYLHZV RI WKHVH GHYHORSPHQWV DUH DYDLODEOH� IRU LQVWDQFH� LQ >���� ���@� EXW VR IDU QR DOJHEUDLF

VWUXFWXUH� EDVHG RQ WKH DOJHEUDLF SURSHUWLHV RI TXDQWXP SURSRVLWLRQV� LV DEOH WR FRSH FRPSOHWHO\ ZLWK DOO WKH

IHDWXUHV RI TXDQWXP PHFKDQLFV� REWDLQHG� IRU LQVWDQFH� LQ +LOEHUW VSDFHV�

2QH RI WKH DSSOLFDWLRQV RI TXDQWXP ORJLF ZDV RQ WKH D[LRPDWL]DWLRQ RI TXDQWXP PHFKDQLFV� IURP ZKLFK

D EHWWHU FKDUDFWHUL]DWLRQ RI WKH +LOEHUW VSDFHV VXLWDEOH IRU TXDQWXP PHFKDQLFV ZDV REWDLQHG� 7KH ZRUN

VWDUWHG E\ 3LURQ LQ ���� >���@� ZKHUH ILYH D[LRPV RI TXDQWXP PHFKDQLFV LQ +LOEHUW VSDFHV ZHUH HVWDEOLVKHG

DQG ZDV FRPSOHWHG PDQ\ \HDUV ODWHU WKDQNV WR WKH ZRUN RI 0D\DQ DQG 6ROHU >���� ��@�

)XUWKHU� WKHUH LV DOVR VRPH ZRUN DWWHPSWLQJ WR IROORZ D VLPLODU DSSURDFK WR ILQG WKH TXDQWXP WKHRU\ RI

JUDYLW\ RXW RI ORJLFDO SULQFLSOHV VHH� LQ SDUWLFXODU� ZRUN UHSRUWHG E\ ,VKDP >���@� RU +DUWOH >���@�

��� '\QDPLF DVSHFWV LQ 4XDQWXP /RJLF

7KH ORJLFDO DSSDUDWXV GLVFXVVHG LQ WKH SUHYLRXV VHFWLRQV DLPV H[FOXVLYHO\ DW UHDVRQLQJ RYHU WKH VWDWLF

SHUVSHFWLYH RI TXDQWXP V\VWHPV� +RZHYHU� WR UHDVRQ DERXW TXDQWXP HYROXWLRQ� ZKLFK SRVVHVV TXDQWXP

SURJUDPPLQJ DV D VXEFDVH� RQH LV PRVWO\ LQWHUHVWHG LQ WKH G\QDPLF SHUVSHFWLYH� 7R WKH EHVW RI RXU

NQRZOHGJH� QR G\QDPLFDO ORJLFDO V\VWHP EDVHG RQ WKH QRWLRQ RI ORJLF JLYHQ E\ REVHUYDEOH SURSHUWLHV� LV

DEOH WR GHDO ZLWK TXDQWXP V\VWHPV RI DUELWUDU\ GLPHQVLRQ� LQ D FRPSOHWH ZD\� 7KH UHDVRQV IRU WKLV PD\

KDYH WR GR H[DFWO\ ZLWK WKH LVVXHV UDLVHG LQ SUHYLRXV VHFWLRQ� WKH ODFN RI D VDWLVIDFWRU\ QRWLRQ RI WHQVRU IRU

RUWKRPRGXODU ODWWLFHV DQG WKH LVVXHV H[LVWHQW LQ WKH VWUXFWXUHV WKDW GR SRVVHVV WHQVRUV�

+RZHYHU� WKHUH DUH FRPSOHWH UHDVRQLQJ V\VWHPV� SDUWLFXODUO\ WKRVH DNLQ WR WKH IRUPDOLVPV RI TXDQWXP

PHFKDQLFV� +LOEHUW VSDFHV DQG GHQVLW\ RSHUDWRUV� ZKHUH WKH QRWLRQV RI WHQVRU DQG FRPSRVLWLRQDOLW\ FRPH

QDWXUDOO\� DV LW KDSSHQV IRU LQVWDQFH LQ WKH H[WHQVLYH ILHOG RI FDWHJRULFDO TXDQWXP PHFKDQLFV �&40�� 6XFK

IRUPDOLVP LV IRFXVHG RQ WKH DEVWUDFW DOJHEUDLF SURSHUWLHV RI VXFK VSDFHV DQG RIIHU D ZLGH UDQJH RI WRROV WR

YDOLGDWH TXDQWXP SURJUDPV DQG SURWRFROV >��� ���@�
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7KH QRWLRQV DFTXLUHG IURP VWDQGDUG TXDQWXP ORJLFV KDYH DOVR LQIOXHQFHG D ZLGH UDQJH RI ORJLFDO V\VWHPV

WR GHDO ZLWK TXDQWXP SURJUDPV DQG VHYHUDO DVVRFLDWHG WRROV RULJLQDWH LQ GLIIHUHQW FRQWH[WV� LQFOXGLQJ PRGDO�

OLQHDU ORJLFV DQG VRPH IRUPV RI QRQ�FODVVLFDO ORJLFV� +HUH RQH VKDOO KLJKOLJKW� IRU LQVWDQFH� WKH ZRUNV RI

0DWHXV HW DO� >���� ��@� $GDPV HW DO� >��@� EDVHG RQ WKH VR�FDOOHG HIIHFWXV WKHRU\ >���@� RU WKH ZRUNV RI

<LQJ >���@� D )OR\G�+RDUH ORJLF >���@ EDVHG RQ WKH QRWLRQ RI ZHDNHVW�SUHFRQGLWLRQ VHPDQWLFV RI '·+RQGW

DQG 3DQDQJDGHQ >���@� 7KH ODWWHU KDV RULJLQDWHG VHYHUDO PRGHO FKHFNHUV DQG WKHRUHP SURYHUV >���� ���@�

6WLOO LQ WKH +RDUH ORJLF OLQH RI ZRUN� WKHUH LV WKH ZRUN RI 8QUXK >���@� DQG DOVR VHYHUDO DWWHPSWV RI EXLOGLQJ

+RDUH W\SH V\VWHPV >���@� LQ RUGHU WR REWDLQ DXWRPDWLF SURJUDP YDOLGDWLRQ� ULJKW RQ FRPSLOH WLPH�

7KH OLQH RI ZRUN ZKLFK PRVWO\ LQIOXHQFHG WKH ZRUN XQGHUWDNHQ LQ WKLV WKHVLV LV WKH RQH RI TXDQWXP G\QDPLF

ORJLF� '\QDPLF ORJLF LV D V\VWHP RIWHQ XVHG IRU SURJUDP YHULILFDWLRQ LQWURGXFHG E\ 3UDWW >���� ���@� DQG LV

HVVHQWLDOO\ D PRGDO ORJLF� ZKHUH PRGDOLWLHV DUH ODEHOOHG E\ SURJUDP FRPSRQHQWV >��@� 2Q WKH TXDQWXP VLGH�

D PRGDO SHUVSHFWLYH RQ TXDQWXP ORJLF� KDV EHHQ H[SORUHG� IRU LQVWDQFH� LQ WKH ZRUNV RI 'DOOD &KLDUD HW DO�

>���@ RU *ROGEODWW >���@� DQG WKH ILUVW G\QDPLF ORJLF IRU TXDQWXP SURJUDPPLQJ ZDV LQWURGXFHG E\ %DOWDJ

DQG 6PHWV >��@� D SDWK WKDW ZDV DOVR H[SORUHG E\ %UXQHW HW DO� >��@�

����� 4XDQWXP G\QDPLF ORJLF DQG LWV VHPDQWLFV

$ G\QDPLF ORJLF IRU TXDQWXP SURJUDPV ZDV LQWURGXFHG LQ ���� E\ %DOWDJ DQG 6PHWV >��� ��@� DQG VLQFH

WKHQ LW KDV EHHQ H[WHQVLYHO\ GHYHORSHG� DV GRFXPHQWHG� IRU LQVWDQFH� LQ >��� ��@� RU >��� ��@� IRFXVLQJ RQ

GLIIHUHQW SHUVSHFWLYHV� H�J� FDSWXULQJ HQWDQJOHPHQW LQ TXDQWXP V\VWHPV� RU WKH SUREDELOLVWLF SURSHUWLHV RI

TXDQWXP SURJUDPV� 0RUH UHFHQWO\� DNLQ WR WKLV NLQG RI ZRUN� %HUJIHOG >��@ SURSRVHG D SUREDELOLVWLF G\QDPLF

ORJLF IRU TXDQWXP V\VWHPV� IRFXVLQJ RQ WKH FDOFXODWLRQ RI SUREDELOLWLHV >��@� ZKLFK DOVR LQIOXHQFHG RXU RZQ

ZRUN�

7KHUH DUH VWLOO KRZHYHU PDQ\ UHOHYDQW OLQHV RI ZRUN WR SXUVXH LQ WKH ILHOG RI G\QDPLF ORJLFV� IRU LQVWDQFH�

WKH GHVLJQ RI ORJLFV WR GHDO ZLWK PRUH UHDOLVWLF TXDQWXP SURJUDPPLQJ ODQJXDJHV� SDUWLFXODUO\ WKH RQHV WKDW

LQYROYH FODVVLFDO FRQWURO LQVWUXFWLRQV DQG PHDVXUHPHQWV� ZKLFK DV� GLVFXVVHG LQ VHFWLRQ ������ FRQVWLWXWHV D

ODUJH IDPLO\ RI ODQJXDJHV RI LQFUHDVLQJ FRPSOH[LW\�

1RQHWKHOHVV� VWDQGDUG TXDQWXP ORJLF FDQ EH H[SUHVVHG LQ G\QDPLF ORJLF� L�H� XVLQJ D VWUXFWXUH DNLQ WR

D ODEHOOHG WUDQVLWLRQ V\VWHP >���@� ZKHUH WKH VWDWH VSDFH LV JLYHQ E\ WKH VHW RI YDOLG VWDWHV LQ DQ +LOEHUW

VSDFH� 7HVWV� UDWKHU WKDQ FRUUHVSRQGLQJ D FORVHG OLQHDU VXEVSDFHV� DUH JLYHQ E\ YDOLG WUDQVLWLRQV LQ WKH VWDWH

VSDFH� LQ D UHODWLRQDO ZD\� VXFK WKDW WKH\ FRUUHVSRQG WR WKHLU DFWXDO HIIHFWV� $ VWUXFWXUH WKDW FDSWXUHV WKHVH

SUHPLVHV� DQG VXSSOLHV QRWLRQV FRPSDWLEOH ZLWK TXDQWXP ORJLF� LV WKDW RI D TXDQWXP G\QDPLF IUDPH� ZKLFK

LV GHILQHG DV IROORZV�

Definition 5.2.1. (Quantum Dynamic Frame) A quantum dynamic frame ℱ is a tuple(Σ,ℒ, { 𝑃?−−→}𝑃∈ℒ) such that Σ is a set, ℒ ⊆ 2Σ, 𝑃?−−→⊆ Σ × Σ for each 𝑃 ∈ ℒ, that satisfies
the following conditions, where →= ⋃𝑃∈ℒ 𝑃?−−→:
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1. ℒ is closed under arbitrary intersection.

2. ℒ is closed under orthocomplement, where the orthocomplement of 𝐴 ⊆ Σ is

∼ 𝐴 ∶= {𝑠 ∈ Σ|𝑠 ↛ 𝑡 for all 𝑡 ∈ 𝐴} (142)

3. Atomicity: For any 𝑠 ∈ Σ, {𝑠} ∈ ℒ.

4. Adequacy: For any 𝑠 ∈ Σ and 𝑃 ∈ ℒ, if 𝑠 → 𝑡, then 𝑠 𝑃?−−→ 𝑠.
5. Repeatability: For any 𝑠, 𝑡 ∈ Σ and 𝑃 ∈ ℒ if 𝑠 𝑃?−−→ then 𝑡 ∈ 𝑃
6. Self-Adjointness: For any 𝑠, 𝑡, 𝑢 ∈ Σ and 𝑃 ∈ ℒ, if 𝑠 𝑃?−−→ 𝑡 → 𝑢, then there is a 𝑣 ∈ Σ

such that 𝑢 𝑃?−−→ 𝑣 → 𝑠, for all 𝑣 ∈ 𝑃.

7. Covering Property: Suppose 𝑠 𝑃?−−→ 𝑡, for 𝑠, 𝑡 ∈ Σ and 𝑃 ∈ ℒ, then for any 𝑢 ∈ 𝑃, if𝑢 ≠ 𝑡, then 𝑢 → 𝑣↛𝑠 for some 𝑣 ∈ 𝑃; or, contrapositively, 𝑢 = 𝑡 if 𝑢 → 𝑣 implies𝑣 → 𝑠 for all 𝑣 ∈ 𝑃.

8. Proper superposition: For any 𝑠, 𝑡 ∈ Σ, there is a 𝑢 ∈ Σ such that 𝑠 → 𝑢 → 𝑡.
7KHUH DUH RWKHU VWUXFWXUHV WKDW KDYH EHHQ VKRZQ WR EH HTXLYDOHQW WR WKLV RQH� VXFK DV� DORQJ WKHVH OLQHV�

TXDQWXP .ULSNH IUDPHV LQWURGXFHG E\ =KRQJ >���@� $Q LQWHUHVWLQJ VOLJKWO\ GLIIHUHQW DSSURDFK WR WKH VHPDQWLFV

RI TXDQWXP ORJLFV� LV WKH RQH LQWUXGXFHG E\ %HUJIHOG >��@� ZKHUH TXDQWXP V\VWHPV FRQVLVW RI D VHULHV

RI LQGHSHQGHQW V\VWHPV� UHSUHVHQWHG E\ RUGHUHG EDVLV� WKH 1�340 PRGHO� ,Q WKLV DSSURDFK� WKH QRWLRQ

RI HQWDQJOHPHQW LV D IUHH FRQQHFWLYH� SDUW RI WKH V\QWD[ RI WKH ORJLF� ZKLFK JUHDWO\ VLPSOLILHV VRPH RI WKH

SUREDELOLVWLF FDOFXODWLRQV�

2QH DGYDQWDJH RI XVLQJ G\QDPLF VWUXFWXUHV WR UHSUHVHQW TXDQWXP ORJLF LV WKDW WKH FRUUHVSRQGLQJ ORJLF

FDQ HDVLO\ EH WUDQVIRUPHG LQWR D ORJLF RI SURJUDPV� DV GRQH E\ 6PHW DQG %DOWDJ·V LQ >��@� 7KH VHPDQWLFV LV

JLYHQ E\ TXDQWXP IUDPHV� ZKLFK LV MXVW DQ H[WHQVLRQ RI TXDQWXP G\QDPLF IUDPHV DOORZLQJ XQLWDU\ WUDQVLWLRQV�

ZKLFK FDQ EH W\SHG DV D WXSOH UHDGLQJ DV�

Σ(ℋ) ∶= (Σ, { 𝑃?−−→}𝑃∈ℒ, { 𝑈−→}𝑈∈𝒰)) (143)

ZKHUH� VLPLODUO\ WR TXDQWXP G\QDPLF IUDPHV� Σ FRUUHVSRQGV WR WKH VHW RI SRVVLEOH VWDWHV RI DQ +LOEHUW

VSDFH RI ILQLWH GLPHQVLRQ� 𝑃 ∈ ℒ DUH WHVWDEOH SURSHUWLHV �L�H� WKH FORVHG OLQHDU VXEVSDFHV�� 𝑃? WKH DFWXDO
H[SHULPHQWDO SURFHVVHV RI PHDVXULQJ WHVWDEOH SURSHUWLHV� DQG 𝑈 ∈ 𝒰 WR XQLWDU\ WUDQVLWLRQV� 1DWXUDOO\�

TXDQWXP IUDPHV VXSSRUW DOO UXOHV SUHVHQWHG LQ LQ GHILQLWLRQ ������ DQG LQ DGGLWLRQ WKH WKHRUHPV ����� DQG

������ ZKLFK FRQFHUQ WKH UHYHUVLELOLW\ DQG DGMRLQWQHVV RI XQLWDU\ RSHUDWRUV� UHVSHFWLYHO\�
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Theorem 5.2.1. ([39]) In every quantum frame Σ(ℋ) the following properties for unitary
transformations (stated for all 𝑈,𝑈† ∈ 𝒰) hold:

1. Functionality: For every state 𝑠 ∈ Σ we have ∃𝑡 ∶ 𝑠 𝑈−→ 𝑡
2. Inverse-adjoint (bijectivity): 𝑠 𝑈−→ 𝑡 𝑈†−−→ 𝑤 implies 𝑠 = 𝑤. Similarly, 𝑠 𝑈†−−→ 𝑡 𝑈−→ 𝑤

Theorem 5.2.2. (Adjointness [39]) Let 𝐹 be a linear transformation and let 𝑠, 𝑤, 𝑡 ∈ Σ be
states: If 𝑠 𝐹−→ 𝑤 → 𝑡 then there exists some state 𝑣 ∈ Σ such that 𝑡 𝐹†−→ 𝑣 → 𝑠.

7KH TXDQWXP IUDPHV DUH XVHG LQ D ORJLF IRU TXDQWXP SURJUDPV H[SORUHG� IRU LQVWDQFH� LQ >��� ��@� 6XFK

ORJLF HQFRPSDVVHV WZR OD\HUV� WKH OD\HU RI SURJUDPV� �𝜋� DQG WKH OD\HU RI SURSRVLWLRQV� �𝜙�� ZLWK WKH IROORZLQJ
V\QWD[�

𝜙 ∶∶= 𝑝|𝜙 ∧ 𝜙|¬𝜙|[𝜋]𝜙|𝑃≥𝑟𝜙𝜋 ∶∶= 𝑢|𝜙?|𝜋; 𝜋|𝜋 ∪ 𝜋
2Q WKH SURSRVLWLRQDO OD\HU� RQH IRXQGV WKH XVXDO %RROHDQ FRQQHFWLYHV� ∧ DQG ¬� ZLWK VLPLODU PHDQLQJ DV

WKH\ GR LQ FODVVLFDO ORJLF� PRGDO RSHUDWRU [𝜋]𝜙 ZLWK WKH PHDQLQJ µLI 𝜋 WHUPLQDWHV� WKHQ 𝜙 LV QHFHVVDULO\

WUXHµ� WKH SUREDELOLVWLF RSHUDWRU 𝑃≥𝑟𝜙� PHDQLQJ WKDW µ𝜙 LV WUXH ZLWK D SUREDELOLW\ JUHDWHU WKDQ 𝑟µ� 7KH
SURJUDPV OD\HU 𝜋 FRQWDLQV WKH DWRPLF SURJUDPV DQG WKH RSHUDWRU IRU VHTXHQWLDO FRPSRVLWLRQ RI SURJUDPV�

QRQGHWHUPLQLVWLF FKRLFH� DQG WHVWV� ZKLFK FRUUHVSRQG WR WKH TXDQWXP WHVWV� ZLWK WKH GHVWUXFWLYH HIIHFWV WKDW

FKDUDFWHUL]H WKHP� 7KH PDLQ LQQRYDWLRQ RI WKLV ORJLF LV WR SURYLGH D FRQFUHWH ZD\ WR UHDVRQ DERXW TXDQWXP

SURJUDPV�

2Q WKH GHFLGDELOLW\ VLGH� WKH ILQLWH GLPHQVLRQDO VWDQGDUG TXDQWXP ORJLF� KDV EHHQ VKRZQ WR EH GHFLGDEOH

E\ 'XQQ HW DO� >���@� XVLQJ D SURRI VWUDWHJ\ EDVHG RQ D UHGXFWLRQ WR WKH ILUVW RUGHU WKHRU\ RI WKH UHDOV� NQRZQ

WR EH GHFLGDEOH E\ DQ LPSRUWDQW UHVXOW RI 7DUVNL >���@� )ROORZLQJ WR WKLV UHVXOW� PDQ\ RWKHU ORJLFV� LQFOXGLQJ

WKH G\QDPLF RQHV GLVFXVVHG LQ WKLV VHFWLRQ� KDYH VKRZQ WR EH GHFLGDEOH XVLQJ WKH VDPH W\SH RI VWUDWHJ\� DV

VKRZQ E\ %DOWDJ HW DO� LQ >��@�

)XUWKHUPRUH� LW LV DOVR VKRZQ LQ 'XQQ HW DO� >���@� WKDW ZKHQHYHU DQRWKHU TXELW LV DGGHG WR WKH UHJLVWHU�

WKH FRUUHVSRQGHQW ORJLF LV GLIIHUHQW� 𝑄𝐿(ℂ2𝑛) ≠ 𝑄𝐿(ℂ2𝑛+1)� 'XH WR WKH LQH[LVWHQFH RI WHQVRU RSHUDWRU
GHILQHG EHWZHHQ WZR VXFK ORJLFV� WKH ODWWHU FDQQRW EH EXLOW IURP WKH IRUPHU� MXVW E\ WHQVRULQJ LW ZLWK D

VLQJOH�TXELW ORJLF� )RU LQILQLWH GLPHQVLRQV� VWDQGDUG TXDQWXP ORJLF LV NQRZQ WR EH XQGHFLGDEOH >���@� VR DV�

SUHVXPDEO\� DOO WKH ORJLFV WKDW KDQGOH SURJUDPV ZLWK LQILQLWH GLPHQVLRQV WKDW FDQ EH UHGXFHG WR LW�
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��� $ G\QDPLF ORJLF IRU 4$60 SURJUDPPLQJ ODQJXDJH �/4$60�

7KH 4XDQWXP $VVHPEO\ /DQJXDJH �4$60 ODQJXDJH� >���@� LV WKH TXDQWXP FLUFXLW VSHFLILFDWLRQ ODQJXDJH LQ

XVH LQ WKH FRPPHUFLDOO\ DYDLODEOH TXDQWXP KDUGZDUH VXSSOLHG E\ ,%0� WKH ,%0 4 SODWIRUP >�@� 7KH SODWIRUP

LQFOXGHV D YLVXDO HGLWRU IRU TXDQWXP FLUFXLWV �D VLPSOH H[DPSOH IRU D TXDQWXP FRLQ LV SUHVHQWHG LQ ILJXUH ����

Figure 22: Example of the definition of a circuit in the QASM language. On the right side the
visual definition of the circuit and on the left side the correspondent QASM code.

4$60 LV QRW D SXUHO\ TXDQWXP ODQJXDJH DV LW LQYROYHV VRPH IRUP RI FODVVLFDO FRQWURO� L�H� LW HQFRPSDVVHV

FODVVLFDO YDULDEOHV� PHDVXUHPHQWV� ZKLFK SRVVHVV D SUREDELOLVWLF QDWXUH� DQG FODVVLFDO IORZ LQVWUXFWLRQV �LI

VWDWHPHQWV�� EDVHG RQ WKH �SUREDELOLVWLF� UHVXOWV RI PHDVXUHPHQWV� 7KHUHIRUH� D ORJLF WDUJHWHG WR WKLV NLQG

RI SURJUDPV PXVW EH DEOH WR GHDO ZLWK WKHVH SUREDELOLVWLF LQVWUXFWLRQV ZKLFK PD\ DIIHFW ERWK SURSRVLWLRQV

DQG SURJUDPV� D FKDOOHQJH ZH LQWHQG WR DGGUHVV LQ WKLV ZRUN� 0RUH RQ WKLV RQ VHFWLRQ ������ 2XU SRLQW RI

GHSDUWXUH LV WKH H[WHQVLYH OLQH RI ZRUN RQ G\QDPLF ORJLFV IRU TXDQWXP SURJUDPV� LQLWLDWHG E\ %DOWDJ DQG

6PHWV >��� ��@ DQG WKH ZRUN RI .R]HQ RQ WKH G\QDPLF ORJLFV IRU SUREDELOLVWLF SURJUDPV >���� ���@� ,Q WKH

QH[W IHZ VHFWLRQV ZH GLVFXVV ERWK WKH IUDJPHQW RI 4$60 WR EH KDQGOHG E\ WKH ORJLF� DV ZHOO DV WKH ORJLF� LWV

V\QWD[ DQG VHPDQWLFV�

����� 7KH 4$60 SURJUDPPLQJ ODQJXDJH

7KH 4$60 ODQJXDJH LV D FLUFXLW VSHFLILFDWLRQ ODQJXDJH� DOORZLQJ IRU WKH FRQVWUXFWLRQ RI D ZLGH UDQJH RI

FLUFXLWV� PDNLQJ XVH RI TXDQWXP JDWHV� H[SUHVVHG LQ URWDWLRQV RQ XS WR WKUHH D[LV�

𝑈(𝜙) 𝑈2(𝜙, 𝜃) 𝑈3(𝜙, 𝜃, 𝜆)
ZKHUH 𝜙� 𝜃� 𝜆 FRUUHVSRQG WR DQJOHV LQ WKH 𝑥, 𝑦 DQG 𝑧 D[LV� 7KLV VHW RI JDWHV LV FOHDUO\ XQLYHUVDO� DV DQ\
VHW RI JDWHV FDQ LQWHUSUHWHG DV D PXOWL�DQJOH URWDWLRQ� )XUWKHUPRUH� WKH ODQJXDJH DOVR DOORZV WKH GHILQLWLRQ

RI FXVWRPL]HG TXDQWXP JDWHV� EDVHG RQ DUELWUDU\ FRPSRVLWLRQV RI WKHVH URWDWLRQDO JDWHV� DQG WKH DQJOHV
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WKHPVHOYHV FDQ EH GHULYHG IURP D ZLGH VHW RI FRPSOH[�YDOXHG FRQVWUXFWLEOH IRUPXODV� DW FRPSLOH WLPH�

0RUHRYHU� WKH ODQJXDJH DOVR HQFRPSDVVHV D VHW RI FODVVLFDO FRQWURO LQVWUXFWLRQV� FUHDWLRQ RI FODVVLFDO DQG

TXDQWXP UHJLVWHUV� UHVHWWLQJ TXELWV� PHDVXUHPHQWV DQG FRQGLWLRQDO VWDWHPHQWV� +RZHYHU� WKH ODQJXDJH

GRHV QRW LQFOXGH DQ\ ZKLOH F\FOHV� 7KH FRPSOHWH V\QWD[ RI WKH ODQJXDJH LV DYDLODEOH LQ >���@� EXW LQ WKLV

WKHVLV ZH H[SORUH RQO\ D IUDJPHQW� DV UHSUHVHQWHG LQ ILJXUH ����

⟨𝜋𝑞⟩ ::= x qreg_id [index] | z qreg_id [index] | h qreg_id [index]
| cx qreg_id [index1], qreg_id [index2]
| measure qreg_id [index] → creg_id [index]
| 𝜋𝑞; 𝜋𝑞

⟨𝜋⟩ ::= creg id [size] | qreg id [size]
| if ⟨test⟩ then 𝜋𝑞
| 𝜋;𝜋

Figure 5.1: A fragment of the QASM programming language.

7KH LQVWUXFWLRQV LQ WKLV IUDJPHQW KDYH WKH IROORZLQJ PHDQLQJ�

� 8QLWDU\ JDWHV

– [ TUHJBLG >LQGH[@ � $SSOLFDWLRQ RI WKH ; JDWH WR WKH TXELW 𝑖𝑛𝑑𝑒𝑥 RI UHJLVWHU TUHJBLG�

– ] TUHJBLG >LQGH[@ � $SSOLFDWLRQ RI WKH = JDWH WR WKH TXELW 𝑖𝑛𝑑𝑒𝑥 RI UHJLVWHU TUHJBLG�

– K TUHJBLG >LQGH[@ � $SSOLFDWLRQ RI WKH + JDWH WR WKH TXELW 𝑖𝑛𝑑𝑒𝑥 RI UHJLVWHU TUHJBLG�

– F[ TUHJBLG >LQGH[1@� TUHJBLG >LQGH[2@ � $SSOLFDWLRQ RI WKH &127 JDWH RQ WKH TXELWV LQGH[1 DQG

LQGH[2� RI UHJLVWHU TUHJBLG�
� 1RQ�XQLWDU\ LQVWUXFWLRQV�

– FUHJ LG >VL]H@ � &UHDWLRQ RI D UHJLVWHU� GHQRPLQDWHG LG� ZLWK D QXPEHU RI FODVVLFDO ELWV JLYHQ E\

VL]H�

– TUHJ LG >VL]H@ � &UHDWLRQ RI D UHJLVWHU� GHQRPLQDWHG LG� ZLWK D QXPEHU RI TXDQWXP ELWV JLYHQ E\

VL]H�

– PHDVXUH TUHJBLG >LQGH[@ → FUHJBLG � 0HDVXUHPHQW RI WKH TXELW LQGH[ RI UHJLVWHU TUHJBLG WR WKH

FODVVLFDO UHJLVWHU FUHJBLG�

� )ORZ FRQWURO LQVWUXFWLRQV�

– LI �WHVW! WKHQ 𝜋𝑞 � &RQGLWLRQDO LQVWUXFWLRQ� RQ WKH VXFFHVV RI WHVW� SURJUDP 𝜋𝑞 LV H[HFXWHG�

– 𝜋�𝜋 � &RPSRVLWLRQ RI SURJUDPV�
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����� 6\QWD[ IRU WKH G\QDPLF ORJLF

$V XVXDO LQ G\QDPLF ORJLF� WKH V\QWD[� GHILQHG LQ ILJXUH ���� LV GLYLGHG LQWR WZR OD\HUV� RQH IRU SURJUDPV DQG

IRU IRUPXODV�

⟨𝜑𝑞?⟩ ::= 𝑖𝑑𝑞𝑖 == a, where 𝑎 ∈ {1, 0}
⟨𝜑𝑐?⟩ ::= 𝑖𝑑𝑐𝑖 == a, where 𝑎 ∈ {1, 0}
⟨𝜑?⟩ ::= 𝜑𝑐? | 𝜑𝑞?
⟨𝜋𝑞⟩ ::= x 𝑖𝑑𝑞𝑖 | z 𝑖𝑑𝑞𝑖 | h 𝑖𝑑𝑞𝑖

| cx 𝑖𝑑𝑞𝑖 , 𝑖𝑑𝑞𝑖
| meas 𝑖𝑑𝑞𝑖 to 𝑖𝑑𝑐𝑖
| 𝜋𝑞; 𝜋𝑞

⟨𝜋⟩ ::= creg id [size] | qreg id [size]
| if 𝜑𝑐? then 𝜋𝑞
| 𝜋;𝜋

⟨𝑝⟩ ::= 𝑖𝑐𝑟𝑖 | 𝑖𝑞𝑟𝑖 with 𝑖 ∈ {0, 1}
⟨𝜑⟩ ::= p | ⊤ | 𝑃≥𝑟𝜑 | 𝒜=𝜆𝜑 with 𝜆 ∈ ℂ | [𝜋] 𝜑 | ¬𝜑 | 𝜑 ∧ 𝜑

Figure 5.2: The formulas layer and programs layer.

7KH SURJUDP·V OD\HU HQFRPSDVVHV D IUDJPHQW RI WKH 4$60 ODQJXDJH� GHILQHG LQ ILJXUH ���� KRZHYHU

ZLWK D VLPSOLILHG V\QWD[� WR PDNH SURRIV PRUH XQGHUVWDQGDEOH DQG VKRUWHU� 7KH PDMRU FKDQJHV FRQVLVW

RI WKH UHSODFHPHQW RI VWDWHPHQWV OLNH 𝑖𝑑[𝑖𝑛𝑑𝑒𝑥]� E\ 𝑖𝑑𝑖𝑛𝑑𝑒𝑥� ZKHUH 𝑖𝑑 LV WKH UHJLVWHU LGHQWLILHU DQG LQGH[

WKH SRVLWLRQ RI WKH ELW�TXELW RQ WKH YHFWRU� )XUWKHUPRUH� WKH ELWV DQG TXELWV DUH W\SHG� L�H� TXELWV DUH

H[SUHVVHG DV 𝑖𝑞𝑟𝑖� DQG FODVVLFDO ELWV DV 𝑖𝑐𝑟𝑖 ZLWK 𝑖 ∈ {0, 1}� 7KH V\QWD[ RI WKH PHDVXUHPHQW LQVWUXFWLRQ ZDV
FKDQJHG WR PHDV 𝑖𝑑𝑞𝑖 WR 𝑖𝑑𝑐𝑖 � ZKHUH� IURP OHIW WR ULJKW� WKH ILUVW 𝑖𝑑𝑖 GHILQHV D TXDQWXP ELW WR EH PHDVXUHG�

DQG WKH VHFRQG RQ� WKH FODVVLFDO ELW RI GHVWLQDWLRQ RI WKH PHDVXUHPHQW� 7KH LI VWDWHPHQW� LI 𝜑𝑐? WKHQ𝜋𝑞� KDV WKH VDPH LQ WKH 4$60 ODQJXDJH� LI WKH WHVW LV WUXH� WKHQ WKH SURJUDP LV H[HFXWHG� RWKHUZLVH LW

LV QRW� 2Q WKH IRUPXOD VLGH� DWRPLF SURSRVLWLRQV FRUUHVSRQG WR SURSRVLWLRQV RYHU TXELW VWDWHV� 0� 1 DQG⊥� WKH ODWWHUV UHIHUULQJ WR SURSRVLWLRQV ZKHUH WHVWV 0� 1� UHVXOW ZLWK 1 DV SUREDELOLW\� DQG WKH IRUPHU ⊤ WR

WKH WUXWK� ([SUHVVLRQV 𝑝𝑟𝑖P UHIHU WR WKH QDUURZLQJ RI D SURSRVLWLRQ UDQJH WR D VSHFLILF UHJLVWHU DQG TXELW�

DV IRU LQVWDQFH 0𝑞0� ZKLFK PHDQV WKDW TXELW 0 RI UHJLVWHU 𝑞 KDV YDOXH 0� 7KH 𝑃≥𝑟𝜑 PRGDOLW\ HVWDEOLVKHV

UHVWULFWLRQV WR WKH SUREDELOLW\ RI SURSRVLWLRQV IRU LQVWDQFH 𝑃=0.5𝑝� ZKLOH WKH 𝒜=𝜆𝜑 PRGDOLW\� UHIHUV WR WKH

TXDQWXP DPSOLWXGH RI D SURSRVLWLRQ RQ D VWDWH� L�H� WKH UHVXOW RI WKH LQWHUQDO SURGXFW RSHUDWRU LQ D VWDWH� L�H�
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⟨𝜑|𝑠⟩� ZKHUH 𝑠 LV D VWDWH� 7KH [𝜋] KDV WKH XVXDO PHDQLQJ RI µWKH SURSRVLWLRQ 𝜑 QHFHVVDULO\ KROGV XSRQ WKH

H[HFXWLRQ RI SURJUDP 𝜋� SURJUDP 𝜋 KDOWVµ DQG WKH XVXDO PLQLPDO VHW RI %RROHDQ FRQQHFWLYHV LV LQFOXGHG�

)LQDOO\� WKH IROORZLQJ DEEUHYLDWLRQV RI WDEOH �� DUH YDOLG�

⊥ ∶∶= 𝜑 ∧ ¬𝜑 ⊥ ∶= ¬⊤ ⟨𝜋⟩𝜑 ∶= ¬[𝜋]¬𝜑⋄𝜑 ∶= ⟨𝜑?⟩⊤ ⇤𝜑 ∶= ¬ ⋄ ¬𝜑 𝐸𝜑 ∶= ⋄⋄𝜑𝐴𝜑 ∶= ¬𝐸¬𝜑 𝜑 ∨ 𝜓 ∶= ¬(¬𝜑 ∧¬𝜓) 𝜑 → 𝜓 ∶= ¬(𝜑 ∧ ¬𝜓)𝑝<𝑅𝜑 ∶= ¬𝑝≥𝑟𝜑 𝑝≥𝑟𝜑 ∶= ¬𝑝≤𝑅𝜑
Table 10: Allowed abbreviations

����� 'LVFXVVLRQ

7KH ORJLF SUHVHQWHG LQ WKLV FKDSWHU �/4$60� WDUJHWV WKH 4$60 ODQJXDJH� ZKLFK WR WKH EHVW RI RXU NQRZOHGJH�

KDV QRW EHHQ DGGUHVVHG GLUHFWO\ LQ OLWHUDWXUH EHIRUH� 7KH FKDOOHQJH RIIHUHG E\ WKH 4$60 ODQJXDJH UHYROYH

DURXQG WKH QHHG IRU WKH FRH[LVWHQFH RI FODVVLFDO DQG TXDQWXP LQIRUPDWLRQ� VR DV RI SXUHO\ XQLWDU\ SURJUDPV

DQG FODVVLFDO RQHV� 0RUH SUHFLVHO\� WKH FKDOOHQJHV RI WKH GHVLJQ RI /4$60 WUDQVODWH LQWR WKH IROORZLQJ

FRQFUHWH UHTXLUHPHQWV�

�� ([LVWHQFH RI FODVVLFDO DQG SXUHO\ XQLWDU\ RSHUDWLRQV� ZKLFK PXVW EHKDYH DV H[SHFWHG ZKHQ LQFLGLQJ

RYHU TXDQWXP ELWV�

�� &RH[LVWHQFH RI FODVVLFDO DQG TXDQWXP WHVWV RI ELWV DQG TXELWV� UHVSHFWLYHO\� ZKHUH WKH IRUPHU RQHV

FRQVHUYH WKH VWDWH RI WKH ELW EHLQJ WHVWHG� ZKLOH WKH ODWWHU \LHOG D FROODSVH HIIHFW�

�� ([LVWHQFH RI TXDQWXP PHDVXUHPHQWV� ZKLFK DUH LQWHUSUHWHG DV D FODVVLFDO SUREDELOLVWLF FRPELQDWLRQ

RI WKH HIIHFWV RI WZR FRPSOHPHQWDU\ TXDQWXP WHVWV� KHQFH SUHVHUYLQJ WKH SUREDELOLVWLF QDWXUH RI WKH

PHDVXUHPHQW UHVXOWV�

�� ([LVWHQFH RI LI VWDWHPHQWV ZLWK SUREDELOLVWLF FRQWURO YDULDEOHV� DV D FRQVHTXHQFH RI UHTXLUHPHQW ���

�� 0RUH JHQHUDOO\� H[LVWHQFH RI WZR W\SHV RI LQIRUPDWLRQ� FODVVLFDO DQG TXDQWXP� ZKHUH WKH ODWWHU FDQ

FRSLHG� EXW GRHV QRW VXSSRUW TXDQWXP SKHQRPHQD VXFK DV LQWHUIHUHQFH DQG HQWDQJOHPHQW� DQG WKH

IRUPHU EHKDYHV H[DFWO\ DV RSSRVLWH�

)URP D VHPDQWLF SHUVSHFWLYH WKHVH UHTXLUHPHQWV FDQ QDWXUDOO\ EH DFFRPPRGDWHG LQ D GHQVLW\ RSHUDWRU

VHWWLQJ� ZKLFK VXSSRUWV� E\ GHILQLWLRQ� DOO SRVVLEOH W\SHV RI SK\VLFDOO\ VRXQG RSHUDWRUV� ZKLFK LQFOXGHV XQLWDU\

RSHUDWRUV DQG DOO VRUWV RI PHDVXUHPHQWV� $ )OR\G�+RDUH ORJLF IRU TXDQWXP SURJUDPV EDVHG RQ WKLV VHPDQWLFV

KDV EHHQ DOUHDG\ GHYHORSHG �VHH <LQJ >���@�� KRZHYHU� WKHUH LV D VOLJKW GLIIHUHQFH EHWZHHQ WKH VXFK ORJLF
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DQG /4$60� ZKLFK KDV WR GR ZLWK UHTXLUHPHQW ��� DV QRQ�GHVWUXFWLYH WHVWV DUH QRW GLUHFWO\ VXSSRUWHG LQ D

GHQVLW\ RSHUDWRU VHWWLQJ� DQG DOVR� LQ WKH ORJLF RI <LQJ >���@�

+RZHYHU� WKH ORJLF XQGHU GHYHORSPHQW KHUH LV FORVHU WR WKH TXDQWXP G\QDPLF ORJLF IRU TXDQWXP SURJUDPV

GHYHORSHG LQ %DOWDJ HW DO� >��� ��@� 7KH VHPDQWLF PRGHOV SUHVHQWHG LQ VXFK ORJLFV� GR QRW VXSSRUW QDWXUDOO\

WKH UHTXLUHPHQWV �� WR ��� DV ERWK WKH VWDWHV DQG WUDQVLWLRQV DUH SXUHO\ TXDQWXP� KRZHYHU DV TXDQWXP

LQIRUPDWLRQ FDQ EH XVHG WR VLPXODWH WKH FODVVLFDO RQH� LW SURYLGHV DQ H[FHOOHQW VWDUWLQJ SRLQW� 7KH FRQWULEXWLRQ

RI WKLV FKDSWHU JRHV DORQJ WKHVH OLQHV� L�H� RI H[WHQGLQJ WKH PRGHO LQWURGXFHG LQ >��@� WR VXSSRUW UHTXLUHPHQWV

�� WR ���

,Q WHUPV RI H[SUHVVLELOLW\ WKH DGYDQWDJHV RI WKLV ORJLF DUH WR SUHVHUYH WKH SUREDELOLVWLF QDWXUH RI TXDQWXP

UHVXOWV� ZKLFK FDQ EH XVHIXO LQ D ZLGH UDQJH RI TXDQWXP SURWRFROV� VXFK DV WKH OHDGHU HOHFWLRQ� DQG IXUWKHU

LW SURYLGHV D PRUH IOH[LEOH PRGHO WR DFFRPPRGDWH ORJLFV LQYROYLQJ QRQ�WULYLDO FODVVLFDO SURJUDPV� UDWKHU WKDQ

VLPSOH LI VWDWHPHQWV� $ORQJ WKH QH[W IHZ VHFWLRQV WKH VROXWLRQV IRU WKHVH SUREOHPV DUH GLVFXVVHG�

����� 6HPDQWLFV

7KH VHPDQWLFV RI WKLV ORJLF LV JLYHQ LQ WHUPV RI D ODEHOOHG WUDQVLWLRQ V\VWHP >���@� GHILQHG E\ D WXSOH�

𝑀 = (𝑆, [[.]]𝑝 ∶ 𝒜𝑝 → 2𝑆, [[.]]𝜋 ∶ 𝒜𝜋 → 2𝑆×𝑆) (144)

ZKHUH 𝑆 LV D VHW RI VWDWHV DQG [[.]]𝑝 DQG [[.]]𝜋 DUH PHDQLQJ IXQFWLRQV� 7KH IRUPHU IXQFWLRQ JLYHV PHDQLQJ

WR SURSRVLWLRQV� L�H� LW LV W\SHG DV D IXQFWLRQ IURP WKH VHW RI ZHOO�IRUPHG V\QWDFWLF H[SUHVVLRQV RI SURSRVLWLRQV

�𝒜𝑝� WR WKH SRZHUVHW RI VWDWHV� DQG WKH ODWWHU RQH GRHV WKH VDPH IRU SURJUDPV� W\SLQJ DV D IXQFWLRQ IURP WKH

VHW RI ZHOO�IRUPHG V\QWDFWLF H[SUHVVLRQV RI SURJUDPV �𝒜𝜋�� WR WKH SRZHUVHW RI WKH SDLUV RI VHWV RI VWDWHV�
+HQFH SURJUDPV DUH GHWHUPLQLVWLF� )RU VLPSOLILFDWLRQ UHDVRQV ZH RPLW WKH LGHQWLILHUV RI PHDQLQJ IXQFWLRQV�𝑝 DQG 𝜋� ZKLFK VKDOO EH LQIHUHG IURP FRQWH[W�

����� 7KH VWDWH VSDFH

$ VWDWH RI D SURJUDP LQ WKH 4$60 ODQJXDJH LV GHILQHG E\ LWV FODVVLFDO DQG TXDQWXP FRPSRQHQWV� (DFK VXFK

FRPSRQHQW LV GLYLGHG LQWR RQH RU PDQ\ LQGHSHQGHQW UHJLVWHUV� HDFK RQH FRPSRVHG RI D VHW RI TXDQWXP RU

FODVVLFDO ELWV� 7KH VHW RI SRVVLEOH VWDWHV IRU D TXDQWXP ELW LV JLYHQ� DV GHVFULEHG LQ VHFWLRQ ���� E\ DOO WKH

QRUPDOL]HG VWDWHV LQ D +LOEHUW VSDFH RI GLPHQVLRQ �� GHQRWHG KHUH DV ℋ2𝑖 ZKHUH 𝑖 LV WKH TXELW LQGH[� EXW WKH
DFWXDO VWDWH VSDFH RI 𝑛 TXELWV LV JLYHQ E\ DOO QRUPDOL]HG VWDWHV RI ℋ2𝑛� ZKLFK HQFRPSDVV� DOO QRQ�VHSDUDEOH
VWDWHV H[LVWHQW LQ WKH 𝑛 TXELW VSDFH� 1RUPDOL]DWLRQ RI TXDQWXP VWDWHV FRPHV IURP WKH %RUQ UXOH DQG WKH

VSDFH VWDWH FDQ EH H[SUHVVHG DV�
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ℋ2𝑛 ≡ ∑𝑖∈{0,1}𝑛 𝜆𝑖 |𝑖⟩ ZKHUH ∑𝑖 𝜆𝑖 ∗ 𝜆†𝑖 = 1 . (145)

'XH WR WKH H[LVWHQFH RI VWRFKDVWLF LQVWUXFWLRQV� L�H� PHDVXUHPHQWV� ZH SURYLGH D FODVVLFDO SUREDELOLVWLF

VHPDQWLFV WR FODVVLFDO ELWV� $FFRUGLQJ WR .R]HQ HW DO� >���@� WKH VHPDQWLFV RI SUREDELOLVWLF SURJUDPV LV

IRXQGHG LQ WKH UHDOP RI PHDVXUDEOH IXQFWLRQV� ZKHUH� IRU LQVWDQFH� WKH VWDWHV RI VXFK SURJUDPV DUH JLYHQ E\

D PHDVXUDEOH IXQFWLRQ� RQ WKH SRVVLEOH WHVWV� RYHU WKH SURJUDP YDULDEOHV� ,Q WKH FDVH RI D SUREDELOLVWLF ELW�

WKH VWDWH 𝑠 LV GHILQHG E\ D IXQFWLRQ W\SHG DV
𝜇𝑠 ∶ {0, 1} → [0, 1] .

+HUH DQG LQ DQ HTXLYDOHQW ZD\� ZH UHSUHVHQW D VWRFKDVWLF ELW E\ DQ +LOEHUW VSDFH RI GLPHQVLRQ WZR RYHU

FRPSOH[ QXPEHUV� RI EDVLV {0, 1}� ZKHUH (0) = ⎛⎜⎝10⎞⎟⎠ DQG (1) = ⎛⎜⎝10⎞⎟⎠� 9DOLG YHFWRUV DUH QRUPDOL]HG

OLQHDU FRPELQDWLRQV 𝛼(0) + 𝛽(1) ZLWK 𝛼, 𝛽 ∈ ℂ𝟚� L�H� HOHPHQWV RI WKH IRUP ⎛⎜⎝𝛼𝛽⎞⎟⎠� ZKHUH WKH FRQGLWLRQ𝛼2 + 𝛽2 = 1 KROGV� ZKLFK ZH GHQRWH DV 𝒞2𝑖 � 7KLV UHVXOWV LQ WKH IROORZLQJ JOREDO VWDWH VSDFH� JDWKHULQJ
VHYHUDO TXDQWXP DQG FODVVLFDO UHJLVWHUV�

ℋ2𝑛 × ℋ2𝑛⏟⏟⏟⏟⏟
TXDQWXP UHJLVWHUV

×… × 𝒞2𝑖 ×… × 𝒞2𝑖⏟⏟⏟⏟⏟⏟⏟
FODVVLFDO UHJLVWHU

×…⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟𝑆
. (146)

,W LV SUHWW\ VWUDLJKWIRUZDUG WKDW &DUWHVLDQ SURGXFW LQ FODVVLFDO UHJLVWHUV� JXDUDQWHH WKDW VWDWHV DUH DOZD\V

VHSDUDEOH �FRQYH[�� FRQWUDU\ WR ZKDW KDSSHQV LQ TXELWV� ,Q FRQFOXVLRQ WKH VWDWH VSDFH RI D 4$60 SURJUDP LV

JLYHQ E\ WKH &DUWHVLDQ SURGXFW RI WKH SRVVLEOH VWDWHV RI WKH LQGHSHQGHQW TXDQWXP DQG FODVVLFDO UHJLVWHUV�

FDOOHG 5HJLVWHUV� ZKHUH LQ WKH IRUPHU WKH VHW RI VWDWHV LV JLYHQ E\ WKH WHQVRU SURGXFW RI TXDQWXP ELWV� DQG LQ

WKH ODWWHU E\ WKH SRVVLEOH GLVWULEXWLRQV GHILQDEOH RYHU WKH FRQILJXUDWLRQV RI WKH FODVVLFDO ELWV� 7KH QXPEHU RI

TXELWV DQG ELWV DYDLODEOH LQ HDFK UHJLVWHU LV GHILQHG E\ UHJBVL]H� 0RUH FRQFUHWHO\� WKH VWDWH VSDFH FDQ EH

ZULWWHQ DV

𝑆 ≡ ∏
TXDQWXP UHJLVWHU∈𝑅𝑒𝑔𝑖𝑠𝑡𝑒𝑟𝑠 ℋ2∗𝑟𝑒𝑔B𝑠𝑖𝑧𝑒 × ∏

FODVVLFDO UHJLVWHU∈𝑅𝑒𝑔𝑖𝑠𝑡𝑒𝑟𝑠 ∏𝑖∈UHJBVL]H

𝒞2𝑖
)RU H[SUHVVDELOLW\ SXUSRVHV� WKH VWDWH VSDFH LV UHSUHVHQWHG E\ WZR IDPLOLHV RI IXQFWLRQV 𝜋𝑞𝑟𝑖1,𝑟𝑖2,…,𝑟𝑖𝑛 ∶ 𝑆 →ℋ2𝑛� ZKLFK \LHOG WKH FXUUHQW VWDWH RI WKH OLVW RI TXELWV JLYHQ E\ 𝑟𝑞𝑖1, 𝑟𝑞𝑖2,… , 𝑟𝑞𝑖𝑛 DQG 𝜋𝑐𝑟𝑖1,𝑟𝑖2,…,𝑟𝑖𝑛 ∶ 𝑆 →

1 Tests correspond to the 𝜎-algebra over the valuation set 𝒞 = {0, 1} of a single classical bit, the set of possible states corresponds
to the distributions definable on the tests. For valuations with a discrete domain, it corresponds to the powerset 2𝒞. Tests
form a Boolean algebra.
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∏𝑛𝑖 𝒞 𝑖2� ZKLFK EHKDYHV VLPLODUO\ IRU WKH FODVVLFDO ELWV� $ SDUWLFXODU DSSOLFDWLRQ RI WKLV DUH WKH IXQFWLRQV𝜋𝑞𝑟𝑖 ∶ 𝑆 → ℋ2 DQG 𝜋𝑐𝑟𝑖 ∶ 𝑆 → 𝐶2� ZKLFK \LHOG WKH VWDWH RI D SDUWLFXODU TXDQWXP DQG FODVVLFDO ELWV�

����� 3URSRVLWLRQV

7KH DSSURDFK SURSRVHG LQ WKLV ZRUN� EDVHG RQ NHHSLQJ WZR GLIIHUHQW W\SHV RI LQIRUPDWLRQ� FODVVLFDO DQG

TXDQWXP LQ WKH ORJLFDO V\VWHP� PD\ EH VOLJKWO\ SUREOHPDWLF LQ ZKDW FRQFHUQV WKH VHPDQWLFV RI SURSRVLWLRQV�

$V XVXDO� WKH VHPDQWLFV RI D SURSRVLWLRQ FRUUHVSRQGV WR WKH VHW RI VWDWHV ZKHUH LW KROGV� KHQFH

𝑝 ∶ 2𝑆 .
+RZHYHU� WKH GLIIHUHQW W\SHV RI LQIRUPDWLRQ LQIOXHQFH WKH ZD\ SURSRVLWLRQV DUH LQWHUSUHWHG�

Definition 5.3.1. Semantics for proposition constructors.

The definition of the primitive connectives is similar to the one used in modal logics,
corresponding to set operations as follows:

1. [[𝑝]] ⊆ 2𝑆
2. [[⊤]] = 𝑆
3. [[𝑖𝑞𝑟𝑖]] with 𝑖 ∈ {0, 1}= {𝑠 ∈ 𝑆|𝜋𝑞𝑟𝑖(𝑠) = |𝑖⟩}
4. [[0𝑐𝑟𝑖]] = {𝑠 ∈ 𝑆|𝜋𝑐𝑟𝑖(𝑠) = (0)}, i.e. the classical 0 is a distribution, where 0 has

probability 1.
5. [[1𝑐𝑟𝑖]] = {𝑠 ∈ 𝑆|𝜋𝑐𝑟𝑖(𝑠) = (1)}, i.e. the classical 1 is a distribution, where 1 has

probability 1.
6. [[𝜑1 ∧ 𝜑2]] = [[𝜑1]] ∩ [[𝜑2]]
7. [[¬𝜑]] = {𝑠|𝑠 ∉ [[𝜑]]} = 𝑆 − [[𝜑]]

where 𝑆 − [[𝜑]] stands for 𝑆 except [[𝜑]], i.e. the complement of [[𝜑]] in S.

8. [[[𝜋]𝜑]] = {𝑠|∀𝑢 ∶ (𝑠, 𝑢) ∈ [[𝜋]] ⇒ 𝑢 ∈ [[𝜑]]}
The set of states where the proposition 𝜑 holds upon the execution of program 𝜋
(The semantics of programs 𝜋 is given in section 5.3.7).

9. [[𝑃≥𝑟𝜑]] = {𝑠|⟨𝑠 ∣ 𝜑⟩⟨𝜑 ∣ 𝑠⟩ ≥ 𝑟}.
The set of states where quantum proposition component 𝜑 holds with probability
greater than r.
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10. [[𝒜=𝜆𝜑]] = {𝑠|⟨𝜑 ∣ 𝑠⟩ = 𝜆}. The states where the amplitude of a certain proposition
is equal to a given constant 𝜆.

����� 3URJUDP VHPDQWLFV

7KH VHPDQWLFV RI SURJUDPV LV JLYHQ E\ D IXQFWLRQ IURP WKH VHW RI ZHOO�IRUPHG SURJUDPV WR WKH SRZHU VHW RI

SDLUV RI VWDWHV� ZKLFK HQWDLOV WKH DFFHVVLELOLW\ UHODWLRQ� L�H� WKH VHW RI YDOLG WUDQVLWLRQV EHWZHHQ SDLUV RI VWDWHV

�VRXUFH WR WDUJHW� XQGHU WKH DFWLRQ RI SURJUDPV�

[[.]] ∶ 𝒜𝜋 → 2𝑆×𝑆 . (147)

$ SDUWLFXODU W\SH RI SURJUDPV RI WKLV ODQJXDJH DUH XQLWDU\ SURJUDPV� 𝑢� ZKRVH PHDQLQJ UHDGV DV
� [[𝑢]] = {(𝑠, 𝑡) ∈ 𝑆 × 𝑆|𝑡 ∈ [[𝑢(𝑠)]] ∧ 𝑠 ∈ [[𝑢−1(𝑡)]]}

ZKHUH 𝑢(𝑠)� LV WKH DSSOLFDWLRQ RI WKH XQLWDU\ RSHUDWRU 𝑢 WR D VWDWH 𝑠� IRU LQVWDQFH� WKH +DGDPDUG JDWH DFWLQJ
RYHU VWDWH |0⟩� L�H� 𝐻. |0⟩� 7KHVH UXOHV DSSO\ WR XQLWDU\ RSHUDWRUV ℎ𝑖� 𝑧𝑖�𝑥𝑖 RU 𝑐𝑛𝑜𝑡𝑖𝑗 ZKLFK FRUUHVSRQG WR
WKH TXDQWXP JDWHV 𝐻� 𝑍� 𝑋� DQG 𝐶𝑁𝑂𝑇� ZKRVH PHDQLQJ ZDV GLVFXVVHG LQ VHFWLRQ ������ ,QGH[HV 𝑖, 𝑗
FRUUHVSRQG WR WKH TXELW LQGH[HV LQ WKH TXELW DUUD\� ,W FDQ EH DVVXPHG WKDW WKH XQLWDU\ RSHUDWRU FDQ EH

H[WHQGHG WR WKH XQDIIHFWHG TXELWV E\ WHQVRULQJ LW ZLWK WKH XQLW\ RSHUDWRUV� H�J� WKH VHPDQWLFV RI D ℎ0 RSHUDWRU

MXVW DIIHFWLQJ WKH ILUVW TXELW LQ D V\VWHP RI WZR TXELWV� 0 DQG 1� UHDGV DV� 𝐻 ⊗ 𝐼�
7KH ODQJXDJH DOVR DOORZV WKH H[LVWHQFH RI QRQ�XQLWDU\ RSHUDWLRQV� VXFK DV WKH FUHDWLRQ RI UHJLVWHUV�

FODVVLFDO DQG TXDQWXP� PHDVXUHPHQWV RI TXELWV� DV ZHOO DV LI VWDWHPHQWV� &RQVLGHU ILUVW WKH GHILQLWLRQ RI

TXDQWXP DQG FODVVLFDO UHJLVWHUV� ZKRVH VHPDQWLFV UHDG DV IROORZV�

� [[FUHJ U >VL]H@]] = {(𝑠, 𝑡) ∈ 𝑆 × 𝑆|𝑡 ∈ [[⋀𝑖∈VL]H 0𝑐𝑟𝑖]]} �&ODVVLFDO UHJLVWU\ FUHDWLRQ�
� [[TUHJ U >VL]H@]] = {(𝑠, 𝑡) ∈ 𝑆 × 𝑆|𝑡 ∈ [[⋀𝑖∈VL]H 0𝑞𝑟𝑖]]} �4XDQWXP UHJLVWU\ FUHDWLRQ�

7HVWV� ERWK TXDQWXP DQG FODVVLFDO� SRVVHVV D VLJQLILFDQW GLIHUHQFH EHWZHHQ HDFK RWKHU� WKH IRUPHU KDV D

GHVWUXFWLYH HIIHFW RQ WKH VWDWH �WKH TXDQWXP ELW LW LQFLGHV�� ZKLOH WKH ODWWHU FRQVHUYHV WKH VWDWH �WKH FODVVLFDO

ELW LW LQVLGHV�� 7KHLU VHPDQWLFV UHDGV DV IROORZV�

� [[𝑖𝑑𝑞𝑖   𝑎]] = {(𝑠, 𝑡) ∈ 𝑆 × 𝑆|𝑡 ∈ ||𝑎𝑞𝑖𝑑𝑖⟩⟨𝑎𝑞𝑖𝑑𝑖 |(𝑠)/⟨𝑠|𝑎𝑞𝑖𝑑𝑖⟩⟨𝑎𝑞𝑖𝑑𝑖 |𝑠⟩} �TXDQWXP WHVW�

� [[𝑖𝑑𝑐𝑖   𝑎]] = {(𝑠, 𝑡) ∈ 𝑆 × 𝑆|𝑠 ∈ [[𝑃=𝑥𝑎𝑖𝑑𝑐𝑖 ]] ∧ 𝑡 ∈ [[𝑃=𝑥𝑎𝑖𝑑𝑐𝑖 ]]} �FODVVLFDO WHVW�
ZKHUH 𝑎 ∈ 0, 1� 7KH VHPDQWLFV RI WKH PHDVXUHPHQW RI TXDQWXP ELW� FDQ EH XQGHUVWRRG DV WKH EUDQFKLQJ

RI VWDWH LQWR µDOWHUQDWLYH ZRUOGVµ� RQH ZKHUH WKH WHVW FRUUHVSRGLQJ WR 0 VXFFHHGHG� ZLWK WKH SUREDELOLW\ RI

VXFFHVV RI WKH WHVW VWRUHG LQ WKH FODVVLFDO ELW DQG WKH VDPH IRU 1� ZKLFK LV H[SUHVVHG DV D XQLRQ RI WZR VHWV
DV IROORZV�
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� [[PHDVXUH 𝑞𝑖 → 𝑐𝑖]] = {(𝑠, 𝑡) ∈ 𝑆 × 𝑆|(𝑠, 𝑡) ∈ [[𝑖𝑑𝑞𝑖   0]] ∧ 𝑡 ∈ [[𝑃=𝑒10𝑐𝑐𝑖]] ZKHUH 𝑒1 =⟨𝑠|0𝑞𝑖𝑑𝑖⟩⟨0𝑞𝑖𝑑𝑖 |𝑠⟩} ∪ {(𝑠, 𝑡) ∈ [[𝑞𝑞𝑖   1]] ∧ [[𝑃=𝑒21𝑐𝑐𝑖]] ZKHUH 𝑒2 = ⟨𝑠|1𝑞𝑖𝑑𝑖⟩⟨1𝑞𝑖𝑑𝑖 |𝑠⟩} �0HDVXUH�
PHQW�

,I VWDWHPHQWV DOVR FRQVLVW RI WZR DOWHUQDWLYH SURJUDPV� RQH ZKHUH� VLPXOWDQHRXVO\� WKH FODVVLFDO WHVW DQG WKH

SURJUDP HIIHFW KROGV� DQG WKH RQH ZKHUH WKH FODVVLFDO WHVW GRHV QRW KROG DQG WKH VWDWH UHPDLQV XQDOWHUHG�

DV IROORZV�

� [[ LI 𝑖𝑑𝑐𝑖   E 𝜋]] = {(𝑠, 𝑡) ∈ 𝑆 × 𝑆|(𝑠, 𝑡) ∈ [[∣𝑏⟩𝑖𝑑𝑐𝑖 ⟨𝑏∣𝑖𝑑𝑐𝑖 ; 𝜋]] ∧ (𝑠, 𝑡) ∈ [[𝑖𝑑𝑐𝑖 == 𝑏]]} ∪{(𝑠, 𝑡) ∈ [[∣¬𝑏⟩𝑖𝑑𝑐𝑖 ⟨¬𝑏∣𝑖𝑑𝑐𝑖 ; 𝑠𝑘𝑖𝑝]] ∧ (𝑠, 𝑡) ∉ [[𝑖𝑑𝑐𝑖 == 𝑏]]}� ZKHUH 𝑏 ∈ {0, 1} DQG VNLS LV WKH
LGHQWLW\ RSHUDWRU�

)LQDOO\� WKH ODQJXDJH DOVR DOORZV WKH VHTXHQFLQJ �FRPSRVLWLRQ� RI SURJUDPV� IRU WKDW WKH DFFHVVLELOLW\

UHODWLRQVKLS� UHDGV DV IROORZV�

� [[𝜋1; 𝜋2]] = {(𝑠, 𝑢) ∈ 𝑆 × 𝑆|∃𝑡 ∈ 𝑆 ∶ (𝑠, 𝑡) ∈ [[𝜋1]]𝑡 ∧ (𝑡, 𝑢) ∈ [[𝜋2]]}
��� 6RPH YDO LG UXOHV DQG H[DPSOHV

,Q WKLV VHFWLRQ� ZH LOOXVWUDWH WKH VHPDQWLFV GHILQHG LQ WKH SUHYLRXV VHFWLRQV� E\ WKH SURRI RI VRXQGQHVV RI

VHYHUDO UXOHV DQG YDOLGLWLHV� DV ZHOO DV WKH FRUUHFWQHVV RI ERWK D FRLQ WRVVLQJ SURJUDP DQG WKH WHOHSRUWDWLRQ

SURWRFRO� H[SUHVVHG LQ WKH IUDJPHQW RI WKH 4$60 SURJUDPPLQJ ODQJXDJH� 7KH SURRI VWUDWHJ\ RI VKRZLQJ

WKH YDOLGLW\ RI D IRUPXOD 𝜑 FRQVLVWV LQ YHULI\LQJ LW LV VDWLVILHG LQ WKH VWDWH�EDVHG PRGHO SURSRVHG LQ SUHYLRXV

VHFWLRQ� GHQRWHG DV 𝑀� LQ HYHU\ SRVVLEOH VWDWH� ∀𝑠 ∈ 𝑆 ∶ 𝑀, 𝑠 ⊧ 𝜑 �⊧ PHDQV WKDW SURSHUW\ 𝜑 LV WUXH LQ

VWDWH V�� RU� HTXLYDOHQWO\� [[𝜑]] = [[⊤]]�
����� 6WDWHV� DPSOLWXGHV DQG SUREDELOLWLHV

6WDWHV FDQ EH GHILQHG E\ WKH DPSOLWXGH RSHUDWRU IRU DOO HOHPHQWV RI WKH EDVLV RI D TXDQWXP VWDWH� IRU LQVWDQFH�

IRU D VLQJOH TXELW�

[[𝒜𝜆10𝑞𝑟𝑖 ∧𝒜𝜆21𝑞𝑟𝑖]] = {𝑠 ∈ 𝑆|𝜋𝑟𝑖(𝑠) = 𝜆1 |0⟩ + 𝜆2 |1⟩} .
7KH SURRI RI WKLV JRHV DV IROORZV� DQG PDNHV XVH RI WKH %RUQ UXOH�

Proof: [[𝒜𝜆10𝑞𝑟𝑖 ∧𝒜𝜆21𝑞𝑟𝑖]] = {𝑠 ∈ 𝑆|𝜋𝑟𝑖(𝑠) = 𝜆1 |0⟩ + 𝜆2 |1⟩}⇔[[𝒜𝜆10𝑞𝑟𝑖]] ∩ [[𝒜𝜆21𝑞𝑟𝑖]] = {𝑠 ∈ 𝑆|𝜋𝑟𝑖(𝑠) = 𝜆1 |0⟩ + 𝜆2 |1⟩}
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⇔ �E\ WKH %RUQ UXOH� VHH HTXDWLRQ ����{𝑠 ∈ 𝑆|𝜋𝑞𝑟𝑖 ∑𝑖 𝛼𝑖 |𝑛⟩ ZLWK ∑𝑖 𝛼𝑖 ∗ 𝛼𝑖† = 1} ∩ {𝑠 ∈ 𝑆|𝜋𝑞𝑟𝑖(𝑠) = 𝜆1 |0⟩} ∩ {𝑠|𝜋𝑞𝑟𝑖(𝑠) = 𝜆2 |1⟩} ={𝑠|𝜋𝑟𝑖(𝑠) = 𝜆1 |0⟩ + 𝜆2 |1⟩}⇔{𝑠 ∈ 𝑆|𝜋𝑟𝑖(𝑠) = 𝜆1 |0⟩ + 𝜆2 |1⟩} = {𝑠 ∈ 𝑆|𝜋𝑟𝑖(𝑠) = 𝜆1 |0⟩ + 𝜆2 |1⟩}
⇤
7KLV IDFW FDQ DOVR EH JHQHUDOL]HG WR V\VWHPV RI DUELWUDU\ GLPHQVLRQ� $OVR DQ LQWHUHVWLQJ REVHUYDWLRQ WKDW FDQ

EH� FRPHV IURP WKH QHHG RI QRUPDOL]DWLRQ RI ELWV�TXELWV�

𝑃=𝑥𝑎𝑟𝑖 → 𝑃=1−𝑥¬𝑎𝑟𝑖, ZKHUH 𝑎 ∈ {0, 1}. (148)

7KLV DOVR OHDGV WR WKH FRQFOXVLRQ WKDW

𝑃=𝑥𝑎𝑟𝑖 ∨ 𝑃=1−𝑥¬𝑎𝑟𝑖 = 𝑃=𝑥𝑎𝑟𝑖 ∧ 𝑃=1−𝑥¬𝑎𝑟𝑖 (149)

�DQG WKH SURRI UHDGV DV IROORZV�

Proof: 𝑃=𝑥𝑎𝑟𝑖 ∨ 𝑃=𝑥𝑎𝑟𝑖 = 𝑃=𝑥𝑎𝑟𝑖 ∧ 𝑃=1−𝑥¬𝑎𝑟𝑖⇔ �E\ WKH FRQGLWLRQ RI HTXDWLRQ (148)�𝑃=𝑥𝑎𝑟𝑖 ∧ 𝑃=1−𝑥¬𝑎𝑟𝑖 ∨ 𝑃=1−𝑥¬𝑎𝑟𝑖 ∧ 𝑃=𝑥𝑎𝑟𝑖 = 𝑃=𝑥𝑎𝑟𝑖 ∧ 𝑃=1−𝑥¬𝑎𝑟𝑖⇔𝑃=𝑥𝑎𝑟𝑖 ∧ 𝑃=1−𝑥¬𝑎𝑟𝑖 = 𝑃=𝑥𝑎𝑟𝑖 ∧ 𝑃=1−𝑥¬𝑎𝑟𝑖 ⇤
)XUWKHUPRUH� WKH SUREDELOLW\ RI D WHVW LQFLGLQJ RYHU D FODVVLFDO YDULDEOH FDQ EH DSSOLHG WR WKH ZKROH VWDWH�

(𝑃=𝑥𝑎𝑐𝑟𝑖 ∧ 𝜑) → 𝑃=𝑥(𝑎𝑐𝑟𝑖 ∧ 𝜑) (150)

7KH YHUDFLW\ RI WKLV VWDWHPHQW FRPHV IURP WKH IDFW WKDW WKH WHVWV RYHU D FODVVLFDO YDULDEOH DUH DOZD\V

FRPSDWLEOH ZLWK DQ\ RWKHU WHVW WKDW FDQ EH PDGH LQ WKH V\VWHP DQG KHQFH WKH QRUPDO FODVVLFDO SUREDELOLW\

ODZV DSSO\ LQ WKHVH FDVHV�

����� &UHDWLRQ RI UHJLVWHUV

7KH FUHDWLRQ RI UHJLVWHUV� TXDQWXP RU FODVVLFDO� LV RQH RI WKH SRVVLEOH DFWLRQV RI WKH 4$60 ODQJXDJH� ZKLFK

VHWV WKHP LPPHGLDWHO\ WR 0 LQ ERWK FDVHV� 7KHUHIRUH� WKH IROORZLQJ UXOHV KROG�

� [FUHJ U >VL]H@] (⋀𝑖∈VL]H 0𝑐𝑟𝑖)
� [TUHJ U >VL]H@] (⋀𝑖∈VL]H 0𝑞𝑟𝑖)
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,Q ERWK FDVHV 𝑟 FRUUHVSRQGV WR DQ DUELWUDU\ UHJLVWHU GHVFULSWLRQ� :H QRZ JLYH WKH SURRI RI WKHVH UXOHV� ZKLFK

DUH TXLWH VLPLODU IURP WKH VHPDQWLFV GHILQHG LQ SUHYLRXV VHFWLRQ�

Proof: 3URRI RI UXOH FUHJ[[[FUHJ U >VL]H@] (⋀𝑖∈VL]H 0𝑐𝑟𝑖)]]= �E\ WKH GHILQLWLRQ RI WKH G\QDPLF RSHUDWRU [𝜋]𝜙�{𝑠 ∈ 𝑆|∀𝑡 ∶ (𝑠, 𝑡) ∈ [[FUHJ U >VL]H@]] ⇒ 𝑡 ∈ [[(⋀𝑖∈VL]H 0𝑐𝑟𝑖)]]}= �E\ WKH GHILQLWLRQ RI WKH FUHDWLRQ RI FODVVLFDO UHJLVWHU�{𝑠 ∈ 𝑆|∀𝑡 ∶ 𝑡 ∈ [[(⋀𝑖∈VL]H 0𝑐𝑟𝑖)]](1) ⇒ 𝑡 ∈ [[(⋀𝑖∈VL]H 0𝑐𝑟𝑖)]](2)}= �LW FDQ EH HDVLO\ YHULILHG WKDW VHWV UHIHUUHG E\ (1),(2) DUH QRQ�HPSW\�{𝑠 ∈ 𝑆|𝑡𝑟𝑢𝑒} = 𝑆 = [[⊤]]
⇤
3URRI RI UXOH TUHJ LV H[DFWO\ WKH VDPH RI FUHJ� LW LV MXVW QHFHVVDU\ WR XVH WKH GHILQLWLRQ RI WKH FUHDWLRQ RI

TXDQWXP UHJLVWHU UDWKHU WKDQ FODVVLFDO UHJLVWHU�

����� 8QLWDU\ JDWHV

,Q HVVHQFH TXDQWXP SURJUDPV DUH XQLWDU\ JDWHV� ZKLFK� KRZHYHU ZKLOH LQYROYLQJ PRVW RI WKH WLPHV� RQH

RU WZR TXELWV� 7KH SURRIV IRU WKHVH LQVWUXFWLRQV DUH PDGH LQ WKH VHPDQWLF VHWWLQJ� 0RUH D GHPRQVWUDWLYH

H[DPSOH ZH VKRZ WKH IROORZLQJ YDOLGLW\ 0𝑞0 → [ℎ𝑞0](𝒜 1√20𝑞0 ∧𝒜 1√21𝑞0)� ZKLFK ZH GHQRWH K��
Proof: 3URRI RI K�[[0𝑞𝑞0 → [ℎ𝑞0](𝒜= 1√20𝑞𝑞0 ∧𝒜= 1√21𝑞𝑞0)]]= �E\ WKH GHILQLWLRQ RI LPSOLFDWLRQ�[[¬(0𝑞𝑞0 ∧¬([ℎ𝑞0](𝒜 1√20𝑞𝑞0 ∧𝒜 1√21𝑞𝑞0)))]]= �E\ WKH PRGDO QHJDWLRQ ¬[𝜋]𝜙 = ¬(¬⟨𝜋⟩¬𝜙)�[[¬(0𝑞𝑞0 ∧ (⟨ℎ𝑞0⟩¬(𝒜 1√20𝑞𝑞0 ∧𝒜 1√21𝑞𝑞0)))]]= �E\ WKH GHILQLWLRQ RI WKH G\QDPLF RSHUDWRU ⟨𝜋⟩𝜙�𝑆 − ([[0𝑞𝑞0]] ∩ {𝑠 ∈ 𝑆|∃𝑡 ∶ (𝑠, 𝑡) ∈ [[K 𝑞0]] ⇒ 𝑡 ∉ [[(𝒜 1√20𝑞𝑞0 ∧𝒜 1√21𝑞𝑞0)]])=𝑆 − {𝑠 ∈ 𝑆|∃𝑡 ∶ 𝑠 ∈ [[0𝑞𝑞0]] ∧ (𝑠, 𝑡) ∈ [[K 𝑞0]] ⇒ 𝑡 ∉ [[(𝒜 1√20𝑞𝑞0 ∧𝒜 1√21𝑞𝑞0)]]}= �E\ WKH GHILQLWLRQ RI WKH K LQVWUXFWLRQ DQG WKH VHPDQWLFV RI VWDWH V�𝑆 − {𝑠 ∈ 𝑆|∃𝑡 ∶ 𝜋𝑞0(𝑠) = |0⟩ ∧ 𝜋𝑞0(𝑡) = 𝐻 |0⟩ ⇒ 𝑡 ∉ [[(𝒜 1√20𝑞𝑞0 ∧𝒜 1√21𝑞𝑞0)]]}= �WKH DFWLRQ RI WKH K LQVWUXFWLRQ UHVXOWV LQ WKH VWDWH |+⟩�
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𝑆 − {𝑠 ∈ 𝑆|∃𝑡 ∶ 𝑠 ∈ 𝜋𝑞0(𝑠) = |0⟩ ∧ 𝜋𝑞0(𝑡) = 𝒜 1√2 (|0⟩ + |1⟩) ⇒ 𝑡 ∉ [[(𝒜 1√20𝑞𝑞0 ∧𝒜 1√21𝑞𝑞0)]]}= �E\ WKH GHILQLWLRQ RI WKH DPSOLWXGH RSHUDWRU RQ WKH |+⟩ VWDWH�𝑆 − {𝑠 ∈ 𝑆|∃𝑡 ∶ 𝑠 ∈ [[0𝑞𝑞0]](1) ∧ 𝑡 ∈ [[(𝒜 1√20𝑞𝑞0 ∧𝒜 1√21𝑞𝑞0]](2) ⇒ 𝑡 ∉ [[𝒜 1√20𝑞𝑞0 ∧𝒜 1√21𝑞𝑞0]](2)}= �LW FDQ EH HDVLO\ YHULILHG WKDW VHWV UHIHUUHG E\ (1),(2) DUH QRQ�HPSW\�[[¬⊥]] = [[⊤]] ⇤

����� 0HDVXUHPHQWV

0HDVXUHPHQWV DUH DOVR DQ LPSRUWDQW SDUW� DQG LQ WKLV VHTXHO� RQO\ VLQJOH TXELW PHDVXUHPHQWV DUH DOORZHG�

FDXVLQJ WKH UDPLILFDWLRQ RI LQWR WZR FRQVLVWHQW ZRUOGV HDFK ZLWK WKH SUREDELOLW\ RI REWDLQLQJ RQH DQG ]HUR�

FDXVLQJ WKH WUDQVIHUHQFH RI SUREDELOLW\ GLVWULEXWLRQ IURP WKH TXELW WR WKH FODVVLFDO ELW� $Q H[DPSOH RI WKLV LV

JLYHQ E\ WKH YDOLGLW\ (𝒜 1√20𝑞0 ∧𝒜 1√21𝑞0) → [PHDV 𝑞0 WR 𝑐0](𝑃=0.50𝑐0 ∧𝑃=0.51𝑐0)� ZKLFK ZH GHQRWH
P��

Proof: 3URRI RI YDOLGLW\ P�[[(𝒜 1√20𝑞𝑞0 ∧𝒜 1√21𝑞𝑞0) → [PHDV 𝑞0 WR 𝑐0](𝑃=0.50𝑐𝑐0 ∧ 𝑃=0.51𝑐𝑐0)]]= �E\ WKH GHILQLWLRQ RI LPSOLFDWLRQ�𝑆 − ([[(𝒜 1√20𝑞𝑞0 ∧𝒜 1√21𝑞𝑞0)]] ∩ [[¬[PHDV 𝑞0 WR 𝑐0](𝑃=0.50𝑐𝑐0 ∧ 𝑃=0.51𝑐𝑐0)]])= �E\ WKH PRGDO QHJDWLRQ ¬[𝜋]𝜙 = ¬(¬⟨𝜋⟩¬𝜙)�𝑆 − ([[(𝒜 1√20𝑞𝑞0 ∧𝒜 1√21𝑞𝑞0)]] ∩ [[⟨PHDV 𝑞0 WR 𝑐0⟩¬(𝑃=0.50𝑐𝑐0 ∧ 𝑃=0.51𝑐𝑐0)]])= �E\ WKH GHILQLWLRQ RI WKH G\QDPLF RSHUDWRU ⟨𝜋⟩𝜙�𝑆 − {𝑠 ∈ 𝑆|∃𝑡 ∶ 𝑠 ∈ [[(𝒜 1√20𝑞𝑞0 ∧𝒜 1√21𝑞𝑞0)]] ∧ (𝑠, 𝑡) ∈ [[[PHDV 𝑞0 WR 𝑐0]]] ⇒ 𝑡 ∉ [[(𝑃=0.50𝑐𝑐0 ∧𝑃=0.51𝑐𝑐0)]]}= �E\ WKH GHILQLWLRQ RI PHDVXUHPHQW�𝑆 − ({𝑠 ∈ 𝑆|∃𝑡 ∶ 𝑠 ∈ [[(𝒜 1√20𝑞𝑞0 ∧ 𝒜 1√21𝑞𝑞0)]] ∧ (𝑠, 𝑡) ∈ ({(𝑠, 𝑡)|𝑡 ∈ [[𝑞𝑞0 == 0]] ∧ 𝑡 ∈[[𝑃=0.50𝑐𝑐0]]} ∪ {(𝑠, 𝑡)|𝑡 ∈ [[𝑞𝑞0 == 1]] ∧ 𝑡 ∈ [[𝑃0.51𝑐𝑐0]]}) ⇒ 𝑡 ∉ [[(𝑃=0.50𝑐𝑐0 ∧ 𝑃=0.51𝑐𝑐0)]]})=𝑆−({𝑠 ∈ 𝑆|∃𝑡 ∶ 𝑠 ∈ [[(𝒜 1√20𝑞𝑞0 ∧𝒜 1√21𝑞𝑞0)]]∧𝑡 ∈ [[𝑃=0.50𝑐𝑐0 ∨𝑃=0.51𝑐𝑐0]] ⇒ 𝑡 ∉ [[(𝑃=0.50𝑐𝑐0 ∧𝑃=0.51𝑐𝑐0)]]})= �DV H[SRVHG LQ HTXDWLRQ (149)�𝑆 − ({𝑠 ∈ 𝑆|∃𝑡 ∶ 𝑠 ∈ [[(𝒜 1√20𝑞𝑞0 ∧ 𝒜 1√21𝑞𝑞0)]](1) ∧ 𝑡 ∈ [[𝑃=0.50𝑐𝑐0 ∧ 𝑃=0.51𝑐𝑐0]](2) ⇒ 𝑡 ∉[[(𝑃=0.50𝑐𝑐0 ∧ 𝑃=0.51𝑐𝑐0)]](2)})=�LW FDQ EH HDVLO\ YHULILHG WKDW VHWV UHIHUUHG E\ (1),(2) DUH QRQ�HPSW\�[[¬⊥]]
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=[[⊤]]
⇤

����� $ +RDUH VW\OH VHTXHQFH UXOH

+RDUH ORJLF LV D IRUPDO V\VWHP WR GHDO ZLWK VLPSOH ZKLOH ODQJXDJHV� LQWURGXFHG E\ +RDUH LQ ���� >���@�

ZKLFK FRQVWLWXWHV DQ LPSRUWDQW ODQGPDUN LQ FRPSXWHU VFLHQFH� 2QH RI WKH FHQWUDO UXOHV RI VXFK ORJLF LV WKH

VHTXHQFH UXOH� ZKLFK UHDGV DV

{𝑃}𝜋1{𝐼} {𝐼}𝜋2{𝑅}{𝑃}𝜋1; 𝜋2{𝑅}
ZKHUH 𝑃 DQG 𝑅 DUH SUH DQG SRVW FRQGLWLRQV IRU SURJUDPV� 𝜋1 DQG 𝜋2 DUH SURJUDPV� DQG 𝜋1; 𝜋2 LV D

VHTXHQFH RI SURJUDPV 𝜋1 DQG 𝜋2� L�H� WKH UXOH GHILQHV KRZ SURJUDPV FRPSRVH� JLYHQ WKH SURRIV RI WKH

LQGLYLGXDO SURJUDPV� ,W LV DOVR ZHOO�NQRZQ WKDW +RDUH ORJLF FDQ EH UHWULHYHG IURP G\QDPLF ORJLF� WKH VR�FDOOHG

+RDUH WULSOH {𝑃}𝜋{𝑅}� FDQ H[SUHVVHG DV DQ H[SUHVVLRQ 𝑝 → [𝜋]𝑟� ZKLFK KDV WKH LQWHUSUHWDWLRQ 𝑝 EHLQJ

WUXH LPSOLHV WKDW LW LV QHFHVVDU\ WKDW 𝑟 LV WUXH XSRQ WKH H[HFXWLRQ RI SURJUDP 𝜋� *LYHQ WKLV� WKH VHTXHQFH
UXOH RI +RDUH FDQ EH WUDQVODWHG LQWR WKH IROORZLQJ H[SUHVVLRQ�

𝑃 → [𝜋1]𝐼 𝐼 → [𝜋2]𝑅𝑃 → [𝜋1; 𝜋2]𝑅
ZKLFK DOVR FRUUHVSRQGV WR WKH IROORZLQJ H[SUHVVLRQ 𝑃 → [𝜋1]𝐼 ∧ 𝐼 → [𝜋2]𝑅 ↔ 𝑃 → [𝜋1; 𝜋2]𝑅� :H
VKRZ WKLV UXOH DOVR KROGV KHUH� )LUVWO\� LW FDQ EH HDVLO\ VKRZQ WKDW [𝜋1; 𝜋2]𝜙 ↔ [𝜋1][𝜋2]𝜙 KROGV�

Proof: [𝜋1; 𝜋2]𝜙 ↔ [𝜋1][𝜋2]𝜙≡{𝑠 ∈ 𝑆|∀𝑢 ∶ (𝑠, 𝑢) ∈ [[𝜋1; 𝜋2]] ⇒ 𝑢 ∈ [[𝜙]]} = [[[𝜋1][𝜋2]𝜙]]≡�E\ GHILQLWLRQ RI FRPSRVLWLRQ�{𝑠 ∈ 𝑆|∀𝑢 ∶ (𝑠, 𝑢) ∈ {(𝑠, 𝑢)|∃𝑡 ∶ (𝑠, 𝑡) ∈ [[𝜋1]] ∧ (𝑡, 𝑢) ∈ [[𝜋2]]} ⇒ 𝑢 ∈ [[𝜙]]} =[[[𝜋1][[𝜋2]𝜙]]]≡{𝑠 ∈ 𝑆|∀𝑢∀𝑡 ∶ (𝑠, 𝑡) ∈ [[𝜋1]] ∧ (𝑡, 𝑢) ∈ [[𝜋2]] ⇒ 𝑢 ∈ [[𝜙]]} = [[[𝜋1][𝜋2]𝜙]]≡{𝑠 ∈ 𝑆|∀𝑡 ∶ (𝑠, 𝑡) ∈ [[𝜋1]] ⇒ 𝑡 ∈ {𝑡|∀(𝑡, 𝑢) ∈ [[[𝜋2]]] ⇒ 𝑢 ∈ [[𝜙]]}} = [[[𝜋1][𝜋2]𝜙]]≡{𝑠 ∈ 𝑆|∀𝑡 ∶ (𝑠, 𝑡) ∈ [[𝜋1]] ⇒ 𝑡 ∈ [[[𝜋2]𝜙]]} = [[[𝜋1][𝜋2]𝜙]]
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≡[𝜋1][𝜋2]𝜙 ↔ [𝜋1][𝜋2]𝜙 ⇤
7KXV�𝑃 → [𝜋1]𝐼 ∧ 𝐼 → [𝜋2]𝑅 ↔ 𝑃 → [𝜋1; 𝜋2]𝑅≡ �E\ WKH VXEVWLWXWLRQ RI 𝐼 IRU [𝜋2]𝑅�𝑃 → [𝜋1][𝜋2]𝑅 ↔ 𝑃 → [𝜋1; 𝜋2]𝑅≡𝑃 → [𝜋1; 𝜋2]𝑅 ↔ 𝑃 → [𝜋1; 𝜋2]𝑅
����� 3XWWLQJ LW DOO WRJHWKHU� $ TXDQWXP FRLQ WRVVLQJ SURJUDP

,Q WKLV VHFWLRQ� XVLQJ WKH YDOLGLWLHV DQG UXOHV RI SUHYLRXV VHFWLRQV� ZH LOOXVWUDWH WKH XVH RI WKH ORJLF WKURXJK

WKH SURRI RI FRUUHFWQHVV RI D VLPSOH TXDQWXP SURJUDP IRU TXDQWXP FRLQ WRVVLQJ �SUHSDUH D TXELW LQ D

VXSHUSRVLWLRQ VWDWH DQG PHDVXUH LW� REWDLQLQJ � RU � ZLWK HTXDO SUREDELOLW\�� ZKLFK WUDQVODWHV LQWR WKH IROORZLQJ

4$60 SURJUDP�

OPENQASM 2.0;
include ”qelib1.inc”;
qreg q[1];
creg c[1];
h q[0];
measure q[0] -> c[0];

7KH FRUUHFWQHVV RI VXFK SURJUDP LPSOLHV WKH IROORZLQJ SRVW�FRQGLWLRQ�

[TUHJ T >�@; FUHJ F >�@; ℎ 𝑞0;PHDV 𝑞0 WR 𝑐0] (𝑃=0.50𝑐0 ∧ 𝑃=0.51𝑐0)
Proof: E\ PDNLQJ XVH RI VHTXHQFH UXOH� DV ZHOO DV FUHJ DQG TUHJ YDOLGLWLHV� WKH IROORZLQJ LQIHUHQFH LV

WUXH�

>TUHJ T >�@@(0𝑞𝑞0) >FUHJ F>�@@(0𝑐𝑐0)
>TUHJ T>�@� FUHJ F>�@@(0𝑞𝑞0 ∧ 0𝑐𝑐0) (1)

7KH IROORZLQJ LQIHUHQFH LV WUXH� WKURXJK WKH DSSOLFDWLRQ RI YDOLGLW\ K� DQG WKH VHTXHQFH UXOH
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(1) 0𝑞0 → >ℎ 𝑞0@(𝒜 1√20𝑞𝑞0 ∧𝒜 1√21𝑞𝑞0)
>TUHJ T>�@� FUHJ F>�@� ℎ 𝑞0@(𝒜 1√20𝑞0 ∧𝒜 1√21𝑞0 ∧ 0𝑐0) (2)

$QG ILQDOO\ WKH SRVW�FRQGLWLRQ LV VKRZ WR EH WUXH E\ YDOLGLW\P� DQG WKH VHTXHQFH UXOH� FRPSOHWLQJ WKH SURRI

(2) (𝒜 1√20𝑞𝑞0 ∧𝒜 1√21𝑞𝑞0) → [PHDV 𝑞0 WR 𝑐0](𝑃=0.50𝑐𝑐0 ∧ 𝑃=0.51𝑐𝑐0)
>TUHJ T>�@� FUHJ F>�@� ℎ 𝑞0�PHDV 𝑞0 WR 𝑐0@(𝑃=0.50𝑐𝑐0 ∧ 𝑃=0.51𝑐𝑐0) (3)

⇤

����� 7KH WHOHSRUWLQJ SURWRFRO

7KH WHOHSRUWDWLRQ SURWRFRO ZDV LQWURGXFHG E\ %HQQHW HW DO� >��@ LQ ����� DQG LW LV WKH FRUQHUVWRQH RI PDQ\

TXDQWXP FRPPXQLFDWLRQ SURWRFROV� ,W DOORZV WKH UHSOLFDWLRQ RI WKH VWDWH RI D TXELW RQWR D VHFRQG TXELW� ZKHUH

HDFK RI WKH TXELWV DUH KHOG E\ WZR GLIIHUHQW SDUWLHV� SK\VLFDOO\ VHSDUDWHG� 7KH SURWRFRO ZRUNV� UHJDUGOHVV

RI WKH GLVWDQFH EHWZHHQ SDUWLHV� WKURXJK WKH XVH RI D %HOO SDLU VKDUHG EHWZHHQ ERWK SDUWLHV� 7KH SURWRFRO�

EHVLGHV LWV HQRUPRXV DSSOLFDELOLW\� LV DOVR RQH RI WKH PRVW IXQGDPHQWDO DQG SDUDGLJPDWLF H[DPSOHV RI WKH

HPSOR\PHQW RI TXDQWXP HQWDQJOHPHQW� DQG LW LV D QDWXUDO WHVWEHG IRU DQ\ QHZ TXDQWXP IRUPDO PHWKRG� ,Q

WKLV VHFWLRQ� ZH VKRZ WKDW LW LV DOVR SRVVLEOH WR SURYH WKH FRUUHFWQHVV RI WKH WHOHSRUWDWLRQ SURWRFRO LQ WKH ORJLF

GHYHORSHG LQ WKLV FKDSWHU�

Figure 23: Circuit of the quantum teleportation protocol as proposed in Bennet et al. [55]

7KH SURWRFRO FDQ EH H[SUHVVHG E\ D TXDQWXP FLUFXLW LQYROYLQJ WKUHH TXELWV� DV GHSLFWHG LQ ILJXUH ��� ZKHUH

WKH IROORZLQJ SDUWV FDQ EH LGHQWLILHG�

� 6WDWH SUHSDUDWLRQ� ZKLFK LQYROYHV WKH SUHSDUDWLRQ RI WKH ILUVW TXELW DQG WKH FUHDWLRQ RI WKH %HOO SDLU

EHWZHHQ WKH VHFRQG DQG WKH WKLUG TXELWV�
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� $VVRFLDWLRQ RI WKH %HOO SDLU ZLWK WKH ILUVW TXELW�

� 0HDVXUHPHQW RI WKH ILUVW TXELWV DQG DSSOLFDWLRQ RI WKH UHVXOWV IRU SRVW�FRUUHFWLRQ RQ WKH WKLUG TXELW�

ZKLFK UHTXLUHV WKH H[FKDQJH RI FODVVLFDO LQIRUPDWLRQ EHWZHHQ WKH KROGHUV RI WKH ILUVW TXELW DQG RI WKH

WKLUG RQH�

,Q WKH UHDO�ZRUOG VFHQDULR� TXELW � LV SK\VLFDOO\ VHSDUDWHG IURP TXELWV � DQG �� DQG WKH IRUPHU DQG WKH

ODWWHUV DUH FRQWUROOHG E\ WZR GLVWLQFW SDUWLHV� ZKLFK KDYH WR SRVVHVV DFFHVV WR D FODVVLFDO FKDQQHO WR FRQYH\

FODVVLFDO LQIRUPDWLRQ� 6XFK LQIRUPDWLRQ LV REWDLQHG IURP WKH PHDVXUHPHQW RI TXELWV � DQG � E\ WKH ILUVW

SDUW\� ZKLFK WKHQ FRQYH\V WKH UHVXOWV RI WKH UHDGLQJV WR SDUW\ �� ZKLFK XVHV WKHP WR DSSO\ SRVW FRUUHFWLRQV

RQ TXELW �� KHQFH UHWULHYLQJ WKH RULJLQDO VWDWH RI TXELW �� KHOG E\ SDUW\ RQH� 7KLV SURFHVV FDQ EH WUDQVODWHG

LQWR WKH IROORZLQJ 4$60 SURJUDP �TXELW 0 FDQ EH PDSSHG WR WKH XSSHU OLQH LQ WKH FLUFXLW RI ILJXUH ��� TXELW1 WR WKH PLGGOH OLQH� DQG TXELW 2 WR WKH ERWWRP RQH��

OPENQASM 2.0;
include ”qelib1.inc”;
qreg q[3];
creg c[2];𝑝0(𝛼) 𝑞0;
h q [1];
cx q[1], q[2];
cx q[0], q[1];
h q [0];
measure q[0] → c[0];
measure q[1] → c[1];
if (c [1] == 1) x q[2];
if (c [0] == 1) z q[2];

7KH FRUUHFWQHVV RI WKH WHOHSRUWDWLRQ SURWRFRO WUDQVODWHV LQWR WKH IROORZLQJ VWDWHPHQW�

[TUHJ T>�@� FUHJ F>�@� 𝑝0(𝛼) 𝑞0� K 𝑞𝑞1� F[ 𝑞𝑞1� 𝑞𝑞2� F[ 𝑞𝑞0� 𝑞𝑞1� K 𝑞𝑞0�
PHDV 𝑞𝑞0 WR 𝑐𝑐0� PHDV 𝑞𝑞1 WR 𝑐𝑐1� LI �F >�@   �� [ 𝑞𝑞2� LI �F >�@   �� ] 𝑞𝑞2] (𝑃=𝛼10𝑞2 ∧ 𝑃=1−𝛼1𝑞2) ,

ZKHUH 𝑃=𝛼0𝑞2 ∧ 𝑃=1−𝛼1𝑞2 FDQ EH LQWHUSUHWHG RI WKH SRVW�FRQGLWLRQ RI WKH SURWRFRO� GHWHUPLQLQJ WKH WDUJHW

SUREDELOLW\ GLVWULEXWLRQ RQ TXELW �� 𝛼 IRU REWDLQLQJ 0 XSRQ PHDVXUHPHQW� DQG 1 − 𝛼 IRU �� 6XFK SUREDELOLW\
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GLVWULEXWLRQ LV WKH RQH VHW XS LQ TXELW �� E\ RSHUDWRU 𝑝0(𝛼)� GXULQJ WKH SUHSDUDWLRQ VWDJH� ,Q D UHDO�ZRUOG
VFHQDULR� WKH SUHSDUDWLRQ VWDJH LV WKH RQH E\ WZR VHSDUDWH DQG LQGHSHQGHQW SDUWLHV� L�H� ERWK WKH VWDWH

SUHSDUDWLRQ RI TXELW � DQG WKH H[LVWHQFH RI WKH %HOO SDLU DUH SUH�FRQGLWLRQV RI WKH DFWXDO WHOHSRUWDWLRQ�

7KH VWDWH SUHSDUDWLRQ VWDJH

7KH VWDWH SUHSDUDWLRQ LV WKH VXESURJUDP >TUHJ T >�@�FUHJ F>�@� 𝑝0(𝛼)�K 𝑞𝑞1� F[ 𝑞𝑞1� 𝑞𝑞2@� DOVR GHQRWHG 35(3�
ZKLFK LQFOXGHV WKH GHFODUDWLRQ RI FODVVLFDO DQG TXDQWXP UHJLVWHUV DQG WKH SUHSDUDWLRQ RI WKH ILUVW TXELW

DFFRUGLQJ WR WKH GHVLUHG REVHUYDWLRQDO SURSHUWLHV� SUREDELOLW\ 𝛼 IRU REWHQWLRQ RI 0 XSRQ PHDVXUHPHQW DQG1 − 𝛼� IRU �� DV ZHOO DV WKH FUHDWLRQ RI WKH %HOO SDLU� 0DNLQJ XVH RI VHTXHQFH UXOH� DV ZHOO DV FUHJ DQG
TUHJ YDOLGLWLHV� WKH IROORZLQJ LQIHUHQFH LV WUXH�

>TUHJ T >�@@(0𝑞𝑞0 ∧ 0𝑞𝑞1 ∧ 0𝑞𝑞2) >FUHJ F>�@@(0𝑐𝑐0 ∧ 0𝑐𝑐1)
>TUHJ T >�@�FUHJ F>�@@(0𝑞𝑞0 ∧ 0𝑞𝑞1 ∧ 0𝑞𝑞2 ∧ 0𝑐𝑐0 ∧ 0𝑐𝑐1) (𝑖)

2QH FDQ DOVR DVVXPH WKH H[LVWHQFH RI DQ RSHUDWRU 𝑝0(𝛼)� WKDW FDQ SUHSDUH D TXELW RQ WKH VWDWH ZLWK WKH
GHVLUHG SUREDELOLW\ GLVWULEXWLRQ� L�H� 𝛼 IRU �� DQG 1 − 𝛼 IRU �� WKURXJK VHWWLQJ XS WKH DPSOLWXGHV 𝜆1 DQG 𝜆2�

0𝑞𝑞0 → [𝑝0(𝛼)𝑞0](𝒜=𝜆10𝑞0 ∧𝒜=𝜆21𝑞0) ,
DQG WKDW

𝒜𝜆10𝑞𝑥𝑥 ∧𝒜𝜆21𝑞𝑥𝑥 → 𝑃=𝛼0𝑞𝑥𝑥 ∧ 𝑃=1−𝛼1𝑞𝑥𝑥 . (151)

+HQFH� WKH IROORZLQJ LQIHUHQFH LV WUXH

(𝑖) 0𝑞𝑞0 → [𝑝0(𝛼)]𝒜=𝜆10𝑞0 ∧𝒜=𝜆21𝑞0)
>TUHJ T >�@�FUHJ F>�@� 𝑝0(𝛼) 𝑞0@(𝒜=𝜆10𝑞0 ∧𝒜=𝜆21𝑞0) ∧ 0𝑞𝑞1 ∧ 0𝑞𝑞2 ∧ 0𝑐𝑐0 ∧ 0𝑐𝑐1

(𝑖𝑖)
7KH IROORZLQJ VWHSV DUH WKH FUHDWLRQ RI WKH %(// SDLU EHWZHHQ TXELWV � DQG �� ZKLFK LV SHUIRUPHG E\

SURJUDP K T >�@� F[ T >�@� T >�@@� ZKLFK ZH DOVR GHQRWH %HOO12� 7KH IROORZLQJ LQIHUHQFH LV WUXH IRU WKH
DSSOLFDWLRQ RI WKH +DGDPDUG RSHUDWRU RQ TXELW �� L�H� E\ SURJUDP K T >�@� �VHH SURRI K���

�LL� 0𝑞1 → [K T >�@] (𝒜= 1√2 (0𝑞𝑞1) ∧ 𝒜= 1√2 (0𝑞𝑞1))
>35(3� K 𝑞1@(𝒜= 1√20𝑞1 ∧𝒜= 1√2 (1𝑞1) ∧ 0𝑞2 ∧ 0𝑐0 ∧ 0𝑐𝑐1) (𝑖𝑖𝑖) ,

DQG ZKHQ FRPSRVHG ZLWK WKH RSHUDWRU &127� LW LV SRVVLEOH WR FRQFOXGH WKH IROORZLQJ �VHH SURRI FQRW���
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�LLL� (𝒜= 1√2 (0𝑞𝑞1) ∧ 𝒜= 1√2 (1𝑞𝑞1) ∧ 0𝑞𝑞2) → [𝐶𝑁𝑂𝑇12] (𝒜= 1√2 (0𝑞𝑞1 ∧ 0𝑞𝑞2) ∧ 𝒜= 1√2 (1𝑞𝑞1 ∧ 1𝑞𝑞2))
>35(3� K 𝑞𝑞1� F[ 𝑞𝑞1, 𝑞𝑞2@((𝒜=𝜆1(0𝑞0) ∧ 𝒜=𝜆2(1𝑞𝑞0)) ∧ (𝒜= 1√2 (0𝑞𝑞1 ∧ 0𝑞𝑞2) ∧ 𝒜= 1√2 (1𝑞𝑞1 ∧ 1𝑞𝑞2))) (𝑖𝑣) .

7KLV GHILQHV WKH VWDWH RI WKH V\VWHP XSRQ V\VWHP SUHSDUDWLRQ� L�H� RI SURJUDP 35(3�%HOO12�
3URRIV RI WKH VWDWH SUHSDUDWLRQ VWDJH

Proof: �K��[[0𝑞1 → [K T >�@] (𝒜= 1√2 (0𝑞𝑞1) ∧ 𝒜= 1√2 (0𝑞𝑞1))]]= �E\ WKH GHILQLWLRQ RI WKH K LQVWUXFWLRQ DQG WKH VHPDQWLFV RI VWDWH V�𝑆 − {𝑠|∃𝑡 ∶ 𝜋𝑞0(𝑠) = |0⟩ ∧ 𝜋𝑞0(𝑡) = 𝐻 |0⟩ ⇒ 𝑡 ∉ [[(𝒜= 1√2 (0𝑞𝑞1) ∧ 𝒜= 1√2 (0𝑞𝑞1))]]}= �WKH DFWLRQ RI WKH K LQVWUXFWLRQ UHVXOWV LQ WKH VWDWH |+⟩�𝑆−{𝑠|∃𝑡 ∶ 𝑠 ∈ 𝜋𝑞0(𝑠) = |0⟩∧𝜋𝑞0(𝑡) = 1√2 (|0⟩ + |1⟩) ⇒ 𝑡 ∉ [[(𝒜= 1√2 (0𝑞𝑞1) ∧ 𝒜= 1√2 (0𝑞𝑞1))]]}= �E\ WKH GHILQLWLRQ RI WKH DPSOLWXGH RSHUDWRU RQ WKH |+⟩ VWDWH�𝑆 − {𝑠|∃𝑡 ∶ 𝑠 ∈ [[0𝑞𝑞0]](1) ∧ 𝑡 ∈ [[(𝒜= 1√2 (0𝑞𝑞1) ∧ 𝒜= 1√2 (0𝑞𝑞1))]](2) ⇒
𝑡 ∉ [[(𝒜= 1√2 (0𝑞𝑞1) ∧ 𝒜= 1√2 (0𝑞𝑞1))]](2)}=�LW FDQ EH HDVLO\ YHULILHG WKDW VHWV UHIHUUHG E\ (1),(2) DUH QRQ�HPSW\�[[⊤]]
⇤

Proof: �FQRW��[[(𝒜= 1√2 (0𝑞𝑞1) ∧ 𝒜= 1√2 (1𝑞𝑞1) ∧ 0𝑞𝑞2) → [F[ 𝑞𝑞1, 𝑞𝑞2] (𝒜= 1√2 (0𝑞𝑞1 ∧ 0𝑞𝑞2) ∧ 𝒜= 1√2 (1𝑞𝑞1 ∧ 1𝑞𝑞2))]]= �E\ WKH GHILQLWLRQ RI WKH &127 LQVWUXFWLRQ DQG WKH VHPDQWLFV RI VWDWH V�𝑆 − {𝑠|∃𝑡 ∶ 𝜋𝑞1,𝑞2(𝑠) = 1√2 (|00⟩ + |10⟩) ∧ 𝜋𝑞1,𝑞2(𝑡) = 𝐶𝑁𝑂𝑇. 1√2 (|00⟩ + |10⟩) ⇒ 𝑡 ∉
[[𝒜= 1√2 (0𝑞𝑞1 ∧ 0𝑞𝑞2) ∧ 𝒜= 1√2 (1𝑞𝑞1 ∧ 1𝑞𝑞2)]]}= �WKH DFWLRQ RI WKH K LQVWUXFWLRQ UHVXOWV LQ WKH VWDWH 1√2 (|00⟩ + |11⟩)�
𝑆 − {𝑠|∃𝑡 ∶ 𝜋𝑞1,𝑞2(𝑠) = 1√2 (|00⟩ + |10⟩) ∧ 𝜋𝑞1,𝑞2(𝑡) = 1√2 (|00⟩ + |11⟩) ⇒ 𝑡 ∉ [[𝒜= 1√2 (0𝑞𝑞1 ∧
0𝑞𝑞2) ∧ 𝒜= 1√2 (1𝑞𝑞1 ∧ 1𝑞𝑞2)]]}= �E\ WKH GHILQLWLRQ RI WKH DPSOLWXGH RSHUDWRU RQH FDQ H[SUHVV WKH VHPDQWLFV RI WKH VWDWH DV IROORZV�
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𝑆 − {𝑠|∃𝑡 ∶ 𝑠 ∈ [[(𝒜= 1√2 (0𝑞𝑞1) ∧ 𝒜= 1√2 (1𝑞𝑞1) ∧ 0𝑞𝑞2)]](1)∧
𝑡 ∈ [[(𝒜= 1√2 (0𝑞𝑞1 ∧ 0𝑞𝑞2) ∧ 𝒜= 1√2 (1𝑞𝑞1 ∧ 1𝑞𝑞2))]](2) ⇒
𝑡 ∉ [[(𝒜= 1√2 (0𝑞𝑞1 ∧ 0𝑞𝑞2) ∧ 𝒜= 1√2 (1𝑞𝑞1 ∧ 1𝑞𝑞2)]](2)}= �LW FDQ EH HDVLO\ YHULILHG WKDW VHWV UHIHUUHG E\ (1),(2) DUH QRQ�HPSW\�[[⊤]]
⇤

7KH DVVRFLDWLRQ ZLWK WKH ILUVW TXELW

7KH QH[W VWHS RI WKH SURWRFRO� DQG LQGHHG WKH DFWXDO VWHS LQ WKH UHDO�ZRUOG VFHQDULR LV WR DVVRFLDWH TXELW �

DQG WKH %HOO VWDWH RI TXELWV � DQG �� ZKLFK LV PDGH E\ WKH &127 RSHUDWRU� L�H� WKURXJK WKH SURJUDP F[ 𝑞𝑞0�𝑞𝑞1� DOVR GHQRWHG &12701� )URP WKH VHTXHQFH UXOH DQG WKH VHPDQWLFV RI WKH &127 RSHUDWRU �VHH SURRI

FQRW��� RQH FDQ LQIHU WKH IROORZLQJ

�LY�

(𝒜=𝜆1(0𝑞𝑞0) ∧ 𝒜=(𝜆2)(1𝑞𝑞0)) ∧ (𝒜= 1√2 (0𝑞𝑞1 ∧ 0𝑞𝑞2) ∧ 𝒜 1√2 (1𝑞𝑞1 ∧ 1𝑞𝑞2))
→ [&12701] ((𝒜=( 1√2 ∗𝜆1)(0𝑞𝑞0 ∧ 0𝑞𝑞1 ∧ 0𝑞𝑞2) ∧ 𝒜=( 1√2 ∗(𝜆2)(1𝑞𝑞0 ∧ 0𝑞𝑞1 ∧ 0𝑞𝑞2)∧𝒜=( 1√2 ∗𝜆1)(0𝑞𝑞0 ∧ 1𝑞𝑞1 ∧ 1𝑞𝑞2) ∧ 𝒜= 1√2 ∗(𝜆2)(1𝑞𝑞0 ∧ 0𝑞𝑞1 ∧ 1𝑞𝑞2))

>35(3� %HOO12�&12701@ (𝒜=( 1√2 ∗𝜆1)(0𝑞𝑞0 ∧ 0𝑞𝑞1 ∧ 0𝑞𝑞2) ∧ 𝒜=( 1√2 ∗(𝜆2)(1𝑞𝑞0 ∧ 0𝑞𝑞1 ∧ 0𝑞𝑞2)∧𝒜=( 1√2 ∗𝜆1)(0𝑞𝑞0 ∧ 1𝑞𝑞1 ∧ 1𝑞𝑞2) ∧ 𝒜= 1√2 ∗(𝜆2)(1𝑞𝑞0 ∧ 0𝑞𝑞1 ∧ 1𝑞𝑞2))
(𝑣)

ZKLFK FKDUDFWHUL]HV WKH UHVXOWDQW VWDWH RI VXFK RSHUDWLRQV� :H GHQRWH WKH SURJUDP 35(3� %HOO12�&12701
DV 𝐸𝑁𝑇� IRU D PDWWHU RI V\QWD[ VLPSOLILFDWLRQ�
Proof: �FQRW�� /HW 𝑝 GHQRWH WKH IROORZLQJ H[SUHVVLRQ

𝑝 = ((𝒜=( 1√2 ∗𝜆1)(0𝑞𝑞0 ∧ 0𝑞𝑞1 ∧ 0𝑞𝑞2) ∧ 𝒜=( 1√2 ∗(𝜆2)(1𝑞𝑞0 ∧ 0𝑞𝑞1 ∧ 0𝑞𝑞2)∧𝒜=( 1√2 ∗𝜆1)(0𝑞𝑞0 ∧ 1𝑞𝑞1 ∧ 1𝑞𝑞2) ∧ 𝒜= 1√2 ∗(𝜆2)(1𝑞𝑞0 ∧ 0𝑞𝑞1 ∧ 1𝑞𝑞2)) .
7KH SURRI JRHV DV IROORZV�[[(𝒜=𝜆1(0𝑞𝑞0) ∧ 𝒜=(𝜆2)(1𝑞𝑞0)) ∧ (𝒜= 1√2 (0𝑞𝑞1 ∧ 0𝑞𝑞2) ∧ 𝒜 1√2 (1𝑞𝑞1 ∧ 1𝑞𝑞2)) → [&12701]𝑝]]= �E\ WKH GHILQLWLRQ RI WKH K LQVWUXFWLRQ DQG WKH VHPDQWLFV RI VWDWH V�𝑆 − {𝑠|∃𝑡 ∶ 𝜋𝑞0,𝑞1,𝑞2(𝑠) = (𝜆1 ∗ 1√2 |000⟩ + 𝜆1 ∗ 1√2 |011⟩ + 𝜆2 ∗ 1√2 |100⟩ + 𝜆2 ∗ 1√2 |111⟩) ∧
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𝜋𝑞0,𝑞1,𝑞2(𝑡) = (𝐶𝑁𝑂𝑇 ⊗ 𝐼).𝜋𝑞0,𝑞1,𝑞2(𝑠) ⇒ 𝑡 ∉ [[𝑝]]}= �WKH DFWLRQ RI WKH K LQVWUXFWLRQ UHVXOWV LQ WKH VWDWH |+⟩�𝑆 − {𝑠|∃𝑡 ∶ 𝜋𝑞0,𝑞1,𝑞2(𝑠) = (𝜆1 ∗ 1√2 |000⟩ + 𝜆1 ∗ 1√2 |011⟩ + 𝜆2 ∗ 1√2 |100⟩ + 𝜆2 ∗ 1√2 |111⟩) ∧𝜋𝑞1,𝑞2(𝑡) = (𝜆1 ∗ 1√2 |000⟩ + 𝜆1 ∗ 1√2 |011⟩ + 𝜆2 ∗ 1√2 |110⟩ + 𝜆2 ∗ 1√2 |101⟩) ⇒ 𝑡 ∉ [[𝑝]]}= �E\ WKH GHILQLWLRQ RI WKH SUREDELOLVWLF RSHUDWRU RQ WKH |+⟩ VWDWH�𝑆− {𝑠|∃𝑡 ∶ 𝑠 ∈ [[(𝒜=𝜆1(0𝑞𝑞0)∧𝒜=(𝜆2)(1𝑞𝑞0))∧ (𝒜= 1√2 (0𝑞𝑞1 ∧0𝑞𝑞2)∧𝒜 1√2 (1𝑞𝑞1 ∧1𝑞𝑞2))]]1 ∧ 𝑡 ∈[[𝑝]]2 ⇒ 𝑡 ∉ [[𝑝]]2}= �LW FDQ EH HDVLO\ YHULILHG WKDW VHWV UHIHUUHG E\ (1),(2) DUH QRQ�HPSW\�[[⊤]]
⇤

0HDVXULQJ TXELWV DQG FODVVLFDO LQIRUPDWLRQ

7KH UHVXOWLQJ VWDWH RI SURJUDP (17 KROGV D VXSHUSRVLWLRQ RI DOO WKH SRVVLEOH %HOO VWDWHV ZLWK WKH RULJLQDO

DPSOLWXGHV 𝜆1 DQG 𝜆2� $OO WKDW LV QHFHVVDU\ LV WR HOLPLQDWH WKH %HOO VWDWHV IURP WKH JOREDO VWDWH� LQ RUGHU WR

UHWULHYH EDFN WKH RULJLQDO VWDWH RQ WKH WKLUG TXELW� 7KLV LV GRQH E\ WKH SURJUDP K 𝑞0�PHDV 𝑞𝑞0 WR 𝑐𝑐0� PHDV𝑞𝑞1 WR 𝑐𝑐1� LI �F >�@   �� [ 𝑞2� LI �F >�@   �� ] 𝑞2� ZKLFK PHDVXUHV WKH ILUVW WZR TXELWV� LQ WZR GLIIHUHQW D[LV
HDFK �WZR PHDVXUHV DUH HQRXJK WR LGHQWLI\ WKH %HOO VWDWH� DQG XVHV WKH UHVXOWV RI WKH PHDVXUHPHQWV LQ WZR

LQGHSHQGHQW LI VWDWHPHQWV WR HOLPLQDWH WKH %HOO VWDWHV� 7KH ILUVW VWHS RI WKH PHDVXUHPHQW LV WKH DSSOLFDWLRQ

LV WKH DSSOLFDWLRQ RI WKH RSHUDWRU 𝐻 RYHU TXELW �� LQ RUGHU WR EH DEOH WR PHDVXUH LQ +DGDPDUG EDVLV� L�H�|+⟩ , |−⟩ UDWKHU WKDQ |0⟩ , |1⟩ �VHH SURRI K��� OHDGLQJ WR�

�Y�

(𝒜=( 1√2 ∗𝜆1)(0𝑞𝑞0 ∧ 0𝑞𝑞1 ∧ 0𝑞𝑞2) ∧ 𝒜=( 1√2 ∗(𝜆2)(1𝑞𝑞0 ∧ 0𝑞𝑞1 ∧ 0𝑞𝑞2)∧𝒜=( 1√2 ∗𝜆1)(0𝑞𝑞0 ∧ 1𝑞𝑞1 ∧ 1𝑞𝑞2) ∧ 𝒜= 1√2 ∗(𝜆2)(1𝑞𝑞0 ∧ 0𝑞𝑞1 ∧ 1𝑞𝑞2))
→ [ℎ𝑞0]

𝒜=( 12 ∗𝜆1)(0𝑞𝑞0 ∧ 0𝑞𝑞1 ∧ 0𝑞𝑞2) ∧ 𝒜=( 12 ∗𝜆2)(0𝑞𝑞0 ∧ 0𝑞𝑞1 ∧ 1𝑞𝑞2)∧𝒜=( 12 ∗𝜆2)(0𝑞𝑞0 ∧ 1𝑞𝑞1 ∧ 0𝑞𝑞2) ∧ 𝒜=( 12 ∗𝜆1)(0𝑞𝑞0 ∧ 1𝑞𝑞1 ∧ 1𝑞𝑞2)∧𝒜=( 12 ∗𝜆1)(1𝑞𝑞0 ∧ 0𝑞𝑞1 ∧ 0𝑞𝑞2) ∧ 𝒜=(− 12 ∗𝜆2)(1𝑞𝑞0 ∧ 0𝑞𝑞1 ∧ 1𝑞𝑞2)∧𝒜=(− 12 ∗𝜆2)(1𝑞𝑞0 ∧ 1𝑞𝑞1 ∧ 0𝑞𝑞2) ∧ 𝒜=( 12 ∗𝜆1)(1𝑞𝑞0 ∧ 1𝑞𝑞1 ∧ 1𝑞𝑞2)
⊤ → >(17�K 𝑞0@

𝒜=( 12 ∗𝜆1)(0𝑞𝑞0 ∧ 0𝑞𝑞1 ∧ 0𝑞𝑞2) ∧ 𝒜=( 12 ∗𝜆2)(0𝑞𝑞0 ∧ 0𝑞𝑞1 ∧ 1𝑞𝑞2)∧𝒜=( 12 ∗𝜆2)(0𝑞𝑞0 ∧ 1𝑞𝑞1 ∧ 0𝑞𝑞2) ∧ 𝒜=( 12 ∗𝜆1)(0𝑞𝑞0 ∧ 1𝑞𝑞1 ∧ 1𝑞𝑞2)∧𝒜=( 12 ∗𝜆1)(1𝑞𝑞0 ∧ 0𝑞𝑞1 ∧ 0𝑞𝑞2) ∧ 𝒜=(− 12 ∗𝜆2)(1𝑞𝑞0 ∧ 0𝑞𝑞1 ∧ 1𝑞𝑞2)∧𝒜=(− 12 ∗𝜆2)(1𝑞𝑞0 ∧ 1𝑞𝑞1 ∧ 0𝑞𝑞2) ∧ 𝒜=(− 12 ∗𝜆1)(1𝑞𝑞0 ∧ 1𝑞𝑞1 ∧ 1𝑞𝑞2)

(𝑣𝑖)
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7KH IROORZLQJ VWHS LV WKH DFWXDO PHDVXUHPHQW RI TXELWV 0 DQG 1� VWRULQJ WKH UHVXOWV LQ WKH FODVVLFDO

ELWV� 7KLV FDQ EH GRQH E\ SURJUDPV PHDV 𝑞𝑞0 WR 𝑐𝑐0 DQG PHDV 𝑞𝑞1 WR 𝑐𝑐1� ZKLFK ZH GHQRWH DV 0� DQG 0��

UHVSHFWLYHO\� 7KH HIIHFW RI WKH PHDVXUHPHQWV JLYHV RULJLQ WR WKH IROORZLQJ LQIHUHQFH �VHH SURRI PHDVW��

�YL�

𝒜=( 12 ∗𝜆1)(0𝑞𝑞0 ∧ 0𝑞𝑞1 ∧ 0𝑞𝑞2) ∧ 𝒜=( 12 ∗𝜆2)(0𝑞𝑞0 ∧ 0𝑞𝑞1 ∨ 1𝑞𝑞2)∧𝒜=( 12 ∗𝜆2)(0𝑞𝑞0 ∧ 1𝑞𝑞1 ∧ 0𝑞𝑞2) ∧ 𝒜=( 12 ∗𝜆1)(0𝑞𝑞0 ∧ 1𝑞𝑞1 ∨ 1𝑞𝑞2)∧𝒜=( 12 ∗𝜆1)(1𝑞𝑞0 ∧ 0𝑞𝑞1 ∧ 0𝑞𝑞2) ∧ 𝒜=(− 12 ∗𝜆2)(1𝑞𝑞0 ∧ 0𝑞𝑞1 ∨ 1𝑞𝑞2)∧𝒜=(− 12 ∗𝜆2)(1𝑞𝑞0 ∧ 1𝑞𝑞1 ∧ 0𝑞𝑞2) ∧ 𝒜=(− 12 ∗𝜆1)(1𝑞𝑞0 ∧ 1𝑞𝑞1 ∧ 1𝑞𝑞2)
→ [𝑀1;𝑀2]

𝑃=0.25(0𝑐𝑐0 ∧ 0𝑞𝑞0 ∧ 0𝑐𝑐1 ∧ 0𝑞𝑞1 ∧𝒜=𝜆1(0𝑞𝑞2) ∨ 𝒜=(𝜆2)(1𝑞𝑞2))∨𝑃=0.25(0𝑐𝑐0 ∧ 0𝑞𝑞0 ∧ 1𝑐𝑐1 ∧ 1𝑞𝑞1 ∧𝒜=𝜆2(0𝑞𝑞2) ∨ 𝒜=(𝜆1)(1𝑞𝑞2))∨𝑃=0.25(1𝑐𝑐0 ∧ 1𝑞𝑞0 ∧ 0𝑐𝑐1 ∧ 0𝑞𝑞1 ∧𝒜=𝜆1(0𝑞𝑞2) ∨ 𝒜=(−𝜆2)(1𝑞𝑞2))∨𝑃=0.25(1𝑐𝑐0 ∧ 1𝑞𝑞0 ∧ 1𝑐𝑐1 ∧ 1𝑞𝑞1 ∧𝒜=𝜆2(0𝑞𝑞2) ∨ 𝒜=(−𝜆1)(1𝑞𝑞2))
>(17�K 𝑞0�0��0�@

𝑃=0.25(0𝑐𝑐0 ∧ 0𝑞𝑞0 ∧ 0𝑐𝑐1 ∧ 0𝑞𝑞1 ∧𝒜=𝜆1(0𝑞𝑞2) ∧ 𝒜=(𝜆2)(1𝑞𝑞2))∨𝑃=0.25(0𝑐𝑐0 ∧ 0𝑞𝑞0 ∧ 1𝑐𝑐1 ∧ 1𝑞𝑞1 ∧𝒜=𝜆2(0𝑞𝑞2) ∧ 𝒜=(𝜆1)(1𝑞𝑞2))∨𝑃=0.25(1𝑐𝑐0 ∧ 1𝑞𝑞0 ∧ 0𝑐𝑐1 ∧ 0𝑞𝑞1 ∧𝒜=𝜆1(0𝑞𝑞2) ∧ 𝒜=−𝜆2(1𝑞𝑞2))∨𝑃=0.25(1𝑐𝑐0 ∧ 1𝑞𝑞0 ∧ 1𝑐𝑐1 ∧ 1𝑞𝑞1 ∧𝒜=𝜆2(0𝑞𝑞2) ∧ 𝒜=(−𝜆1)(1𝑞𝑞2))

(𝑣𝑖𝑖)

)LQDOO\� IROORZLQJ WKH PHDVXUHPHQWV RI WKH ILUVW TXELWV� DOO WKDW UHPDLQV LV WR DSSO\ WKH HUURU FRUUHFWLRQV�

ZKLFK FRPH IURP WKH SURJUDPV LI �F >�@   �� ] 𝑞2 DQG LI �F >�@   �� ] 𝑞2� ZKLFK ZH QDPH DV ,)� DQG ,)��

UHVSHFWLYHO\� 7KH IROORZLQJ LQIHUHQFH LV SRVVLEOH XSRQ WKH H[HFXWLRQ RI SURJUDP ,)� �VHH SURRI LI���

�YLL�

𝑃=0.25(0𝑐𝑐0 ∧ 0𝑞𝑞0 ∧ 0𝑐𝑐1 ∧ 0𝑞𝑞1 ∧𝒜=𝜆1(0𝑞𝑞2) ∨ 𝒜=(𝜆2)(1𝑞𝑞2))∨𝑃=0.25(0𝑐𝑐0 ∧ 0𝑞𝑞0 ∧ 1𝑐𝑐1 ∧ 1𝑞𝑞1 ∧𝒜=𝜆2(0𝑞𝑞2) ∨ 𝒜=(𝜆1)(1𝑞𝑞2))∨𝑃=0.25(1𝑐𝑐0 ∧ 1𝑞𝑞0 ∧ 0𝑐𝑐1 ∧ 0𝑞𝑞1 ∧𝒜=𝜆1(0𝑞𝑞2) ∨ 𝒜=−𝜆2(1𝑞𝑞2))∨𝑃=0.25(1𝑐𝑐0 ∧ 1𝑞𝑞0 ∧ 1𝑐𝑐1 ∧ 1𝑞𝑞1 ∧𝒜=𝜆2(0𝑞𝑞2) ∨ 𝒜=(−𝜆1)(1𝑞𝑞2))→ [𝐼𝐹1] 𝑃=0.5((0𝑐𝑐1 ∧ 0𝑞𝑞1 ∧𝒜=𝜆1(0𝑞𝑞2) ∧ 𝒜=(𝜆2)(1𝑞𝑞2))∨𝑃=0.5(1𝑐𝑐1 ∧ 1𝑞𝑞1 ∧𝒜=𝜆2(0𝑞𝑞2) ∧ 𝒜=(𝜆1)(1𝑞𝑞2))
>(17�K 𝑞0�0��0��,)�@ 𝑃=0.5(0𝑐𝑐1 ∧ 0𝑞𝑞1 ∧𝒜=𝜆1(0𝑞𝑞2) ∧ 𝒜=(𝜆2)(1𝑞𝑞2))∨𝑃=0.5(1𝑐𝑐1 ∧ 1𝑞𝑞1 ∧𝒜=𝜆2(0𝑞𝑞2) ∧ 𝒜=(𝜆1)(1𝑞𝑞2))

(𝑣𝑖𝑖𝑖)
DQG DIWHU WKH SURJUDP ,)� WKH IROORZLQJ SRVW�FRQGLWLRQ KROGV �VHH SURRI LI��

�YLLL�

𝑃=0.5(0𝑐𝑐1 ∧ 0𝑞𝑞1 ∧𝒜=𝜆1(0𝑞𝑞2) ∧ 𝒜=(𝜆2)(1𝑞𝑞2))∨𝑃=0.5(1𝑐𝑐1 ∧ 1𝑞𝑞1 ∧𝒜=𝜆2(0𝑞𝑞2) ∧ 𝒜=(𝜆1)(1𝑞𝑞2))→ [𝐼𝐹2] (𝒜=𝜆1(0𝑞𝑞2) ∧ 𝒜=(𝜆2)(1𝑞𝑞2))
>(17�K 𝑞0�0��0��,)��,)�@ (𝒜=𝜆1(0𝑞𝑞2) ∧ 𝒜=(𝜆2)(1𝑞𝑞2)) (𝑖𝑥)
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�

ZKLFK GXH WR WKH DVVHUWLRQ RI (151)� UHVXOWV LQ >(17�K 𝑞0�0��0��,)��,)�@�𝑃=𝛼(0𝑞𝑞2)∧𝑃=1−𝛼(1𝑞𝑞2)� EHLQJ
WUXH� FRPSOHWLQJ WKH SURRI�

3URRIV RI WKH PHDVXUHPHQW DQG SRVW�HUURU FRUUHFWLRQ

Proof: �K��

/HW 𝑝, 𝑞 GHQRWH WKH IROORZLQJ H[SUHVVLRQV
𝑝 = ((𝒜=( 1√2 ∗𝜆1)(0𝑞𝑞0 ∧ 0𝑞𝑞1 ∧ 0𝑞𝑞2) ∧ 𝒜=( 1√2 ∗(𝜆2)(1𝑞𝑞0 ∧ 0𝑞𝑞1 ∧ 0𝑞𝑞2)∧𝒜=( 1√2 ∗𝜆1)(0𝑞𝑞0 ∧ 1𝑞𝑞1 ∧ 1𝑞𝑞2) ∧ 𝒜= 1√2 ∗(𝜆2)(1𝑞𝑞0 ∧ 0𝑞𝑞1 ∧ 1𝑞𝑞2)) ,

DQG

𝑞 = 𝒜=( 12 ∗𝜆1)(0𝑞𝑞0 ∧ 0𝑞𝑞1 ∧ 0𝑞𝑞2) ∧ 𝒜=( 12 ∗𝜆2)(0𝑞𝑞0 ∧ 0𝑞𝑞1 ∧ 1𝑞𝑞2)∧𝒜=( 12 ∗𝜆2)(0𝑞𝑞0 ∧ 1𝑞𝑞1 ∧ 0𝑞𝑞2) ∧ 𝒜=( 12 ∗𝜆1)(0𝑞𝑞0 ∧ 1𝑞𝑞1 ∧ 1𝑞𝑞2)∧𝒜=( 12 ∗𝜆1)(1𝑞𝑞0 ∧ 0𝑞𝑞1 ∧ 0𝑞𝑞2) ∧ 𝒜=(− 12 ∗𝜆2)(1𝑞𝑞0 ∧ 0𝑞𝑞1 ∧ 1𝑞𝑞2)∧𝒜=(− 12 ∗𝜆2)(1𝑞𝑞0 ∧ 1𝑞𝑞1 ∧ 0𝑞𝑞2) ∧ 𝒜=(− 12 ∗𝜆1)(1𝑞𝑞0 ∧ 1𝑞𝑞1 ∧ 1𝑞𝑞2) .
7KH SURRI RI WKH H[SUHVVLRQ 𝑝 → [𝐻]𝑞 JRHV DV IROORZV�[[𝑝 → [𝐻]𝑞]]= �E\ WKH GHILQLWLRQ RI WKH K LQVWUXFWLRQ DQG WKH VHPDQWLFV RI VWDWH V�𝑆 − {𝑠|∃𝑡 ∶ 𝜋𝑞0,𝑞1,𝑞2(𝑠) = (𝜆1 ∗ 1√2 |000⟩ + 𝜆1 ∗ 1√2 |011⟩ + 𝜆2 ∗ 1√2 |110⟩ + 𝜆2 ∗ 1√2 |101⟩) ∧𝜋𝑞0,𝑞1,𝑞2(𝑡) = (𝐻 ⊗ 𝐼 ⊗ 𝐼).𝜋𝑞0,𝑞1,𝑞2(𝑠) ⇒ 𝑡 ∉ [[𝑞]]}= �WKH DFWLRQ RI WKH K LQVWUXFWLRQ UHVXOWV LQ WKH VWDWH𝑆 − {𝑠|∃𝑡 ∶ 𝜋𝑞0,𝑞1,𝑞2(𝑠) = (𝜆1 ∗ 1√2 |000⟩ + 𝜆1 ∗ 1√2 |011⟩ + 𝜆2 ∗ 1√2 |110⟩ + 𝜆2 ∗ 1√2 |101⟩) ∧𝜋𝑞0,𝑞1,𝑞2(𝑡) = (𝜆1 ∗ 12 |000⟩+𝜆2 ∗ 12 |001⟩+𝜆2 ∗ 12 |010⟩+𝜆1 ∗ 12 |100⟩+−𝜆2 ∗ 12 |101⟩+−𝜆2 ∗12 |110⟩ + 𝜆1 ∗ 12 |111⟩) ⇒ 𝑡 ∉ [[𝑝]]}= �E\ WKH GHILQLWLRQ RI WKH DPSOLWXGH RSHUDWRU RQ WKH VWDWH�𝑆−{𝑠|∃𝑡 ∶ 𝑠 ∈ [[(𝒜=𝜆1(0𝑞𝑞0)∧𝒜=(𝜆2)(1𝑞𝑞0))∧(𝒜= 1√2 (0𝑞𝑞1 ∧0𝑞𝑞2)∧𝒜 1√2 (1𝑞𝑞1 ∧1𝑞𝑞2))]](1) ∧𝑡 ∈[[𝑝]](2) ⇒ 𝑡 ∉ [[𝑝]](2)}= �LW FDQ EH HDVLO\ YHULILHG WKDW VHWV UHIHUUHG E\ (1),(2) DUH QRQ�HPSW\�[[⊤]]
⇤
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Proof: �PHDVW�

/HW 𝑝 DQG 𝑞 GHQRWH WKH IROORZLQJ H[SUHVVLRQV�
𝑝 =𝒜=( 12 ∗𝜆1)(0𝑞𝑞0 ∧ 0𝑞𝑞1 ∧ 0𝑞𝑞2) ∧ 𝒜=( 12 ∗𝜆2)(0𝑞𝑞0 ∧ 0𝑞𝑞1 ∧ 1𝑞𝑞2)∧ 𝒜=( 12 ∗𝜆2)(0𝑞𝑞0 ∧ 1𝑞𝑞1 ∧ 0𝑞𝑞2) ∧ 𝒜=( 12 ∗𝜆1)(0𝑞𝑞0 ∧ 1𝑞𝑞1 ∧ 1𝑞𝑞2)∧ 𝒜=( 12 ∗𝜆1)(1𝑞𝑞0 ∧ 0𝑞𝑞1 ∧ 0𝑞𝑞2) ∧ 𝒜=(− 12 ∗𝜆2)(1𝑞𝑞0 ∧ 0𝑞𝑞1 ∧ 1𝑞𝑞2)∧ 𝒜=(− 12 ∗𝜆2)(1𝑞𝑞0 ∧ 1𝑞𝑞1 ∧ 0𝑞𝑞2) ∧ 𝒜=(− 12 ∗𝜆1)(1𝑞𝑞0 ∧ 1𝑞𝑞1 ∧ 1𝑞𝑞2) ,𝑞 =𝑃=0.25(0𝑐𝑐0 ∧ 0𝑞𝑞0 ∧ 0𝑐𝑐1 ∧ 0𝑞𝑞1 ∧𝒜=𝜆1(0𝑞𝑞2) ∧ 𝒜=(𝜆2)(1𝑞𝑞2))∨𝑃=0.25(0𝑐𝑐0 ∧ 0𝑞𝑞0 ∧ 1𝑐𝑐1 ∧ 1𝑞𝑞1 ∧𝒜=𝜆2(0𝑞𝑞2) ∧ 𝒜=(𝜆1)(1𝑞𝑞2))∨𝑃=0.25(1𝑐𝑐0 ∧ 1𝑞𝑞0 ∧ 0𝑐𝑐1 ∧ 0𝑞𝑞1 ∧𝒜=𝜆1(0𝑞𝑞2) ∧ 𝒜=(−𝜆2)(1𝑞𝑞2))∨𝑃=0.25(1𝑐𝑐0 ∧ 1𝑞𝑞0 ∧ 1𝑐𝑐1 ∧ 1𝑞𝑞1 ∧𝒜=𝜆2(0𝑞𝑞2) ∧ 𝒜=(−𝜆1)(1𝑞𝑞2)) .

7KH SURRI RI WKH H[SUHVVLRQ 𝑝 → [𝑀1;𝑀2]𝑞 UHDGV DV�[[𝑝 → [𝑀1;𝑀2]𝑞]]= �E\ WKH GHILQLWLRQ RI WKH G\QDPLF RSHUDWRU ⟨𝜋⟩𝜙�𝑆 − {𝑠|∃𝑡 ∶ 𝑠 ∈ [[𝑝]] ∧ (𝑠, 𝑡) ∈ [[[PHDV 𝑞0 WR 𝑐0�PHDV 𝑞1 WR 𝑐1]]] ⇒ 𝑡 ∉ [[𝑞]]}≡ �E\ WKH GHILQLWLRQ RI PHDVXUHPHQW�𝑆 − {𝑠|∃𝑢∃𝑡 ∶ 𝑠 ∈ [[𝑝]] ∧ (𝑠, 𝑢) ∈ ({(𝑠, 𝑢)|𝑢 ∈ [[𝑞𝑞0 == 0]](𝑠) ∧ 𝑢 ∈ [[𝑃𝑒10𝑐𝑐0]] ZKHUH 𝑒1 =⟨𝑠∣0𝑞𝑞0⟩ ⟨0𝑞𝑞0 ∣𝑠⟩} ∪ {(𝑠, 𝑢)|𝑢 ∈ [[𝑞𝑞0 == 1]] ∧ 𝑢 ∈ [[𝑃𝑒21𝑐𝑐0]] ZKHUH 𝑒2 = ⟨𝑠∣1𝑞𝑞0⟩ ⟨1𝑞𝑞0 ∣𝑠⟩}) ∧(𝑢, 𝑡) ∈ [[PHDV 𝑞1 WR 𝑐1]] ⇒ 𝑡 ∉ [[𝑞]]}= �E\ WKH GHILQ,WLRQ RI PHDVXUHPHQW DQG FRPELQDWLRQ�

𝑆−{𝑠|∃𝑡 ∶ 𝑠 ∈ [[𝑝]]∧(𝑠, 𝑡) ∈ ({(𝑠, 𝑡)|𝑡 ∈ [[𝑞𝑞1 == 0]] ∧ 𝑡 ∈ [[0𝑞𝑞0 ∧ 𝑃=𝑒10𝑐𝑐0 ∧ 𝑃=𝑒20𝑐𝑐1]]}∪{(𝑠, 𝑡)|𝑡 ∈ [[𝑞𝑞1 == 1]] ∧ 𝑡 ∈ [[0𝑞𝑞0 ∧ 𝑃=𝑒10𝑐𝑐0 ∧ 𝑃=𝑒31𝑐𝑐1]]}∪{(𝑠, 𝑡)|𝑡 ∈ [[𝑞𝑞1 == 0]] ∧ 𝑡 ∈ [[1𝑞𝑞0 ∧ 𝑃=𝑒41𝑐𝑐0 ∧ 𝑃=𝑒20𝑐𝑐1]]}∪{(𝑠, 𝑡)|𝑡 ∈ [[𝑞𝑞1 == 1]] ∧ 𝑡 ∈ [[1𝑞𝑞0 ∧ 𝑃=𝑒41𝑐𝑐0 ∧ 𝑃=𝑒31𝑐𝑐1]]} ⇒ 𝑡 ∉ [[𝑞]]}
ZKHUH 𝑒1 = ⟨𝑠∣0𝑞𝑞0⟩ ⟨0𝑞𝑞0 ∣𝑠⟩ , 𝑒2 = ⟨𝑠∣0𝑞𝑞1⟩ ⟨0𝑞𝑞1 ∣𝑠⟩ , 𝑒3 = ⟨𝑠∣1𝑞𝑞1⟩ ⟨1𝑞𝑞1 ∣𝑠⟩ DQG 𝑒4 = ⟨𝑠∣1𝑞𝑞0⟩ ⟨1𝑞𝑞0 ∣𝑠⟩)

119



5.4. Some valid rules and examples 120

= �WKH DFWXDO DSSOLFDWLRQ RI TXDQWXP WHVWV� OHDG WR WKH IROORZLQJ VWDWH�

𝑆−{𝑠|∃𝑡 ∶ 𝑠 ∈ [[𝑝]](1)∧(𝑠, 𝑡) ∈ ({(𝑠, 𝑡)|𝑡 ∈ [[(0𝑞𝑞1 ∧ 0𝑞𝑞0 ∧ 0𝑐𝑐0 ∧ 0𝑐𝑐1 ∧𝒜=𝜆1(0𝑞𝑞2) ∧ 𝒜=(𝜆2)(1𝑞𝑞2))]]}∪{(𝑠, 𝑡)|𝑡 ∈ [[𝑃=0.5∗0.5(1𝑞𝑞1 ∧ 0𝑞𝑞0 ∧ 0𝑐𝑐0 ∧ 1𝑐𝑐1 ∧𝒜=𝜆2(0𝑞𝑞2) ∧ 𝒜=(𝜆1)(1𝑞𝑞2))]]}∪{(𝑠, 𝑡)|𝑡 ∈ [[𝑃=0.5∗0.5(0𝑞𝑞1 ∧ 1𝑞𝑞0 ∧ 1𝑐𝑐0 ∧ 0𝑐𝑐1 ∧𝒜=𝜆1(0𝑞𝑞2) ∧ 𝒜=−𝜆2(1𝑞𝑞2))]]}∪{(𝑠, 𝑡)|𝑡 ∈ [[𝑃=0.5∗0.5(1𝑞𝑞1 ∧ 1𝑞𝑞0 ∧ 1𝑐𝑐0 ∧ 1𝑐𝑐1]] ∧ 𝒜=𝜆2(0𝑞𝑞2) ∧ 𝒜=(−𝜆1)(1𝑞𝑞2))]]})(2) ⇒ 𝑡 ∉ [[𝑞]](2)}
=𝑆 − {𝑠|∃𝑡 ∶ 𝑠 ∈ [[𝑝]](1) ∧ 𝑡 ∈ [[𝑞]](2) ⇒𝑡 ∉ [[𝑞]](2)}= �LW FDQ EH HDVLO\ YHULILHG WKDW VHWV UHIHUUHG E\ (1),(2) DUH QRQ�HPSW\�[[¬⊥]]=[[⊤]] ⇤

Proof: �LI�� /HW 𝑝, 𝑞 GHQRWH WKH IROORZLQJ H[SUHVVLRQV�
𝑝 =(𝑃=0.25(0𝑐𝑐0 ∧ 0𝑞𝑞0 ∧ 0𝑐𝑐1 ∧ 0𝑞𝑞1 ∧𝒜=𝜆1(0𝑞𝑞2) ∧ 𝒜=(𝜆2)(1𝑞𝑞2))∨𝑃=0.25(0𝑐𝑐0 ∧ 0𝑞𝑞0 ∧ 1𝑐𝑐1 ∧ 1𝑞𝑞1 ∧𝒜=𝜆2(0𝑞𝑞2) ∧ 𝒜=(𝜆1)(1𝑞𝑞2))∨𝑃=0.25(1𝑐𝑐0 ∧ 1𝑞𝑞0 ∧ 0𝑐𝑐1 ∧ 0𝑞𝑞1 ∧𝒜=𝜆1(0𝑞𝑞2) ∧ 𝒜=−𝜆2(1𝑞𝑞2))∨𝑃=0.25(1𝑐𝑐0 ∧ 1𝑞𝑞0 ∧ 1𝑐𝑐1 ∧ 1𝑞𝑞1 ∧𝒜=𝜆2(0𝑞𝑞2) ∧ 𝒜=(−𝜆1)(1𝑞𝑞2)) ,𝑞 =𝑃=0.5((0𝑐𝑐1 ∧ 0𝑞𝑞1 ∧𝒜=𝜆1(0𝑞𝑞2) ∧ 𝒜=(𝜆2)(1𝑞𝑞2))∧𝑃=0.5(1𝑐𝑐1 ∧ 1𝑞𝑞1 ∧𝒜=𝜆2(0𝑞𝑞2) ∧ 𝒜=(𝜆1)(1𝑞𝑞2)) .

7KH SURRI RI VWDWHPHQW 𝑝 → [𝐼𝐹1]𝑞 UHDGV DV�[[𝑝 → [𝐼𝐹1]𝑞]]= �E\ WKH GHILQLWLRQ RI WKH G\QDPLF RSHUDWRU ⟨𝜋⟩𝜙�𝑆 − {𝑠|∃𝑡 ∶ 𝑠 ∈ [[𝑝]] ∧ (𝑠, 𝑡) ∈ {[[[LI �𝑐0   �� ] 𝑞3]]]} ⇒ 𝑡 ∉ [[𝑞]]}= �E\ WKH VHPDQWLFV RI WKH LI VWDWHPHQW�𝑆−{𝑠|∃𝑡 ∶ 𝑠 ∈ [[𝑝]]∧(𝑠, 𝑡) ∈ ([[𝑐0   �]]∩[[|1𝑐0⟩⟨1𝑐0 |; ] 𝑞3]]}∪{[[𝑐0   �]]∩[[|0𝑐0⟩⟨0𝑐0 |; VNLS]]) ⇒𝑡 ∉ [[𝑞]]}
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= �E\ WKH GHILQLWLRQ RI WKH LI VWDWHPHQW� RQO\ WZR ZRUOGV� WKH RQHV ZKHUH WHVW 𝑐0   � KROGV� ZLOO EH DIIHFWHG

E\ WKH SKDVH IOLS RSHUDWRU�

𝑆 − {𝑠|∃𝑡 ∶ 𝑠 ∈ [[𝑝]] ∧ 𝑡 ∈ ([[𝑃=0.25(0𝑐𝑐0 ∧ 0𝑞𝑞0 ∧ 0𝑐𝑐1 ∧ 0𝑞𝑞1 ∧𝒜=𝜆1(0𝑞𝑞2) ∧ 𝒜=(𝜆2)(1𝑞𝑞2))]]∪[[𝑃=0.25(0𝑐𝑐0 ∧ 0𝑞𝑞0 ∧ 1𝑐𝑐1 ∧ 1𝑞𝑞1 ∧𝒜=𝜆2(0𝑞𝑞2) ∧ 𝒜=(𝜆1)(1𝑞𝑞2))]]∪[[𝑃=0.25(1𝑐𝑐0 ∧ 1𝑞𝑞0 ∧ 0𝑐𝑐1 ∧ 0𝑞𝑞1 ∧𝒜=𝜆1(0𝑞𝑞2) ∧ 𝒜=𝜆2(1𝑞𝑞2))]]∪[[𝑃=0.25(1𝑐𝑐0 ∧ 1𝑞𝑞0 ∧ 1𝑐𝑐1 ∧ 1𝑞𝑞1 ∧𝒜=𝜆2(0𝑞𝑞2) ∧ 𝒜=(𝜆1)(1𝑞𝑞2))]]) ⇒ 𝑡 ∉ [[𝑞]]}
= �XSRQ WKH DSSOLFDWLRQ RI WKH SKDVH IOLS FRUUHFWLRQ� WKH WZR SDLUV RI SRVVLEOH ZRUOGV EHFRPH HTXLYDOHQW�

KHQFH WKH SRVVLEOH ZRUOGV DUH QDUURZHG WR ��

𝑆 − {𝑠|∃𝑡 ∶ 𝑠 ∈ [[𝑝]](1) ∧ 𝑡 ∈ ([[𝑃=0.5(1𝑐𝑐0 ∧ 1𝑞𝑞0 ∧ 0𝑐𝑐1 ∧ 0𝑞𝑞1 ∧𝒜=𝜆1(0𝑞𝑞2) ∧ 𝒜=𝜆2(1𝑞𝑞2))]]∪[[𝑃=0.5(1𝑐𝑐0 ∧ 1𝑞𝑞0 ∧ 1𝑐𝑐1 ∧ 1𝑞𝑞1 ∧𝒜=𝜆2(0𝑞𝑞2) ∧ 𝒜=(𝜆1)(1𝑞𝑞2))]])(2)
⇒ 𝑡 ∉ [[𝑞]](2)}

= �LW FDQ EH HDVLO\ YHULILHG WKDW VHWV UHIHUUHG E\ (1),(2) DUH QRQ�HPSW\�[[¬⊥]]=[[⊤]] ⇤

Proof: �LI�� /HW 𝑝, 𝑞 GHQRWH WKH IROORZLQJ H[SUHVVLRQV�
𝑝 = 𝑃=0.5(0𝑐𝑐1 ∧ 0𝑞𝑞1 ∧𝒜=𝜆1(0𝑞𝑞2) ∧ 𝒜=(𝜆2)(1𝑞𝑞2)) ∧ 𝑃=0.5(1𝑐𝑐1 ∧ 1𝑞𝑞1 ∧𝒜=𝜆2(0𝑞𝑞2) ∧ 𝒜=(𝜆1)(1𝑞𝑞2)) ,𝑞 = (𝑃=𝛼(0𝑞𝑞2) ∧ 𝑃=1−𝛼(1𝑞𝑞2)) .
7KH SURRI RI WKH VWDWHPHQW 𝑝 → [𝐼𝐹2]𝑞� UHDG DV[[𝑝 → [𝐼𝐹2]𝑞]]= �E\ WKH GHILQLWLRQ RI WKH G\QDPLF RSHUDWRU ⟨𝜋⟩𝜙�𝑆−{𝑠|∃𝑡 ∶ 𝑠 ∈ [[𝑝]]∧(𝑠, 𝑡) ∈ ([[𝑐1   �]]∩[[|1𝑐1⟩⟨1𝑐1 |; [ 𝑞3]]}∪{[[𝑐1   �]]∩[[|1𝑐0⟩⟨1𝑐1 |; VNLS]]) ⇒𝑡 ∉ [[𝑞]]}= �E\ WKH VHPDQWLFV RI WKH LI VWDWHPHQW� L�H� RQH SRVVLEOH ZRUOG LV DIIHFWHG E\ RSHUDWRU ;� DQG WKH RWKHU LV

QRW�𝑆 − {𝑠|∃𝑡 ∶ 𝑠 ∈ [[𝑝]] ∧ 𝑡 ∈ ([[𝑃=0.5(1𝑐𝑐0 ∧ 1𝑞𝑞0 ∧ 0𝑐𝑐1 ∧ 0𝑞𝑞1 ∧𝒜=𝜆1(0𝑞𝑞2) ∧ 𝒜=𝜆2(1𝑞𝑞2))]]∪[[𝑃=0.5(1𝑐𝑐0 ∧ 1𝑞𝑞0 ∧ 1𝑐𝑐1 ∧ 1𝑞𝑞1 ∧𝐴=(𝜆1)(0𝑞𝑞2) ∧ 𝒜=𝜆2(1𝑞𝑞2))]]) ⇒ 𝑡 ∉ [[𝑞]]}= �WKH WZR UHVXOWLQJ ZRUOGV DUH HTXLYDOHQW DQG KHQFH� PHUJH LQWR RQH�𝑆 − {𝑠|∃𝑡 ∶ 𝑠 ∈ [[𝑝]] ∧ 𝑡 ∈ ([[(𝒜=𝜆1(0𝑞𝑞2) ∧ 𝒜=𝜆2(1𝑞𝑞2))]] ⇒ 𝑡 ∉ [[𝑞]]}
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= �E\ DVVXPSWLRQ RI HTXDWLRQ ����𝑆−{𝑠|∃𝑡 ∶ 𝑠 ∈ [[𝑝]](1)∧𝑡 ∈ ([[𝑃=𝛼0𝑞𝑞2∧𝑃=1−𝛼1𝑞𝑞2]](2) ⇒ 𝑡 ∉ [[(𝑃=𝛼(0𝑞𝑞2)∧𝑃=1−𝛼(1𝑞𝑞2))]](2)}= �LW FDQ EH HDVLO\ YHULILHG WKDW VHWV UHIHUUHG E\ (1),(2) DUH QRQ�HPSW\�[[¬⊥]] = [[⊤]] ⇤
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��� 3URRI RI GHFLGDEL O L W\

,Q WKLV VHFWLRQ ZH VKRZ WKDW WKH ORJLF SUHVHQWHG LQ WKLV FKDSWHU LV GHFLGDEOH� 7KH PHWKRG IRU WKLV LV EDVHG

RQ WKH UHGXFWLRQ RI WKH ORJLF WR WKH WKHRU\ RI WKH ILUVW RUGHU ODQJXDJH RI FRPSOH[ QXPEHUV� L�H� ILUVW RUGHU

WKHRU\ RI WKH DOJHEUDLFDOO\ FORVHG ILHOGV�� NQRZQ WR EH GHFLGDEOH E\ DQ LPSRUWDQW UHVXOW RI 7DUVNL >���@�

Definition 5.5.1. The first order theory of complex numbers, denoted by 𝒯ℒℂ, is the theory
of ℂ in the language ℒℂ, which corresponds to (ℂ, ∗,+, ., 0, 1), where ∗ is the conjugate
transpose operation.

7KLV VWUDWHJ\ RI SURYLQJ WKH GHFLGDELOLW\ RI TXDQWXP ORJLF KDV EHHQ GHILQHG IRU WKH VWDQGDUG TXDQWXP

ILQLWH GLPHQVLRQDO ORJLF E\ 'XQQ HW DO� >���@� DQG D PRUH JHQHUDO UHFLSH IRU D ZLGH UDQJH RI TXDQWXP ORJLFV�

LQFOXGLQJ PRGDO DQG G\QDPLF RQHV� KDV EHHQ GLVFXVVHG LQ %DOWDJ HW DO� LQ >��@� 7KH ODWWHU ZRUN LV WKH PDLQ

LQVSLUDWLRQ IRU WKLV VHFWLRQ� IURP ZKLFK WKH PDLQ LGHDV DQG QRWDWLRQ ZHUH ERUURZHG� :H UHYLVLW WKH PDLQ

LQJUHGLHQWV RI WKH SURRI UHFLSH WKURXJK WKH QH[W VHFWLRQV DQG WKH GHFLGDELOLW\ LV VWDWHG DQG SURYHG LQ WKHRUHP

������

����� 7KH PDLQ LGHD RI WKH SURRI

7KH FRUQHUVWRQH RI WKH SURRI SUHVHQWHG LQ >���@ LV EDVHG RQ WKH HTXLYDOHQFH EHWZHHQ TXDQWXP SURSRVLWLRQV�

FORVHG OLQHDU VXE�VSDFHV RI DQ +LOEHUW VSDFH� DQG NHUQHOV RI PDWULFHV� L�H�

[[𝑝]] ⇔ [[𝑝]] ⇔ {𝑣| ̂𝑝.𝑣 = 0} , (152)

ZKHUH 𝑝 LV D SURSRVLWLRQ� [[𝑝]] LV D FORVHG OLQHDU VXEVSDFH RI DQ +LOEHUW VSDFH� DQG ̂𝑝 ∈ ℂ𝑛×𝑛 LV D PDWUL[

DQG {𝑣| ̂𝑝.𝑣 = 0} FRUUHVSRQGV WR LWV NHUQHO� 7KLV HTXLYDOHQFH PDNHV SRVVLEOH WKH HQWLUH WUDQVODWLRQ RI

VWDQGDUG TXDQWXP ORJLF LQWR FORVHG VWDWHPHQWV RI WKH ILUVW RUGHU WKHRU\ RI FRPSOH[ QXPEHUV� DV WKH NHUQHO

RI WKH PDWUL[ ̂𝑝 = (𝑝11,… , 𝑝𝑖𝑗,… , 𝑝𝑛𝑛)� FDQ HIILFLHQWO\ EH UHGXFHG WR DQ H[SUHVVLRQ RI WKLV WKHRU\ DV
ℂ ⊧ ∀𝑣 ̂𝑝.𝑣 = 0 ⇔ 𝐶 ⊧𝑝11.𝑣1 + 𝑝12.𝑣2 +…+ 𝑝1𝑛.𝑣𝑛 = 0∧𝑝21.𝑣1 + 𝑝22.𝑣2 +…+ 𝑝2𝑛.𝑣𝑛 = 0∧…∧𝑝𝑛1.𝑣1 + 𝑝𝑛2.𝑣2 +…+ 𝑝𝑛𝑛.𝑣𝑛 = 0 .

ZKHUH 𝑝11 WR 𝑝𝑛𝑛 DUH D VHW RI YDULDEOHV ZLWK YDOXDWLRQV LQ ℂ� )URP KHUH RQH FDQ H[WUDFW XVHIXO QRWLRQV RI

ORJLF� 𝑣 ∈ [[𝑝]] DV ℂ ⊧ ̂𝑝.𝑣 = 0 (153)

2 Theory composed of axioms of algebraically closed fields, equality operators, and first order quantifiers.
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DQG WKH QRWLRQ RI VDWLVIDFWLRQ ℋ ⊧ 𝑝� PHDQLQJ WKDW 𝑝 LV WUXH LQGHSHQGHQWO\ RI WKH PDWUL[LDO UHSUHVHQWDWLRQ�̂𝑝� FKRVHQ�
ℋ ⊧ 𝑝 ⇔ ℂ ⊧ ∀ ̂𝑝∀𝑣 ̂𝑝.𝑣 = 0 . (154)

)XUWKHUPRUH� LW LV DOVR SRVVLEOH WR H[SUHVV XQLWDU\ RSHUDWRUV ZLWK DQ DGGLWLRQDO FRQGLWLRQ HQIRUFLQJ WKHLU

XQLWDULW\�

ℋ ⊧ [𝑢]𝑝 ⇔ ℂ ⊧ ∀ ̂𝑢 ̂𝑝 𝑈𝑛( ̂𝑢) → ∀𝑣 ̂𝑝( ̂𝑢𝑣) = 0,ZKHUH 𝑈𝑛( ̂𝑢) = ̂𝑢. ̂𝑢∗ = 𝐼 ,
FRPSOHWLQJ WKH QHFHVVDU\ PDFKLQHU\ WR FDSWXUH WKH VWDWLF DQG G\QDPLF DVSHFWV RI TXDQWXP ORJLF� ,Q D PRUH

JHQHUDO ZD\ HYHU\ TXDQWXP G\QDPLF ORJLF H[SUHVVLRQ FDQ EH WUDQVODWHG LQWR H[SUHVVLRQV RI W\SH

ℋ ⊧ 𝜑 ⇔ ℂ ⊧ ∀ ⃗𝑥(𝜑𝑝( ⃗𝑥) → ∀𝑣.𝜑𝛿(𝑣, ⃗𝑥)) , (155)

ZKHUH ERWK 𝜑𝛿(𝑣, ⃗𝑥) DQG 𝜑𝑝( ⃗𝑥) DUH IXQFWLRQV� 𝑣 LV D YHFWRU VSDFH� DQG ⃗𝑥 DUH OLVWV RI YDULDEOHV� ZLWK

YDOXDWLRQV LQ ℂ� ZKLFK FRUUHVSRQGV WR WKH PDWUL[LDO UHSUHVHQWDWLRQ RI 𝜑� ̂𝜑� 7KH IRUPHU IXQFWLRQ GHILQHV[[𝜑]] ∈ ℋ� L�H� E\ PDNLQJ WKH ⃗𝑥 FRUUHVSRQG WR WKH DVVLJQPHQW [[.]]� DQG WKH ODWWHU� 𝜑𝑝( ⃗𝑥)� GHILQHV WKH
UDQJH RI JRRG YDOXHV IRU ⃗𝑥� +HQFH� DV DOO WKH VWDWHPHQWV IDOOLQJ LQWR WKLV W\SH RI H[SUHVVLRQV DUH LQKHUHQWO\
ZHOO�IRUPHG LQ WKH ILUVW RUGHU WKHRU\ RI FRPSOH[ QXPEHUV� DQG KHQFH LPSOLFLWO\ GHFLGDEOH� DQG WKH SURRI RI

GHFLGDELOLW\ VRPHKRZ UHGXFHV WR VKRZLQJ WKDW VXFK IXQFWLRQV FDQ EH REWDLQHG E\ DQ HIIHFWLYH PHWKRG�

����� $SSOLFDWLRQ WR WKH 3UREDELOLVWLF ORJLF RI TXDQWXP SURJUDPV

7KHVH LGHDV DUH DSSOLFDEOH WR WKH SUREDELOLVWLF ORJLF RI TXDQWXP SURJUDPV �3/43�� LQWURGXFHG LQ >��@�

5HFDOOLQJ� LWV V\QWD[ UHDGV DV�

𝜙 ∶∶= 𝑝|𝜙 ∧ 𝜙|¬𝜙|[𝜋]𝜙|𝑃≥𝑟𝜙𝜋 ∶∶= 𝑢|𝜙?|𝜋; 𝜋|𝜋 ∪ 𝜋
7KH ILUVW HOHPHQW RI WKH SURRI RI GHFLGDELOLW\ RI WKH ORJLF FRPHV IURP WKH IDFW WKDW DOO PRGHOV RYHU D +LOEHUW

VSDFH RI WKLV ORJLF� (Σ, [[.]])� DUH LVRPRUSKLF WR D ℂ𝑛�LQWHUSUHWDWLRQ �VHH GHILQLWLRQ ������� ℋ ≅ ℂ𝑛� L�H�
DQ LQWHUSUHWDWLRQ RYHU WKH FORVHG VXEVSDFHV RI DQ +LOEHUW VSDFH�

Definition 5.5.2. Given a language ℒ, by a ℂ𝑛-interpretation we mean a map [[.]], that
assigns to each sentence of ℒ a subspace of ℂ𝑛. Also given any class ℱ of ℂ𝑛 interpretations
of ℒ, we say that a sentence 𝜑 is ℱ-valued and write ℱ ⊧ 𝜑, if [[𝜑]] = ℂ𝑛 for all [[.]] ∈ ℱ
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%DVHG RQ WKH HTXLYDOHQFH RI HTXDWLRQ (154) DQG (155)� RQH FDQ FRQFOXGH WKDW IRU HDFK DVVLJQPHQW [[.]]�
WKHUH PXVW EH D IXQFWLRQ 𝛼 ∶ 𝑣𝑎𝑟(ℒℂ) → ℂ� ZKHUH 𝑣𝑎𝑟(ℒℂ) FRUUHVSRQGV WR D OLVW RI YDULDEOHV ⃗𝑥� L�H�
RQH WKDW PDNHV 𝜑𝛿(𝑣, ⃗𝑥)) EH HTXLYDOHQW WR VRPH [[.]]� )RU LQVWDQFH� ,Q WKH FDVH RI WKH 3/43 ODQJXDJH� WR

DQ DWRPLF SURSRVLWLRQ 𝑝� GHILQHG E\ D WXSOH ̂𝑥 = (𝑥11,… , 𝑥𝑛𝑛) RI 𝑛 × 𝑛 YDULDEOHV� WKH IXQFWLRQ 𝛼� JLYHQ E\𝛼( ̂𝑥) = (𝛼(𝑥11),… , 𝛼(𝑥𝑛𝑛))� LV VXFK WKDW 𝜑𝛿(𝑣, 𝛼( ⃗𝑥))) LV HTXLYDOHQW WR [[𝑝]]� 7KHUH LV D ZLGH UDQJH RI
IXQFWLRQV 𝛼 IRU HDFK DVVLJQPHQW [[.]]� KRZHYHU QRW DOO WKHP DUH YDOLG� ,Q WKH FDVH RI WKH 3/43 ODQJXDJH�

VXFK SDLUV� L�H� YDOLG SDLUV� PXVW UHVSHFW WKH IROORZLQJ FRQGLWLRQV �𝒜𝒰 LV WKH VHW RI ZHOO�IRUPHG XQLWDU\

RSHUDWRUV��

� IRU HDFK 𝑢 ∈ 𝒜𝒰� ℂ ⊧ 𝑈𝑛[𝛼( ̂𝑢)]� WKDW LV 𝛼( ̂𝑢) LV DQ XQLWDU\ PDWUL[�
� IRU HDFK 𝑝 ∈ 𝒜ℱ� [[𝑝]] LV WKH NHUQHO RI WKH PDWUL[ �𝛼( ̂𝑝� DQG
� IRU HDFK 𝑢 ∈ 𝒜𝒰� [[𝑢]] LV WKH XQLWDU\ WUDQVIRUPDWLRQ� JLYHQ E\ WKH XQLWDU\ PDWUL[ 𝛼( ̂𝑢)�
7KH VWUXFWXUH WKDW PDSV WKH YDOLG DVVLJQPHQWV� [[.]] DQG 𝛼�IXQFWLRQV LV GHQRPLQDWHG D ℂ�FRGLQJ �VHH

GHILQLWLRQ ������� ZKLFK LV QRWKLQJ PRUH WKDQ D UHODWLRQDO VWUXFWXUH� FRQWDLQLQJ DOO [[.]] − 𝛼 IXQFWLRQ SDLUV�

Definition 5.5.3. Given any class ℱ of ℂ𝑛-interpretations, a ℂ coding of ℱ is a partial
function R from ℂ𝑣𝑎𝑟(ℒℂ) onto ℱ such that, for every finite list of variables ⃗𝑥 = (𝑥1,… , 𝑥𝑚) ⊆𝑣𝑎𝑟(ℒℂ) of ℒℂ there is an 𝑚−ary formula 𝑝 ⃗𝑥( ⃗𝑦) of ℒℂ defining the set {𝛼( ⃗𝑥) ∈ ℂ𝑚|𝑎 ∈𝑑𝑜𝑚(𝑅))}. Moreover, we say that a ℂ-coding is effective if there is an effective procedure
of computing such 𝑝 ⃗𝑥( ⃗𝑦) for any given finite ⃗𝑥.
$Q HIIHFWLYH ℂ−FRGLQJ LV RQH ZKHUH WKH IXQFWLRQ 𝑝 ⃗𝑥( ⃗𝑦)� ZKLFK GHWHUPLQHV WKH YDOLG DVVLJQPHQWV IRU WKH
OLVWV ⃗𝑥� FDQ EH GHWHUPLQHG HIIHFWLYHO\� 7KHUH LV D FORVH UHODWLRQVKLS EHWZHHQ ℂ�FRGLQJV DQG IXQFWLRQ SDLUV(𝜑𝑝( ⃗𝑥) DQG 𝜑𝛿(𝑣, ⃗𝑥))� ZKLFK WUDQVODWHV DV IROORZV�

𝑅(𝛼, [[.]]) HQWDLOV [[𝜑]] = 𝜑𝛿(ℂ, 𝛼( ⃗𝑥)) , 𝜑𝑝(ℂ) = 𝑝 ⃗𝑥(ℂ) . (156)

+HQFH� WKH GHFLGDELOLW\ RI D ORJLF� ZKLFK FRUUHVSRQGV WR WKH H[LVWHQFH RI DQ HIIHFWLYH PHWKRG WR WKH

JHQHUDWLRQ RI IXQFWLRQV 𝜑𝛿(𝑣, ⃗𝑐) DQG 𝜑𝑝( ⃗𝑥)� FDQ DOVR EH UHGXFHG WR WKH U�WUDQVODWDELOLW\ �VHH GHILQLWLRQ

������ RI H[SUHVVLRQV LQ DQ HIIHFWLYH ℂ�FRGLQJ� DV VWDWHG LQ WKHRUHP ������

Definition 5.5.4. ([45]) Fix a finite-dimensional Hilbert space ℋ ≅ ℂ𝑛, any class ℱ ofℂ𝑛−interpretation of a language ℒ, and any effective ℂ−coding R of ℱ. Then for any
sentence 𝜑 of ℒ, we say that a formula 𝜑𝛿(𝑣1,… , 𝑣𝑛, ̂𝑥) of ℒℂ (with a specific tuple of
variables ̂𝑥) translates 𝜑 in R, or is an R-translation of 𝜑, if conditions of equation (156)

Theorem 5.5.1. ([45]) Fix a finite-dimensional Hilbert space ℋ ≅ ℂ𝑛, any class ℱ of ℂ𝑛-
interpretations of language ℒ, and any effective ℂ-coding R of ℱ. Suppose a sentence 𝜑 ofℒ has an 𝑅-translation. Then it is decidable whether ℱ ⊧ 𝜑 or not.
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����� 7KH GHFLGDELOLW\ SURRI RI WKH 4$60 ORJLF

:H QRZ GLVFXVV WKH DFWXDO SURRI RI GHFLGDELOLW\ IRU WKH ORJLF GHYHORSHG LQ WKLV FKDSWHU� WKH ORJLF IRU WKH

4$60 ODQJXDJH �/4$60�� HVVHQWLDOO\ E\ VKRZLQJ WKDW WKH FRQGLWLRQV SUHVHQWHG LQ OHPPD ����� DOVR DSSO\

WR LW� 7KH PRGHO SURSRVHG IRU /4$60 LQ VHFWLRQ ������ LV TXLWH VLPLODU WR WKH 3/43 RQHV� DQG LW FDQ EH

VWUDLJKWIRUZDUGO\ YHULILHG WKDW WKH IXQGDPHQWDO DVVXPSWLRQV WR WKH SURRI RI GHFLGDELOLW\ RI ODWWHU DOVR KROG LQ

WKH IRUPHU�

� 7KH PRGHO RI /4$60 LVRPRUSKLF WR D ℂ𝑛�LQWHUSUHWDWLRQ�
� 3URSRVLWLRQV FRUUHVSRQG WR FORVHG OLQHDU VXEVSDFHV�

7KH PDLQ GLIIHUHQFHV EHWZHHQ WKH /4$60 DQG 3/34 OLH RQ WKH W\SH RI SURJUDPV DOORZHG� L�H� WKH IRUPHU

DOORZV XQLWDU\ RSHUDWRUV DQG FODVVLFDO FRQWURO LQVWUXFWLRQV DQG LQFOXGHV WKH FRQQHFWLYH 𝒜=𝜆� 7KH WKHRUHP
������ SUHVHQWHG LQ SUHYLRXV VHFWLRQ� HVWDEOLVKHV WKH FRQGLWLRQV IRU WKH JHQHUDO SURRI UHFLSH RI GHFLGDELOLW\�

SUHVHQWHG LQ OHPPD ������

Lemma 5.5.2. ([45]) For every finite-dimensional Hilbert space ℋ ≅ ℂ𝑛, and any class ℱ ofℂ𝑛-intepretations of a language ℒ, the logic of ℱ is decidable if

1. The theory is recursively enumerable;

2. There is an effective ℂ-coding of R;

3. There is an effective procedure that yields R-translation to a given atomic sentence
of ℒ;

4. Each (n-ary) connective of ℒ, R-translation is preserved.

,Q WKHRUHP ������ SURYHQ DQG GLVFXVVHG LQ >��@� WKLV UHFLSH LV IROORZHG WR VKRZ WKH GHFLGDELOLW\ RI WKH

3/43 ORJLF E\ VKRZLQJ WKDW HDFK LQGLYLGXDO FRQGLWLRQ KROGV LQ LW�

Theorem 5.5.3. ([45]) Let ℒ𝑃𝐿𝑄𝑃 be a language of PLQP. For any 𝑛 ∈ ℕ of any Hilbert
space ℋ ≅ ℂ𝑛, the language PLQP (ℋ) = {𝜑 ∈ ℒ𝑃𝐿𝑄𝑃|ℋ ⊧ 𝜑} is decidable.

:H DOVR IROORZ WKLV UHFLSH WR VKRZ WKH GHFLGDELOLW\ RI /4$60� 7KH IXQFWLRQV 𝜑𝛿(𝑣, ⃗𝑥) DUH GHILQHG LQ WDEOH
�� DQG IXQFWLRQV 𝑝𝑎𝑟(𝜑) FRUUHVSRQG WR WKH VHW RI ℂ�YDOXHG YDULDEOHV ̂𝑝 WKDW DUH SDUW RI D SURSRVLWLRQ 𝜑� :H
DUH UHDG\ WR VKRZ WKH GHFLGDELOLW\ RI /4$60 LQ WKHRUHP ������
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Static propositions𝑝𝛿(𝑣, 𝑝𝑎𝑟(𝑝)) = ̂𝑝𝑣 = 0(𝜑 ∧ 𝜓)𝛿(𝑣, 𝑝𝑎𝑟(𝜑 ∧ 𝜓)) = 𝜑𝛿(𝑣, 𝑝𝑎𝑟(𝜑)) ∧ 𝜑𝛿(𝑣, 𝑝𝑎𝑟(𝜓))(𝜑 ∨ 𝜓)𝛿(𝑣, 𝑝𝑎𝑟(𝜑 ∨ 𝜓)) = 𝜑𝛿(𝑣, 𝑝𝑎𝑟(𝜑)) ∨ 𝜑𝛿(𝑣, 𝑝𝑎𝑟(𝜓))(¬𝜑)𝛿 (𝑣, 𝑝𝑎𝑟(¬𝜑)) = 𝜑𝛿(𝑣, 𝑝𝑎𝑟(𝜑)) → 𝑣 = 0∼ 𝐹(𝑣, ⃗𝑥) = ∀𝑤(𝐹(𝑤, ⃗𝑥)) → ⟨𝑣, 𝑤⟩ = 0(𝑃≥𝑟𝜑)𝛿(𝑣, 𝑝𝑎𝑟(𝑃≥𝑟)) = ∃𝑤(𝑤 ≠ 0∧ ∼∼ 𝜑𝛿(𝑤, 𝑝𝑎𝑟(𝜑)) ∧|⟨𝑣, 𝑤⟩|2 ≥ 𝑟||𝑣||2||𝑤||2(𝒜=𝜆𝜑)𝛿(𝑣, 𝑝𝑎𝑟(𝒜=𝜆𝜑)) = ∃𝑤(𝑤 ≠ 0∧ ∼∼ 𝜑𝛿(𝑤, 𝑝𝑎𝑟(𝜑)) ∧⟨𝑣, 𝑤⟩ = 𝜆
Programs and unitaries([𝜋]𝜑)𝛿(𝑣, 𝑝𝑎𝑟([𝜋]𝜑)) = ([𝜋]𝜑)𝛿(�̂�𝑣, 𝑝𝑎𝑟(𝜑))([𝜋; 𝜋]𝜑))𝛿(𝑣, 𝑝𝑎𝑟([𝜋; 𝜋]𝜑)) = 𝜑𝛿(�̂�𝑣, [𝜋]𝜑)([u]𝜑)𝛿(𝑣, 𝑝𝑎𝑟([u]𝜑)) = 𝜑𝛿( ̂𝑢𝑣, 𝑝𝑎𝑟(𝜑))
Creation of registers([creg id [size]]𝜑)𝛿(𝑣, [creg id [size]]𝜑) = 𝜑𝛿(creg id [size]v, 𝑝𝑎𝑟(𝜑)) =𝜑𝛿(𝑣, 𝑝𝑎𝑟(𝜑)) ∧ 𝜑𝛿(𝑣, 𝑝𝑎𝑟( ̂0)) wherê0 is the assignment to variables

corresponding to the semantics of
creg (see section 5.3.7)([qreg id [size]]𝜑)𝛿(𝑣, [qreg id [size]]𝜑) = 𝜑𝛿(qreg id [size]v, 𝑝𝑎𝑟(𝜑)) =𝜑𝛿(𝑣, 𝑝𝑎𝑟(𝜑)) ∧ 𝜑𝛿(𝑣, 𝑝𝑎𝑟( ̂0)) wherê0 is the assignment to variables
corresponding to the semantics of
qreg (see section 5.3.7)

Measurements and tests([𝑖𝑑𝑞𝑖 == a]𝜑)𝛿(𝑣, 𝑝𝑎𝑟([𝑖𝑑𝑞𝑖 == a]𝜑)) = 𝜑𝛿(�̂�𝑣, 𝑝𝑎𝑟(𝜑)) where �̂� =∣𝑖𝑑𝑞𝑖 ⟩ ⟨𝑖𝑑𝑞𝑖 ∣ /√𝑣∗ ∣𝑖𝑑𝑞𝑖 ⟩ ⟨𝑖𝑑𝑞𝑖 ∣ 𝑣
For 𝑚 = measure qreg_id [index] → creg_id [index]]([𝑚]𝜑)𝛿(𝑣, 𝑝𝑎𝑟([𝑚]𝜑)) = 𝜑𝛿(𝑣, 𝑝𝑎𝑟([𝑖𝑑𝑞𝑖 == 0]𝜑)) ∧(𝑃=𝑟1(𝑖𝑑𝑞𝑖 == 0))𝛿(𝑣, 𝑝𝑎𝑟(𝑃=𝑟1(1𝑐𝑖 ))∨𝜑𝛿(𝑣, 𝑝𝑎𝑟([𝑖𝑑𝑞𝑖 == 1]𝜑)) ∧(𝑃=𝑟2(𝑖𝑑𝑞𝑖 == 1))𝛿(𝑣, 𝑝𝑎𝑟(𝑃=𝑟2(1𝑐𝑖 ))

where 𝑟1 = 𝑣∗ ∣0𝑞𝑖 ⟩ ⟨0𝑞𝑖 ∣ 𝑣 and𝑟2 = 𝑣∗ ∣1𝑞𝑖 ⟩ ⟨1𝑞𝑖 ∣ 𝑣
Classical tests and if statements([𝑖𝑑𝑐𝑖 == a]𝜑)𝛿(𝑣, 𝑝𝑎𝑟([𝑖𝑑𝑐𝑖 == a]𝜑)) = (𝑃=𝑟11𝑖𝑑𝑐𝑖 )(𝑣, 𝑝𝑎𝑟(𝑃=𝑟11𝑖𝑑𝑐𝑖 )) →𝜑𝛿(𝑤, 𝑝𝑎𝑟(𝜑)) ∧(𝑃=𝑟11𝑖𝑑𝑐𝑖 )(𝑣, 𝑝𝑎𝑟(𝑃=𝑟11𝑖𝑑𝑐𝑖 ))([if 𝜑𝑐? then] 𝜋𝑞]𝜑)𝛿(𝑣, 𝑝𝑎𝑟([if 𝜑𝑐? then] 𝜋𝑞]𝜑))= ([𝑖𝑑𝑐𝑖 == a]𝜑)𝛿(𝑣, 𝑝𝑎𝑟([𝑖𝑑𝑐𝑖 == a]𝜑))∧(𝜋𝑡)𝛿(𝑤, 𝑝𝑎𝑟([𝜋𝑡]𝜑)) ∨(¬[𝑖𝑑𝑐𝑖 == a])𝛿(𝑣, 𝑝𝑎𝑟(¬[𝑖𝑑𝑐𝑖 == a]))∧(𝜋𝑓)𝛿(𝑤, 𝑝𝑎𝑟([𝜋𝑓]𝜑)) where𝑎 ∈ 0, 1, 𝜋𝑡 = |𝑎𝑖𝑑𝑐𝑖 ⟩⟨𝑎𝑖𝑑𝑐𝑖 |; 𝜋

and 𝑝𝑖𝑓 = (¬𝑎)𝑖𝑑𝑐𝑖 ⟩⟨(¬𝑎)𝑖𝑑𝑐𝑖 |; 𝑠𝑘𝑖𝑝 and𝑠𝑘𝑖𝑝 is the identity operator

Table 11: Recursive definition of the 𝜑𝛿(𝑣, 𝑝𝑎𝑟(𝜑)) of 𝜑
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Theorem 5.5.4. Let ℒ𝑄𝐴𝑆𝑀 be a language of the QASM logic. For any 𝑛 ∈ ℕ of any
Hilbert space ℋ ≅ ℂ𝑛, the language QASM (ℋ) = {𝜑 ∈ ℒ𝑄𝐴𝑆𝑀|ℋ ⊧ 𝜑} is decidable.

Proof: 7KH ILUVW FRQGLWLRQ RI OHPPD ����� LV DFFRPSOLVKHG� VLQFH WKH ORJLF LV FOHDUO\ UHFXUVLYHO\ HQXPHU�

DEOH� 7KH VHFRQG FRQGLWLRQ � RI KDYLQJ DQ HIILFLHQW ℂ�FRGLQJ� LV DOVR DFFRPSOLVKHG� DV WKH VHW RI 𝜑𝑝(𝑣) LV
GHILQHG DV IROORZV�

� 𝜑𝑝(𝑣) = 𝑢.𝑢∗ = 𝐼� IRU WKH FDVH RI 𝜑𝛿(𝑣, [𝑢]𝜑)�
� 𝜑𝑝(𝑣) = 0 = 0 �WDXWRORJ\�� IRU DOO RWKHU FDVHV�

7KH QH[W FRQGLWLRQ QHFHVVDU\ WR KROG LQ OHPPD ����� LV WKDW DOO SURSRVLWLRQV DQG FRQQHFWLYHV DUH HIILFLHQWO\

U�WUDQVODWDEOH� 7KH FDVH RI DOO DWRPLF SURSRVLWLRQV RI ℒ𝑄𝐴𝑆𝑀 WKH IXFWLRQ 𝑝𝑎𝑟(𝜑) LV HTXDO WR ̂𝑝 DQG WKH

FRQVWUXFWLRQ 𝜑𝛿(𝑣, ̂𝑝) LV HTXLYDOHQW WR [[𝑝]]� DFFRUGLQJ WR HTXDWLRQ (152)� LI WKH NHUQHO RI WKH PDWUL[ 𝛼( ̂𝑝) LV
HTXLYDOHQW WR [[𝑝]]� 7KHUH HIILFLHQW DOJRULWKPV WR VROYH WKLV DOJHEUDLF SUREOHP RI FDOFXODWLQJ 𝜑𝛿(𝑣, ̂𝑝) JLYHQ[[𝑝]] DQG KHQFH�

𝜑𝛿(𝑣, 𝑝) FDQ EH HIILFLHQWO\ JHQHUDWHG IRU DQ\ 𝑝 DWRPLF DQG LV U�WUDQVODWDEOH� (157)

7KH ∧ FRQQHFWLYH DOVR SUHVHUYHV HIIHFWLYHQHVV� $FFRUGLQJ WR WKH VHPDQWLFV RI /4$60� [[𝜑1 ∧ 𝜑2]] =[[𝜑1]] ∩ [[𝜑1]]� DQG� WKHUHIRUH� WKH U�WUDQVODWDELOLW\ LPSOLHV WKH IROORZLQJ HTXLYDOHQFH�
(𝜑 ∧ 𝜓)𝛿(𝑣, 𝑝𝑎𝑟(𝜑 ∧ 𝜓)) = 𝜑𝛿(𝑣, 𝑝𝑎𝑟(𝜑)) ∩ 𝜑𝛿(𝑣, 𝑝𝑎𝑟(𝜓)) = [[𝜑]] ∩ [[𝜓]] . (158)

'XH WR WKLV HTXLYDOHQFH� RQH FDQ FRQFOXGH WKDW WKHUH LV DQ HIIHFWLYH PHWKRG WR JHQHUDWH (𝜑∧𝜓)𝛿(𝑣, 𝑝𝑎𝑟(𝜑∧𝜓)) LI (𝜑)𝛿(𝑣, 𝑝𝑎𝑟(𝜑))� (𝜓)𝛿(𝑣, 𝑝𝑎𝑟(𝜓))� DQG WKH VHW LQWHUVHFWLRQ RI WZR ILQLWH VHWV� WKH ∩ RSHUDWLRQ�

DUH HIIHFWLYHO\ JHQHUDWDEOH� ZKLFK FOHDUO\ DUH� $ VLPLODU UHDVRQLQJ FDQ DOVR EH WDNHQ WR WKH ∨ FRQQHFWLYH� DV[[∪]] LV DOVR HIIHFWLYH DQG D VLPLODU HTXLYDOHQFH H[LVWV IRU WKLV RSHUDWLRQ�
(𝜑 ∨ 𝜓)𝛿(𝑣, 𝑝𝑎𝑟(𝜑 ∨ 𝜓)) = 𝜑𝛿(𝑣, 𝑝𝑎𝑟(𝜑)) ∪ 𝜑𝛿(𝑣, 𝑝𝑎𝑟(𝜓)) = [[𝜑]] ∪ [[𝜓]] . (159)

7KH QHJDWLRQ RSHUDWRU FDQ DOVR EH� FOHDUO\� HIIHFWLYHO\ JHQHUDWHG� DV LWV FRUUHVSRQGLQJ H[SUHVVLRQ LQ WKH

ILUVW�RUGHU WKHRU\ RI FRPSOH[ QXPEHUV� FDQ EH WULYLDOO\ JHQHUDWHG� IURP 𝜑𝛿(𝑣, 𝑝𝑎𝑟(𝜑))�
(¬𝜑)𝛿 (𝑣, 𝑝𝑎𝑟(¬𝜑)) = 𝜑𝛿(𝑣, 𝑝𝑎𝑟(𝜑)) → 𝑣 = 0 . (160)

7KH VDPH DSSOLHV IRU WKH FRQVWUXFWLRQ RI WKH H[SUHVVLRQ LQ ILUVW RUGHU WKHRU\ RI WKH FRPSOH[ QXPEHUV IRU

WKH FRPSOHPHQW RSHUDWRU ∼� DV LW LV FOHDUO\ REVHUYDEOH IURP LWV GHILQLWLRQ�
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5.5. Proof of decidability 129

∼ 𝐹(𝑣, ⃗𝑥) = ∀𝑤(𝐹(𝑤, ⃗𝑥)) → ⟨𝑣, 𝑤⟩ = 0 , (161)

ZKHUH 𝐹 LV D DQ\ YDOLG IXQFWLRQ� ZKHUH ⟨𝑣, 𝑤⟩ LV WKH ILUVW RUGHU WKHRU\ RI FRPSOH[ QXPEHUV HTXLYDOHQW WR WKH
LQWHUQDO SURGXFW RSHUDWLRQ� 7KH IDFW SUHVHQWHG LQ (161)� DOVR PDNHV WKH FRQVWUXFWLRQ RI WKH SUREDELOLVWLF
RSHUDWRUV HIIHFWLYH� DV WKH FRUUHVSRQGLQJ H[SUHVVLRQ FDQ EH REWDLQHG E\

(𝑃≥𝑟𝜑)(𝑣, 𝑝𝑎𝑟(𝑃≥𝑟)) = ∃𝑤(𝑤 ≠ 0∧ ∼∼ 𝜑𝛿(𝑤, 𝑝𝑎𝑟(𝜑)) ∧ |⟨𝑣, 𝑤⟩|2 ≥ 𝑟||𝑣||2||𝑤||2 , (162)

DQG WKH VDPH DSSOLHV WR WKH DPSOLWXGH RSHUDWRU

(𝒜=𝜆𝜑)𝛿(𝑣, 𝑝𝑎𝑟(𝒜=𝜆𝜑)) = ∃𝑤(𝑤 ≠ 0∧ ∼∼ 𝜑𝛿(𝑤, 𝑝𝑎𝑟(𝜑)) ∧ ⟨𝑣, 𝑤⟩ = 𝜆 . (163)

$V D UHVXOW� LW FDQ EH FRQFOXGHG WKDW WKH H[SUHVVLRQV LQ ILUVW RUGHU WKHRU\ RI FRPSOH[ QXPEHUV� IRU ERWK

WKH FRPSOHPHQW� SUREDELOLVWLF DQG DPSOLWXGH RSHUDWRUVV FDQ EH HIIHFWLYHO\ JHQHUDWHG� DQG� KHQFH� VXFK

H[SUHVVLRQV DUH U�WUDQVODWDEOH� $ ZLGHU FODVV RI FRQQHFWLYHV LV JLYHQ E\ SURJUDPV� ZKRVH GHILQLWLRQV

HQFRPSDVV JHQHUDO H[SUHVVLRQV VXFK DV

([𝜋]𝜑)𝛿(𝑣, 𝑝𝑎𝑟([𝜋]𝜑)) = ([𝜋]𝜑)𝛿(�̂�𝑣, 𝑝𝑎𝑟(𝜑)) . (164)

:H VKRZ WKDW IRU HYHU\ SRVVLEOH SURJUDP 𝜋� IXQFWLRQ ([𝜋]𝜑)𝛿(𝑣, 𝑝𝑎𝑟([𝜋]𝜑)) LV U�WUDQVODWDEOH� )RU
XQLWDU\ RSHUDWRUV

(>X@𝜑)𝛿(𝑣, >X@𝜑) = 𝜑𝛿( ̂𝑢𝑣, 𝑝𝑎𝑟(𝜑)) (165)

WKH IXQFWLRQ FDQ EH HIIHFWLYHO\ EXLOW� DV WKH RSHUDWRU ̂𝑢.𝑣 FRUUHVSRQGV WR D VHW RI VXPV DQG PXOWLSOLFDWLRQV�

L�H� LW LV VLPLODU WR D PDWUL[ PXOWLSOLFDWLRQ� IRU ZKLFK HIILFLHQW FRPSXWDWLRQV H[LVW DQG LW FDQ DOVR EH HIILFLHQWO\

H[SUHVVHG LQ WKH ILUVW RUGHU WKHRU\ RI WKH UHDOV� )XUWKHUPRUH� IRU WKH FUHJ SURJUDP� ZKRVH GHILQLWLRQ UHDGV

DV

𝜑𝛿(𝑣, >FUHJ LG >VL]H@@𝜑) = 𝜑𝛿(𝑣, 𝜑) ∧ 𝜑𝛿(𝑣, ̂0) ,
RQH FDQ FRQFOXGH WKDW LW LV DOVR FRPSXWDEOH� EHFDXVH ̂0 LV DQ DWRPLF VWDWHPHQW DQG WKH FRQQHFWLYH ∧
SUHVHUYHV 5�WUDQVODWDELOLW\� 7KH VDPH DSSOLHV IRU 𝜑𝛿(𝑣, >TUHJ LG >VL]H@@𝜑)� 7KH GHILQLWLRQ RI TXDQWXP WHVWV

UHDGV DV
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5.6. Summary 130

([𝑖𝑑𝑞𝑖   D]𝜑)𝛿(𝑣, 𝑝𝑎𝑟([𝑖𝑑𝑞𝑖   D]𝜑)) = 𝜑𝛿(�̂�𝑣, 𝑝𝑎𝑟(𝜑)) ZKHUH �̂� = ∣𝑖𝑑𝑞𝑖 ⟩ ⟨𝑖𝑑𝑞𝑖 ∣ /√𝑣∗ ∣𝑖𝑑𝑞𝑖 ⟩ ⟨𝑖𝑑𝑞𝑖 ∣ 𝑣 .
(166)

2Q FDQ HDVLO\ REVHUYH WKDW WKH H[SUHVVLRQ FDQ EH HIIHFWLYHO\ JHQHUDWHG DV� PDWUL[𝑚 LV D ZHOO�IRUPHG VWDWHPHQW

LQ WKH ILUVW RUGHU RI FRPSOH[ QXPEHUV� L�H� RQO\ YDOLG RSHUDWLRQV LQ WKLV WKHRU\ DUH QHFHVVDU\ WR JHQHUDWH LW�

*LYHQ WKLV� RQH FDQ TXLFNO\ YHULI\ IURP WKHLU GHILQLWLRQV WKDW WKH YDOLG ILUVW RUGHU WKHRU\ RI UHDOV H[SUHVVLRQV

IRU WKH UHPDLQLQJ RSHUDWLRQV� QDPHO\ PHDVXUHPHQWV� FODVVLFDO WHVWV DQG LI VWDWHPHQWV� FDQ EH HIIHFWLYHO\

JHQHUDWHG DV WKH\ UHO\ RQ FRQVWUXFWLRQV WKDW KDYH EHHQ VKRZQ WR EH GHFLGDEOH WKURXJKRXW WKLV SURRI� )LQDOO\�

WKH SURJUDP VHTXHQWLDO FRPSRVLWLRQ� GHILQHG E\

([𝜋; 𝜋]𝜑))𝛿(𝑣, 𝑝𝑎𝑟([𝜋; 𝜋]𝜑)) = 𝜑𝛿(�̂�𝑣, [𝜋]𝜑) , (167)

DOVR SUHVHUYHV 5�WUDQVODWDELOLW\� GXH WR WKH IDFW WKDW DOO SRVVLEOH SURJUDPV DYDLODEOH SUHVHUYH LW 5�WUDQVODWDELOLW\�

+HQFH DOO SRVVLEOH VWDWHPHQWV LQ /4$60 SUHVHUYH 5�WUDQVODWDELOLW\� ZKLFK PDNHV LW GHFLGDEOH� ILQLVKLQJ WKH

SURRI�

⇤

��� 6XPPDU\

,Q WKLV FKDSWHU� LW ZHUH UHYLHZHG WKH PDLQ FRQFHSWV RI VWDQGDUG TXDQWXP ORJLFV DQG WKHLU GHULYDWLRQV� QDPHO\�

WKH IDPLO\ RI TXDQWXP G\QDPLF ORJLFV SURSRVHG E\ $� %DOWDJ DQG 6� 6PHWV� 8SRQ WKHVH UHVXOWV� ZH EXLOW D

QHZ ORJLF WDUJHWHG WR D IUDJPHQW RI WKH 4$60 ODQJXDJH� DEOH WR GHDO� H[SOLFLWO\� ZLWK SUREDELOLVWLF FODVVLFDO

DQG TXDQWXP LQIRUPDWLRQ� :H SURYLGH D VHPDQWLFV IRU WKH ORJLF� EDVHG RQ ODEHOOHG WUDQVLWLRQ V\VWHPV

SURSRVHG WR TXDQWXP G\QDPLF ORJLFV� :H H[HUFLVH WKH ORJLF ZLWK D VLPSOH H[DPSOH RI D FRLQ WRVV SURJUDP�

ZKLFK LQYROYHV FODVVLFDO DQG TXDQWXP LQVWUXFWLRQV� DV ZHOO DV ZLWK WKH WHOHSRUWDWLRQ SURWRFRO� VKRZLQJ LW FDQ

GHDO HIIHFWLYHO\ ZLWK HQWDQJOHPHQW� )XUWKHUPRUH� ZH VKRZ WKDW WKH ORJLF LV GHFLGDEOH�
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7KH REMHFWLYH RI WKLV ZRUN ZDV WR FRQWULEXWH WRZDUGV D PDWKHPDWLFDO IUDPHZRUN WR DLG LQ WKH FRQFHSWLRQ

RI QHZ DOJRULWKPV� ZKLFK LV DQ HQGHDYRXU WKDW PXVW FRSH ZLWK WZR KLVWRULFDOO\ GLIIHUHQW ILHOGV� WKH RQHV RI

DOJRULWKP SHUIRUPDQFH DQG DOJRULWKP FRUUHFWLRQ� )RU WKH IRUPHU� D PRUH SUDJPDWLF DSSURDFK ZDV IROORZHG�

EDVHG RQ WKH VWXG\ RI WKH VWUXFWXUHV EHKLQG DOJRULWKPV WKDW DOORZ IRU TXDQWXP DGYDQWDJH� ERWK IRU WKH FDVH

RI HIILFLHQW DOJRULWKPV WKDW IDOO XQGHU WKH FODVV %43� DQG IRU WKH WHFKQLTXHV HPSOR\HG LQ SUREOHPV ZLWK

LQGXVWULDO� EXW WKDW� PRVW OLNHO\ ZLOO QRW EH HIILFLHQW HYHQ RQ TXDQWXP FRPSXWHUV� :H DOVR PDGH WZR FDVH

VWXGLHV RI WKH WHFKQLTXHV VWXGLHG� IRU GLVWLQFW H[DPSOHV LQ WKH ILHOGV RI ELRORJ\ DQG FKHPLVWU\� ERWK RI WKHP

WDUJHWHG DQG H[HFXWHG LQ D TXDQWXP FRPSXWHU� WKH ,%0 4� )RU WKH ODWWHU� D PRUH IRUPDO DSSURDFK ZDV

IROORZHG� EDVHG RQ WKH FRQFHSWLRQ RI D ORJLFDO V\VWHP WR D PRUH UHDOLVWLF TXDQWXP SURJUDPPLQJ ODQJXDJH�

WKH 4$60 ODQJXDJH�

7KH PDMRU DLP RI FKDSWHU � ZDV WR UHYLVLW WKH WKHRUHWLFDO IRXQGDWLRQV RI TXDQWXP FRPSXWDWLRQ� TXDQWXP

PHFKDQLFV LQ WKH IRUPDOLVP RI +LOEHUW VSDFHV DQG GHQVLW\ RSHUDWRUV� WKH PRVW ZHOO�NQRZQ TXDQWXP FRPSXWHU

PRGHOV� WKH WKHRU\ RI TXDQWXP SURJUDPPLQJ ODQJXDJHV DQG KRZ WKH\ PDS LQWR SK\VLFDO IHDWXUHV� WKH PDLQ

VRXUFHV RI TXDQWXP DGYDQWDJH DQG D EULHI VWXG\ RQ WKH PRVW ZHOO�NQRZQ UHVXOWV RI TXDQWXP FRPSOH[LW\�

&KDSWHU � ZDV GHYRWHG WR WKH H[SORUDWLRQ RI WKH VWUXFWXUHV EHKLQG HIILFLHQW TXDQWXP DOJRULWKPV� ZKLFK

LQFOXGHG WKH ZHDN VLPXODWLRQ RI ORFDO DQG G�VSDUVH +DPLOWRQLDQV� DV ZHOO DV WKH DOJRULWKPV EDVHG RQ )RXULHU

WUDQVIRUP� 7KH ODWWHU LQFOXGHV WKH 6KRU DOJRULWKP DQG WKH KLGGHQ VXEJURXS SUREOHP� 0RUHRYHU� WKH +DUURZ�

+DVVLGLP DQG /OR\G DOJRULWKP� WDUJHWHG DW VROYLQJ OLQHDU HTXDWLRQV� PD\ EH FRQVLGHUHG D FRPSRVLWLRQ RI DQ

HIILFLHQW VRIW VLPXODWLRQ RQ DQ +DPLOWRQLDQ V\VWHP UHSUHVHQWLQJ WKH V\VWHP RI HTXDWLRQV� DQG WKH H[HFXWLRQ

RI WKH )RXULHU WUDQVIRUP� KHQFH EHLQJ GHSHQGHQW RQ WKH H[LVWHQFH RI DQ HIILFLHQW DOJRULWKP WR FRPSXWH WKH

IRUPHU� )XUWKHUPRUH� LW ZDV SRVVLEOH WR PDNH WKH IROORZLQJ REVHUYDWLRQV�

� $OO VDPSOLQJ SUREOHPV WKDW FDQ EH UHGXFHG WR WKH VLPXODWLRQ RI ORFDO� VSDUVH RU G�VSDUVH +DPLOWRQLDQ

SRVVHVV HIILFLHQW TXDQWXP DOJRULWKPV�

� $OO VHDUFK SUREOHPV WKDW FDQQRW EH UHGXFHG WR ILQGLQJ D JURXQG�VWDWH� LQYROYLQJ RQO\ ORFDO FRPSRQHQWV

ZLWK OHVV WKDQ GLPHQVLRQ 2� GRHV QRW KDYH DQ HIILFLHQW TXDQWXP DOJRULWKP�
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)URP WKLV DQDO\VLV� LW ZDV DOVR SURSRVHG D GLJLWDO VLPXODWLRQ RI WKH QRQ�UDGLDWLYH HQHUJ\ WUDQVIHU WDNLQJ

SODFH LQ SKRWRV\QWKHVLV� ZKLFK LQYROYHV WKH ZHDN VLPXODWLRQ RI D ORFDO +DPLOWRQLDQ� DORQJ ZLWK HQYLURQPHQWDO

LQWHUDFWLRQ� 7KLV ZD\ LW ZDV SRVVLEOH WR HYDOXDWH WKH LPSRUWDQFH RI WKH HQYLURQPHQWDO HIIHFWV LQ SKRWRV\QWKHVLV

DQG REWDLQ IXUWKHU LQVLJKW DERXW TXDQWXP PHFKDQLFV LQ DQ RSHQ UHJLPH�

&KDSWHU � DLPHG DW H[SORULQJ SUREOHPV WKDW KDYH QR TXDQWXP HIILFLHQW DOJRULWKP� EXW IRU ZKLFK D

SRO\QRPLDO DGYDQWDJH LV H[SHFWHG� RQFH UHJDUGLQJ WKHP DV RSWLPL]DWLRQ SUREOHPV� 7KHUH LV D QDWXUDO

UHODWLRQVKLS EHWZHHQ VRPH SURFHVVHV LQ SK\VLFV� VXFK DV WKH FRQYHUJHQFH WR HTXLOLEULXP RI FHUWDLQ SK\VLFDO

V\VWHPV� DQG RSWLPL]DWLRQ SUREOHPV� ZKLFK PDNH WKH IRUPHU D JRRG PRGHO WR WKH ODWWHU� 7KLV LGHD LV WKH

EDVLV RI TXDQWXP DQQHDOLQJ DQG DGLDEDWLF RSWLPL]DWLRQ� ZKHUH D TXDQWXP DGYDQWDJH LV H[SHFWHG LQ D ZLGH

UDQJH RI SUREOHPV� DFURVV D ZLGH UDQJH RI ILHOGV� )XUWKHUPRUH� LQ WKH VR�FDOOHG VKRUW�WHUP GHYLFHV PHWKRG D

PHQWLRQ VKRXOG EH PDGH WR WKH 9DULDWLRQDO PHWKRG� DQ K\EULG FODVVLFDO�TXDQWXP PHWKRG� ZKLFK SRVVHVV D

ORW RI DSSOLFDWLRQV�

2QH RI WKRVH DSSOLFDWLRQV LV RQ WKH ILHOG RI TXDQWXP FKHPLVWU\� DQG ZH H[SORUH D FDVH VWXG\ RI WKH

DSSOLFDWLRQ RI WKH PHWKRG WR ILQG WKH WRWDO JURXQG�VWDWH HQHUJ\ RI WKH 𝐻2 DQG 𝐿𝑖𝐻 PROHFXOHV� VXEMHFW WR D

VWDWLRQDU\ HOHFWULF ILHOG LQ D TXDQWXP FRPSXWHU� 7KLV LV D QRQ�WULYLDO SURFHVV� DQG ZH SDUWLFXODUO\ H[SORUHG�

� 7KH IHUPLRQLF IRUPXODWLRQ RI TXDQWXP FKHPLVWU\ V\VWHPV�

� 7KH FRQQHFWLRQ EHWZHHQ IHUPLRQLF +DPLOWRQLDQV DQG WKH TXDQWXP FLUFXLWV�

� 7KH VWDWH SUHSDUDWLRQ� UXQQLQJ RI WKH DOJRULWKP DQG WKH HYDOXDWLRQ RI WKH UHVXOWV�

7KH FDOFXODWHG UHVXOWV FRPSULVH WKH WRWDO HQHUJ\ DV D IXQFWLRQ RI ERQG OHQJWK �L�H� WKH GLVVRFLDWLRQ FXUYH��

DOVR XQGHU DQ DSSOLHG VWDWLRQDU\ HOHFWULF ILHOG� :H DOVR HYDOXDWHG WKH VKLIW RI WKH PROHFXOH·V HQHUJ\ DW D

IL[HG 𝑑 �HTXDO WR WKH HTXLOLEULXP LQWHUDWRPLF GLVWDQFH� ZLWK WKH HOHFWULF ILHOG� L�H� WKH VWDWLRQDU\ HOHFWURQLF

6WDUN HIIHFW� ,Q WRWDO� RXU FDVH VWXG\ VHHPV WR SURYLGH HYLGHQFH IRU WKH IHDVLELOLW\ RI WKH XVH RI WKLV TXDQWXP

FRPSXWHU IRU VPDOO PROHFXOHV� ZLWK D UHDVRQDEOH QXPEHU RI LWHUDWLRQV SHUIRUPHG�

,Q FKDSWHU �� ZH EULHIO\ H[SORUH WKH ORJLF LQGXFHG E\ TXDQWXP PHFKDQLFV LQ +LOEHUW VSDFHV� L�H� WKH

VR�FDOOHG TXDQWXP ORJLF� DQG WKH SDWK IURP WKHUH WR ORJLFV DEOH WR GHDO ZLWK TXDQWXP SURJUDPV� DQG WKH

LVVXHV LQYROYHG� SDUWLFXODUO\ WKH LQH[LVWHQFH RI D WHQVRU RSHUDWRU� IRFXVLQJ RQ WKH ZRUN RQ TXDQWXP G\QDPLF

ORJLFV LQWURGXFHG E\ %DOWDJ DQG 6PHWV� :H SURSRVHG D ORJLF DEOH WR GHDO ZLWK FODVVLFDO DQG TXDQWXP

LQIRUPDWLRQ VLPXOWDQHRXVO\� DQG WKDW� IXUWKHUPRUH� LQYROYHV PHDVXUHPHQWV� WR ZKLFK D VWRFKDVWLF VHPDQWLFV

LV SURYLGHG� :H SURYLGH VRPH YDOLG UXOHV IRU WKH ORJLF� EDVHG RQ VXFK VHPDQWLFV� DQG SURYLGH SURRI IRU D

TXDQWXP FRLQ WRVV SURJUDP�
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6.1. Future work 133

��� )XWXUH ZRUN

7KLV ZRUN� LQ LWV FRXUVH RI WKH XQGHUVWDQGLQJ RI WKH VRXUFHV RI TXDQWXP DGYDQWDJH DQG KRZ WR XVH WKHP

WR REWDLQ QHZ DOJRULWKPV DQG DSSOLFDWLRQV RI TXDQWXP FRPSXWDWLRQ� HQGHG WRXFKLQJ PDQ\ GLIIHUHQW ILHOGV

UHODWHG WR TXDQWXP FRPSXWDWLRQ� 0DQ\ VWDWH�RI WKH�DUW SUREOHPV DQG OLQHV RI UHVHDUFK WR SXUVXH ZHUH

LGHQWLILHG DQG H[SORUHG� 2Q WKH RWKHU KDQG� VRPH RI WKH LGHDV H[SORUHG GXULQJ WKH FRXUVH RI WKLV ZRUN� ZHUH

DEDQGRQHG�

2Q WKH ILHOG RI HIILFLHQW DOJRULWKPV� SURJUHVV KDV EHHQ VORZ� ZLWK QR ELJ DGYDQFHPHQWV LQ WKH ODVW IHZ

\HDUV� ZRUWK RI QRWLFH� ,Q WKH HDUO\ ����·V D KXJH UHVHDUFK HIIRUW KDV EHHQ GRQH RQ WU\LQJ WR H[WHQG WKH

DOJRULWKP IRU WKH KLGGHQ VXEJURXS SUREOHP �+63�� PDLQWDLQLQJ WKH H[SRQHQWLDO DGYDQWDJH� IURP $EHOLDQ

JURXSV WR QRQ�$EHOLDQ RQHV� VXFK DV WKH GLKHGUDO RU WKH V\PPHWULF JURXS� (IILFLHQW DOJRULWKPV IRU WKH +63

LQ WKHVH JURXSV ZRXOG KDYH LPSRUWDQW LQGXVWULDO LPSDFW� VXFK DV EUHDNLQJ ODWWLFH�EDVHG FU\SWRJUDSK\� WKH

FRUQHUVWRQH RI SRVW�TXDQWXP FU\SWRJUDSK\� RU VROYLQJ WKH JUDSK LVRPRUSKLVP SUREOHP� KRZHYHU� WKH HIIRUWV

WR EXLOG HIILFLHQW DOJRULWKPV WR GR VR� KDYH IDOOHQ VKRUW� +RZHYHU� ZKLOH VROYLQJ WKH +63 IRU QRQ�$EHOLDQ

JURXSV VHHPV WR EH D KDUG FRPSXWDWLRQDO WDVN� DQ LQWHUHVWLQJ OLQH RI UHVHDUFK LV WR H[SORUH DSSOLFDWLRQV

ZKHUH WKH H[SRQHQWLDO DGYDQWDJH RI TXDQWXP )RXULHU WUDQVIRUPV FDQ EH UHOHYDQW� ZKLFK PD\ WKH FDVH� IRU

LQVWDQFH� LQ ILHOGV VXFK DV FRPSXWHU YLVLRQ� VWDWLVWLFV RU PDFKLQH OHDUQLQJ� )XUWKHUPRUH� WKH H[SORUDWLRQ RI

SUREOHPV WKDW FDQ H[SUHVVHG DV VLPXODWLRQV RI ORFDO� RU VSDUVH� +DPLOWRQLDQV FDQ YHU\ IUXLWIXO LQ ILQGLQJ QHZ

DSSOLFDWLRQV IRU TXDQWXP DOJRULWKPV�

2Q WKH VLGH RI TXDQWXP RSWLPL]DWLRQ� WKHUH LV DQ LQILQLWXGH RI SRVVLEOH LQGXVWULDO DQG DFDGHPLF DSSOLFDWLRQV

WKDW FDQ EH H[SORUHG ZLWK WKH FXUUHQW VKRUW�WHUP GHYLFHV� $ SDUWLFXODU LPSRUWDQW EUDQFK RI RSWLPL]DWLRQ

SUREOHPV LV WKH RQH RI PL[HG�LQWHJHU� IRU ZKLFK WKH ILUVW TXDQWXP WHFKQLTXHV DUH VWDUWLQJ WR DSSHDU� PRVWO\�

UHVRUWLQJ WR LQWHUDFWLRQ EHWZHHQ FODVVLFDO DQG TXDQWXP VROYHUV� $Q H[DPSOH RI WKHVH SUREOHPV LV WKH XQLW

FRPPLWPHQW� L�H� WKH RSWLPL]DWLRQ RI WKH SURGXFWLRQ VFKHGXOH RI LQGLYLGXDO HQHUJ\ VWDWLRQV LQ SRZHU JULGV� D

SUREOHP WKDW XVXDOO\ LQYROYHV D ODUJH VHW RI YDULDEOHV� GLVFUHWH DQG FRQWLQXRXV� ZKLFK FRQVWLWXWHV D FRPSOHWHO\

XQH[SORUHG UHDOP IRU TXDQWXP FRPSXWDWLRQ�

2Q WKH ORJLFDO VLGH WKH PDMRU GHYHORSPHQW ZRXOG EH WKH LPSURYHPHQW RI WKH FDOFXOXV IRU WKH ORJLF DQG WKH

SURRI RI LWV FRPSOHWHQHVV� )XUWKHUPRUH� LW ZRXOG EH DOVR EH XVHIXO WR H[SORUH WKH IRUPDOL]DWLRQ RI WKH ORJLF LQ

D SURRI V\VWHP� RU DOWHUQDWLYHO\� E\ WKH FRQFHSWLRQ RI D PRGHO FKHFNHU�

7KH DSSURDFK WDNHQ LQ WKH ZRUN� VSHFLDOO\ LQ WKH DOJRULWKPLF SDUW� ZDV VRPHKRZ SUDJPDWLFDO� KRZHYHU�

WKH LQWHUHVW RQ SXUVXLQJ D XQLILHG PDWKHPDWLFDO WKHRU\ WR GHDO ZLWK ERWK FRPSOH[LW\ DQG FRUUHFWQHVV UHPDLQV�

5HVHDUFK SDWKV RQ WKLV GLUHFWLRQ FDQ EH JLYHQ E\ WKH VWXG\ RI FRPSRVLWLRQDO PDWKHPDWLFDO WKHRULHV EHKLQG

WKH DGYDQWDJH LQ TXDQWXP DOJRULWKPV� DV ZHOO DV RI FKDUDFWHULVWLF TXDQWXP SURJUDPPLQJ ODQJXDJHV RI

FRPSOH[LW\ FODVVHV� &RQFHUQLQJ WKH IRUPHU� D SDUWLFXODU LQWHUHVWLQJ OLQH RI UHVHDUFK LV RQH WKH DSSOLFDWLRQ RI

ILQLWH PRGHO WKHRU\ WR TXDQWXP DOJRULWKPV� ZKHUH PRGHOV DUH JLYHQ E\ FRPELQDWRU\ VWUXFWXUHV� UDWKHU WKDQ

DOJHEUDLF RQHV� DQG PD\ SRVVHVV LQWHUHVWLQJ QRWLRQV RI ORJLF�
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>�@ 2SHQ TXDQWXP V\VWHPV� ����� FRXUVH QRWHV� FKDSWHU �� ����� 85/ KWWSV���RFZ�PLW�HGX�FRXUVHV�

QXFOHDU�HQJLQHHULQJ�������TXDQWXP�WKHRU\�RI�UDGLDWLRQ�LQWHUDFWLRQV�IDOO������OHFWXUH�QRWHV�0,7��B

��)��B&K��SGI� 0,7 2SHQ&RXUVH:DUH�

>�@ ,EP T � TXDQWXP FRPSXWLQJ� -XQ ����� $YDLODEOH LQ� KWWSV���ZZZ�UHVHDUFK�LEP�FRP�LEP�T��

>�@ 6FRWW $DURQVRQ� *XHVW FROXPQ� 1S�FRPSOHWH SUREOHPV DQG SK\VLFDO UHDOLW\� $&0 6LJDFW 1HZV� ��

������²��� �����

>�@ 6FRWW $DURQVRQ� 4XDQWXP FRPSXWLQJ� SRVWVHOHFWLRQ� DQG SUREDELOLVWLF SRO\QRPLDO�WLPH� 3URFHHGLQJV

RI WKH 5R\DO 6RFLHW\ $� 0DWKHPDWLFDO� 3K\VLFDO DQG (QJLQHHULQJ 6FLHQFHV� ��������������²�����

�����

>�@ 6FRWW $DURQVRQ� %43 DQG WKH SRO\QRPLDO KLHUDUFK\� ,Q 3URFHHGLQJV RI WKH IRUW\�VHFRQG $&0

V\PSRVLXP RQ 7KHRU\ RI FRPSXWLQJ� SDJHV ���²���� $&0� �����

>�@ 6FRWW $DURQVRQ� :K\ SKLORVRSKHUV VKRXOG FDUH DERXW FRPSXWDWLRQDO FRPSOH[LW\� ,Q ,Q &RPSXWDELOLW\�

*|GHO� 7XULQJ� &KXUFK� DQG EH\RQG �HGV� &LWHVHHU� �����

>�@ 6FRWW $DURQVRQ� 7KH HTXLYDOHQFH RI VDPSOLQJ DQG VHDUFKLQJ� 7KHRU\ RI &RPSXWLQJ 6\VWHPV� ������

���²���� �����

>�@ 6FRWW $DURQVRQ DQG 'DQLHO *RWWHVPDQ� ,PSURYHG VLPXODWLRQ RI VWDELOL]HU FLUFXLWV� 3K\VLFDO 5HYLHZ $�

������������� �����

>�@ 6FRWW $DURQVRQ DQG -RKQ :DWURXV� &ORVHG WLPHOLNH FXUYHV PDNH TXDQWXP DQG FODVVLFDO FRPSXWLQJ

HTXLYDOHQW� 3URFHHGLQJV RI WKH 5R\DO 6RFLHW\ $� 0DWKHPDWLFDO� 3K\VLFDO DQG (QJLQHHULQJ 6FLHQFHV�

�������������²���� �����

>��@ 'DQLHO 6 $EUDPV DQG 6HWK /OR\G� 1RQOLQHDU TXDQWXP PHFKDQLFV LPSOLHV SRO\QRPLDO�WLPH VROXWLRQ IRU

QS�FRPSOHWH DQG� S SUREOHPV� 3K\VLFDO 5HYLHZ /HWWHUV� ������������ �����

>��@ 'DQLHO 6 $EUDPV DQG 6HWK /OR\G� 4XDQWXP DOJRULWKP SURYLGLQJ H[SRQHQWLDO VSHHG LQFUHDVH IRU ILQGLQJ

HLJHQYDOXHV DQG HLJHQYHFWRUV� 3K\VLFDO 5HYLHZ /HWWHUV� ������������ �����
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>��@ 6DPVRQ $EUDPVN\ DQG %RE &RHFNH� &DWHJRULFDO TXDQWXP PHFKDQLFV� +DQGERRN RI TXDQWXP ORJLF

DQG TXDQWXP VWUXFWXUHV� TXDQWXP ORJLF� SDJHV ���²���� �����

>��@ 5 $GDPV� * $OSjU� -0 %DODVFK 0DVROLYHU� /HMOD %DWLQD� âXNDV] &KPLHOHZVNL� /RXL]D 3DSDFKULVWRGRXORX�

3HWHU 6FKZDEH� 0LFKDHO 7XQVWDOO� /HMOD %DWLQD� -HQV +HUPDQV� HW DO� 4SHO� 4XDQWXP SURJUDP DQG

HIIHFW ODQJXDJH� ,Q 43/ ����� 3URFHHGLQJV ��WK ZRUNVKRS RQ 4XDQWXP 3K\VLFV DQG /RJLF� YROXPH ��

SDJHV ���²���� (37&6� �����

>��@ -XOLD $GROSKV DQG 7KRPDV 5HQJHU� +RZ SURWHLQV WULJJHU H[FLWDWLRQ HQHUJ\ WUDQVIHU LQ WKH IPR FRPSOH[

RI JUHHQ VXOIXU EDFWHULD� %LRSK\VLFDO -RXUQDO� ����������²����� �����

>��@ 'LHGHULN $HUWV� 4XDQWXP D[LRPDWLFV� +DQGERRN RI TXDQWXP ORJLF DQG TXDQWXP VWUXFWXUHV TXDQWXP

ORJLF� SDJH ��� �����

>��@ 'LHGHULN $HUWV DQG %DUW 9DQ 6WHLUWHJKHP� 4XDQWXP D[LRPDWLFV DQG D WKHRUHP RI PS VROHU� ,QWHUQDWLRQDO

-RXUQDO RI 7KHRUHWLFDO 3K\VLFV� ���������²���� �����

>��@ 'RULW $KDURQRY DQG $PQRQ 7D�6KPD� $GLDEDWLF TXDQWXP VWDWH JHQHUDWLRQ DQG VWDWLVWLFDO ]HUR

NQRZOHGJH� ,Q 3URFHHGLQJV RI WKH WKLUW\�ILIWK DQQXDO $&0 V\PSRVLXP RQ 7KHRU\ RI FRPSXWLQJ� SDJHV

��²��� �����

>��@ 'RULW $KDURQRY� :LP 9DQ 'DP� -XOLD .HPSH� =HSK /DQGDX� 6HWK /OR\G� DQG 2GHG 5HJHY� $GLDEDWLF

TXDQWXP FRPSXWDWLRQ LV HTXLYDOHQW WR VWDQGDUG TXDQWXP FRPSXWDWLRQ� 6,$0 UHYLHZ� ���������²����

�����

>��@ <DNLU $KDURQRY� (OLDKX &RKHQ� )DEUL]LR &RORPER� 7RPHU /DQGVEHUJHU� ,UHQH 6DEDGLQL� 'DQLHOH &

6WUXSSD� DQG -HII 7ROODNVHQ� )LQDOO\ PDNLQJ VHQVH RI WKH GRXEOH�VOLW H[SHULPHQW� 3URFHHGLQJV RI WKH

1DWLRQDO $FDGHP\ RI 6FLHQFHV� ������������²����� �����

>��@ 4LQJ $L� 7]X�&KL <HQ� %LK�<DZ -LQ� DQG <XDQ�&KXQJ &KHQJ� &OXVWHUHG JHRPHWULHV H[SORLWLQJ TXDQWXP

FRKHUHQFH HIIHFWV IRU HIILFLHQW HQHUJ\ WUDQVIHU LQ OLJKW KDUYHVWLQJ� 7KH -RXUQDO RI 3K\VLFDO &KHPLVWU\

/HWWHUV� ����������²����� �����

>��@ 7DPHHP $OEDVK DQG 'DQLHO $ /LGDU� $GLDEDWLF TXDQWXP FRPSXWDWLRQ� 5HYLHZV RI 0RGHUQ 3K\VLFV�

������������� �����

>��@ 7KRUVWHQ $OWHQNLUFK� -RQDWKDQ *UDWWDJH� -XOLDQD . 9L]]RWWR� DQG $PU 6DEU\� $Q DOJHEUD RI SXUH

TXDQWXP SURJUDPPLQJ� (OHFWURQLF 1RWHV LQ 7KHRUHWLFDO &RPSXWHU 6FLHQFH� ������²��� �����

>��@ /XLJL $PLFR� 5RVDULR )D]LR� $QGUHDV 2VWHUORK� DQG 9ODWNR 9HGUDO� (QWDQJOHPHQW LQ PDQ\�ERG\ V\VWHPV�

5HYLHZV RI PRGHUQ SK\VLFV� ���������� �����

135



bibliography 136

>��@ 0DWWKHZ $P\� $QGUHZ 1 *ODXGHOO� DQG 1HLO - 5RVV� 1XPEHU�WKHRUHWLF FKDUDFWHUL]DWLRQV RI VRPH

UHVWULFWHG FOLIIRUG� W FLUFXLWV� 4XDQWXP� ������ �����

>��@ +DMQDO $QGUpND� ,VWYiQ 1pPHWL� DQG *HUJHO\ 6]pNHO\� &ORVHG WLPHOLNH FXUYHV LQ UHODWLYLVWLF FRPSXWDWLRQ�

3DUDOOHO 3URFHVVLQJ /HWWHUV� ��������������� �����

>��@ (ULF $QVFKXHW]� -RQDWKDQ 2OVRQ� $OiQ $VSXUX�*X]LN� DQG <XGRQJ &DR� 9DULDWLRQDO TXDQWXP IDFWRULQJ� ,Q

,QWHUQDWLRQDO :RUNVKRS RQ 4XDQWXP 7HFKQRORJ\ DQG 2SWLPL]DWLRQ 3UREOHPV� SDJHV ��²��� 6SULQJHU�

�����

>��@ %UXQR $SROORQL� & &DUYDOKR� DQG 'LHJR 'H )DOFR� 4XDQWXP VWRFKDVWLF RSWLPL]DWLRQ� 6WRFKDVWLF

3URFHVVHV DQG WKHLU $SSOLFDWLRQV� ���������²���� �����

>��@ 0DWHXV $UD~MR� 3KLOLSSH $OODUG *XpULQ� DQG bPLQ %DXPHOHU� 4XDQWXP FRPSXWDWLRQ ZLWK LQGHILQLWH

FDXVDO VWUXFWXUHV� 3K\VLFDO 5HYLHZ $� ������������� �����

>��@ 6DQMHHY $URUD DQG %RD] %DUDN� &RPSXWDWLRQDO FRPSOH[LW\� D PRGHUQ DSSURDFK� &DPEULGJH 8QLYHUVLW\

3UHVV� �����

>��@ )UDQN $UXWH� .XQDO $U\D� 5\DQ %DEEXVK� 'DYH %DFRQ� -RVHSK & %DUGLQ� 5DPL %DUHQGV� 5XSDN

%LVZDV� 6HUJLR %RL[R� )HUQDQGR *6/ %UDQGDR� 'DYLG $ %XHOO� HW DO� 4XDQWXP VXSUHPDF\ XVLQJ D

SURJUDPPDEOH VXSHUFRQGXFWLQJ SURFHVVRU� 1DWXUH� �������������²���� �����

>��@ $ODLQ $VSHFW� 3KLOLSSH *UDQJLHU� DQG *pUDUG 5RJHU� ([SHULPHQWDO WHVWV RI UHDOLVWLF ORFDO WKHRULHV YLD

EHOO·V WKHRUHP� 3K\VLFDO UHYLHZ OHWWHUV� ���������� �����

>��@ $OiQ $VSXUX�*X]LN� $QWKRQ\ ' 'XWRL� 3HWHU - /RYH� DQG 0DUWLQ +HDG�*RUGRQ� 6LPXODWHG TXDQWXP

FRPSXWDWLRQ RI PROHFXODU HQHUJLHV� 6FLHQFH� ��������������²����� �����

>��@ 5\DQ %DEEXVK� -DUURG 0F&OHDQ� 'DYH :HFNHU� $OiQ $VSXUX�*X]LN� DQG 1DWKDQ :LHEH� &KHPLFDO

EDVLV RI WURWWHU�VX]XNL HUURUV LQ TXDQWXP FKHPLVWU\ VLPXODWLRQ� 3K\VLFDO 5HYLHZ $� �������������

�����

>��@ 5\DQ %DEEXVK� 'RPLQLF : %HUU\� ,DQ ' .LYOLFKDQ� $QQLH < :HL� 3HWHU - /RYH� DQG $OiQ $VSXUX�*X]LN�

([SRQHQWLDOO\ PRUH SUHFLVH TXDQWXP VLPXODWLRQ RI IHUPLRQV LQ VHFRQG TXDQWL]DWLRQ� 1HZ -RXUQDO RI

3K\VLFV� ������������� �����

>��@ 5\DQ %DEEXVK� 'RPLQLF : %HUU\� <XYDO 5 6DQGHUV� ,DQ ' .LYOLFKDQ� $UWXU 6FKHUHU� $QQLH < :HL�

3HWHU - /RYH� DQG $OiQ $VSXUX�*X]LN� ([SRQHQWLDOO\ PRUH SUHFLVH TXDQWXP VLPXODWLRQ RI IHUPLRQV LQ

WKH FRQILJXUDWLRQ LQWHUDFWLRQ UHSUHVHQWDWLRQ� 4XDQWXP 6FLHQFH DQG 7HFKQRORJ\� ������������ �����
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>��@ 'DYH %DFRQ� 4XDQWXP FRPSXWDWLRQDO FRPSOH[LW\ LQ WKH SUHVHQFH RI FORVHG WLPHOLNH FXUYHV� 3K\VLFDO

5HYLHZ $� ������������� �����

>��@ 'DYH %DFRQ� $QGUHZ 0 &KLOGV� DQG :LP YDQ 'DP� )URP RSWLPDO PHDVXUHPHQW WR HIILFLHQW TXDQWXP

DOJRULWKPV IRU WKH KLGGHQ VXEJURXS SUREOHP RYHU VHPLGLUHFW SURGXFW JURXSV� ,Q )RXQGDWLRQV RI

&RPSXWHU 6FLHQFH� ����� )2&6 ����� ��WK $QQXDO ,((( 6\PSRVLXP RQ� SDJHV ���²���� ,(((�

�����

>��@ &RVWLQ %D�GHVFX DQG 3UDNDVK 3DQDQJDGHQ� 4XDQWXP DOWHUQDWLRQ� 3URVSHFWV DQG SUREOHPV� DU;LY

SUHSULQW DU;LY������������ �����

>��@ $OH[DQGUX %DOWDJ DQG 6RQMD 6PHWV� 7KH ORJLF RI TXDQWXP SURJUDPV� 3URF� 43/� SDJHV ��²��� �����

>��@ $OH[DQGUX %DOWDJ DQG 6RQMD 6PHWV� &RPSOHWH D[LRPDWL]DWLRQV IRU TXDQWXP DFWLRQV� ,QWHUQDWLRQDO

-RXUQDO RI 7KHRUHWLFDO 3K\VLFV� �����������²����� �����

>��@ $OH[DQGUX %DOWDJ DQG 6RQMD 6PHWV� &RUUHODWHG LQIRUPDWLRQ� D ORJLF IRU PXOWL�SDUWLWH TXDQWXP V\VWHPV�

(OHFWURQLF 1RWHV LQ 7KHRUHWLFDO &RPSXWHU 6FLHQFH� ��������²��� �����

>��@ $OH[DQGUX %DOWDJ DQG 6RQMD 6PHWV� 4XDQWXP ORJLF DV D G\QDPLF ORJLF� 6\QWKHVH� ����������²����

�����

>��@ $OH[DQGUX %DOWDJ DQG 6RQMD 6PHWV� 7KH G\QDPLF WXUQ LQ TXDQWXP ORJLF� 6\QWKHVH� ����������²����

�����

>��@ $OH[DQGUX %DOWDJ� -RUW 0 %HUJIHOG� .RKHL .LVKLGD� -RVKXD 6DFN� 6RQMD -/ 6PHWV� DQG 6KHQJ\DQJ =KRQJ�

4XDQWXP SUREDELOLVWLF G\DGLF VHFRQG�RUGHU ORJLF� ,Q ,QWHUQDWLRQDO :RUNVKRS RQ /RJLF� /DQJXDJH�

,QIRUPDWLRQ� DQG &RPSXWDWLRQ� SDJHV ��²��� 6SULQJHU� �����

>��@ $OH[DQGUX %DOWDJ� -RUW %HUJIHOG� .RKHL .LVKLGD� -RVKXD 6DFN� 6RQMD 6PHWV� DQG 6KHQJ\DQJ =KRQJ�

3OTS 	 FRPSDQ\� 'HFLGDEOH ORJLFV IRU TXDQWXP DOJRULWKPV� ,QWHUQDWLRQDO -RXUQDO RI 7KHRUHWLFDO

3K\VLFV� �����������²����� �����

>��@ )UDQFLVFR %DUDKRQD� 2Q WKH FRPSXWDWLRQDO FRPSOH[LW\ RI LVLQJ VSLQ JODVV PRGHOV� -RXUQDO RI 3K\VLFV

$� 0DWKHPDWLFDO DQG *HQHUDO� ������������ �����

>��@ $GULDQR %DUHQFR� &KDUOHV + %HQQHWW� 5LFKDUG &OHYH� 'DYLG 3 'L9LQFHQ]R� 1RUPDQ 0DUJROXV� 3H�

WHU 6KRU� 7\FKR 6OHDWRU� -RKQ $ 6PROLQ� DQG +DUDOG :HLQIXUWHU� (OHPHQWDU\ JDWHV IRU TXDQWXP

FRPSXWDWLRQ� 3K\VLFDO UHYLHZ $� ����������� �����

>��@ :LOOLDP 3 %DULWRPSD� 'DYLG : %XOJHU� DQG *UDKDP 5 :RRG� *URYHU·V TXDQWXP DOJRULWKP DSSOLHG WR

JOREDO RSWLPL]DWLRQ� 6,$0 -RXUQDO RQ 2SWLPL]DWLRQ� ����������²����� �����
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>��@ 3DQDJLRWLV .O %DUNRXWVRV� -HURPH ) *RQWKLHU� ,JRU 6RNRORY� 1LNRODM 0ROO� *LDQ 6DOLV� $QGUHDV )XKUHU�

0DUF *DQ]KRUQ� 'DQLHO - (JJHU� 0DWWKLDV 7UR\HU� $QWRQLR 0H]]DFDSR� HW DO� 4XDQWXP DOJRULWKPV IRU

HOHFWURQLF VWUXFWXUH FDOFXODWLRQV� 3DUWLFOH�KROH KDPLOWRQLDQ DQG RSWLPL]HG ZDYH�IXQFWLRQ H[SDQVLRQV�

3K\VLFDO 5HYLHZ $� ������������� �����

>��@ 5REHUW %HDOV� 4XDQWXP FRPSXWDWLRQ RI IRXULHU WUDQVIRUPV RYHU V\PPHWULF JURXSV� ,Q 3URFHHGLQJV RI

WKH WZHQW\�QLQWK DQQXDO $&0 V\PSRVLXP RQ 7KHRU\ RI FRPSXWLQJ� SDJHV ��²��� $&0� �����

>��@ -RKQ 6 %HOO� 2Q WKH HLQVWHLQ SRGROVN\ URVHQ SDUDGR[� 3K\VLFV 3K\VLTXH )L]LND� ��������� �����

>��@ -RKQ 6 %HOO� 2Q WKH SUREOHP RI KLGGHQ YDULDEOHV LQ TXDQWXP PHFKDQLFV� 5HYLHZV RI 0RGHUQ 3K\VLFV�

���������� �����

>��@ 3DXO %HQLRII� 4XDQWXP PHFKDQLFDO KDPLOWRQLDQ PRGHOV RI WXULQJ PDFKLQHV� -RXUQDO RI 6WDWLVWLFDO

3K\VLFV� ���������²���� �����

>��@ 3DXO %HQLRII� 4XDQWXP PHFKDQLFDO PRGHOV RI WXULQJ PDFKLQHV WKDW GLVVLSDWH QR HQHUJ\� 3K\VLFDO

5HYLHZ /HWWHUV� ������������ �����

>��@ &KDUOHV + %HQQHWW� *LOOHV %UDVVDUG� &ODXGH &UpSHDX� 5LFKDUG -R]VD� $VKHU 3HUHV� DQG :LOOLDP .

:RRWWHUV� 7HOHSRUWLQJ DQ XQNQRZQ TXDQWXP VWDWH YLD GXDO FODVVLFDO DQG (LQVWHLQ�3RGROVN\�5RVHQ

FKDQQHOV� 3K\VLFDO UHYLHZ OHWWHUV� ������������ �����

>��@ &KDUOHV + %HQQHWW� (WKDQ %HUQVWHLQ� *LOOHV %UDVVDUG� DQG 8PHVK 9D]LUDQL� 6WUHQJWKV DQG ZHDNQHVVHV

RI TXDQWXP FRPSXWLQJ� 6,$0 MRXUQDO RQ &RPSXWLQJ� ����������²����� �����

>��@ -RUW 0DUWLQXV %HUJIHOG DQG -RVKXD 6DFN� 'HULYLQJ WKH FRUUHFWQHVV RI TXDQWXP SURWRFROV LQ WKH

SUREDELOLVWLF ORJLF IRU TXDQWXP SURJUDPV� 6RIW &RPSXWLQJ� ����������²����� �����

>��@ -RUW 0DUWLQXV %HUJIHOG HW DO� 4XDQWXP ORJLFV IRU H[SUHVVLQJ DQG SURYLQJ WKH FRUUHFWQHVV RI TXDQWXP

SURJUDPV� �����

>��@ (WKDQ %HUQVWHLQ DQG 8PHVK 9D]LUDQL� 4XDQWXP FRPSOH[LW\ WKHRU\� ,Q 3URFHHGLQJV RI WKH WZHQW\�ILIWK

DQQXDO $&0 V\PSRVLXP RQ 7KHRU\ RI FRPSXWLQJ� SDJHV ��²��� $&0� �����

>��@ 'RPLQLF : %HUU\� +LJK�RUGHU TXDQWXP DOJRULWKP IRU VROYLQJ OLQHDU GLIIHUHQWLDO HTXDWLRQV� -RXUQDO RI

3K\VLFV $� 0DWKHPDWLFDO DQG 7KHRUHWLFDO� �������������� �����

>��@ 'RPLQLF : %HUU\� $QGUHZ 0 &KLOGV� 5LFKDUG &OHYH� 5RELQ .RWKDUL� DQG 5RODQGR ' 6RPPD� 6LPXODWLQJ

KDPLOWRQLDQ G\QDPLFV ZLWK D WUXQFDWHG WD\ORU VHULHV� 3K\VLFDO UHYLHZ OHWWHUV� �������������� �����

138



bibliography 139

>��@ 'RPLQLF : %HUU\� $QGUHZ 0 &KLOGV� DQG 5RELQ .RWKDUL� +DPLOWRQLDQ VLPXODWLRQ ZLWK QHDUO\ RSWLPDO

GHSHQGHQFH RQ DOO SDUDPHWHUV� ,Q ���� ,((( ��WK $QQXDO 6\PSRVLXP RQ )RXQGDWLRQV RI &RPSXWHU

6FLHQFH� SDJHV ���²���� ,(((� �����

>��@ 'RPLQLF : %HUU\� $QGUHZ 0 &KLOGV� $DURQ 2VWUDQGHU� DQG *XRPLQJ :DQJ� 4XDQWXP DOJRULWKP IRU

OLQHDU GLIIHUHQWLDO HTXDWLRQV ZLWK H[SRQHQWLDOO\ LPSURYHG GHSHQGHQFH RQ SUHFLVLRQ� &RPPXQLFDWLRQV

LQ 0DWKHPDWLFDO 3K\VLFV� �����������²����� �����

>��@ 'LPLWUL 3 %HUWVHNDV� 1RQOLQHDU SURJUDPPLQJ� -RXUQDO RI WKH 2SHUDWLRQDO 5HVHDUFK 6RFLHW\� ������

���²���� �����

>��@ 6KDODEK %KDWQDJDU� +/ 3UDVDG� DQG /$ 3UDVKDQWK� 6WRFKDVWLF UHFXUVLYH DOJRULWKPV IRU RSWLPL]DWLRQ�

VLPXOWDQHRXV SHUWXUEDWLRQ PHWKRGV� YROXPH ���� 6SULQJHU� �����

>��@ ,ZR %LDO\QLFNL�%LUXOD DQG -HU]\ 0\FLHOVNL� 1RQOLQHDU ZDYH PHFKDQLFV� $QQDOV RI 3K\VLFV� ���������

��²��� �����

>��@ *DUUHWW %LUNKRII DQG -RKQ 9RQ 1HXPDQQ� 7KH ORJLF RI TXDQWXP PHFKDQLFV� $QQDOV RI PDWKHPDWLFV�

SDJHV ���²���� �����

>��@ 3DWULFN %ODFNEXUQ� -RKDQ )$. YDQ %HQWKHP� DQG )UDQN :ROWHU� +DQGERRN RI PRGDO ORJLF� (OVHYLHU�

�����

>��@ ,PPDQXHO %ORFK� -HDQ 'DOLEDUG� DQG :LOKHOP =ZHUJHU� 0DQ\�ERG\ SK\VLFV ZLWK XOWUDFROG JDVHV�

5HYLHZV RI PRGHUQ SK\VLFV� ���������� �����

>��@ 'DYLG %RKP� $ VXJJHVWHG LQWHUSUHWDWLRQ RI WKH TXDQWXP WKHRU\ LQ WHUPV RIµ KLGGHQµ YDULDEOHV� L�

3K\VLFDO 5HYLHZ� ���������� �����

>��@ 1LHOV %RKU� ,� RQ WKH FRQVWLWXWLRQ RI DWRPV DQG PROHFXOHV� 7KH /RQGRQ� (GLQEXUJK� DQG 'XEOLQ

3KLORVRSKLFDO 0DJD]LQH DQG -RXUQDO RI 6FLHQFH� ���������²��� �����

>��@ 1LHOV %RKU� 7KH TXDQWXP SRVWXODWH DQG WKH UHFHQW GHYHORSPHQW RI DWRPLF WKHRU\ �� �����

>��@ 6HUJLR %RL[R� 6HUJHL 9 ,VDNRY� 9DGLP 1 6PHO\DQVNL\� 5\DQ %DEEXVK� 1DQ 'LQJ� =KDQJ -LDQJ� 0LFKDHO -

%UHPQHU� -RKQ 0 0DUWLQLV� DQG +DUWPXW 1HYHQ� &KDUDFWHUL]LQJ TXDQWXP VXSUHPDF\ LQ QHDU�WHUP

GHYLFHV� 1DWXUH 3K\VLFV� ���������²���� �����

>��@ 'DQ %RQHK DQG 5LFKDUG - /LSWRQ� 4XDQWXP FU\SWDQDO\VLV RI KLGGHQ OLQHDU IXQFWLRQV� ,Q $GYDQFHV LQ

&U\SWRORJ\³&5<37�·��� SDJHV ���²���� 6SULQJHU� �����

>��@ 'DQ %RQHK HW DO� 7ZHQW\ \HDUV RI DWWDFNV RQ WKH UVD FU\SWRV\VWHP� 1RWLFHV RI WKH $06� ������

���²���� �����
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>��@ $GDP ' %RRNDW]� 4PD�FRPSOHWH SUREOHPV� DU;LY SUHSULQW DU;LY����������� �����

>��@ $GDP ' %RRNDW]� 4PD�FRPSOHWH SUREOHPV� 4XDQWXP ,QIRUPDWLRQ 	 &RPSXWDWLRQ� ����	������²����

�����

>��@ 6WHSKHQ %R\G� 6WHSKHQ 3 %R\G� DQG /LHYHQ 9DQGHQEHUJKH� &RQYH[ RSWLPL]DWLRQ� &DPEULGJH XQLYHUVLW\

SUHVV� �����

>��@ )HUQDQGR *6/ %UDQGDR DQG .U\VWD 0 6YRUH� 4XDQWXP VSHHG�XSV IRU VROYLQJ VHPLGHILQLWH SURJUDPV�

,Q ���� ,((( ��WK $QQXDO 6\PSRVLXP RQ )RXQGDWLRQV RI &RPSXWHU 6FLHQFH �)2&6�� SDJHV ���²����

,(((� �����

>��@ 'DQLHO %UDXQ DQG %HUWUDQG *HRUJHRW� 4XDQWLWDWLYH PHDVXUH RI LQWHUIHUHQFH� 3K\VLFDO 5HYLHZ $� ��

����������� �����

>��@ 6DPXHO / %UDXQVWHLQ DQG +RL�.ZRQJ /R� 6FDODEOH TXDQWXP FRPSXWHUV� 3DYLQJ WKH ZD\ WR UHDOL]DWLRQ�

�����

>��@ +HLQ]�3HWHU %UHXHU� )UDQFHVFR 3HWUXFFLRQH� HW DO� 7KH WKHRU\ RI RSHQ TXDQWXP V\VWHPV� 2[IRUG

8QLYHUVLW\ 3UHVV RQ 'HPDQG� �����

>��@ +- %ULHJHO� '( %URZQH� : '�U� 5 5DXVVHQGRUI� DQG 0DDUWHQ 9DQ GHQ 1HVW� 0HDVXUHPHQW�EDVHG

TXDQWXP FRPSXWDWLRQ� 1DWXUH 3K\VLFV� �������²��� �����

>��@ 7RGG $ %UXQ� -LP +DUULQJWRQ� DQG 0DUN 0 :LOGH� /RFDOL]HG FORVHG WLPHOLNH FXUYHV FDQ SHUIHFWO\

GLVWLQJXLVK TXDQWXP VWDWHV� 3K\VLFDO 5HYLHZ /HWWHUV� ��������������� �����

>��@ 2OLYLHU %UXQHW DQG 3KLOLSSH -RUUDQG� '\QDPLF TXDQWXP ORJLF IRU TXDQWXP SURJUDPV� ,QWHUQDWLRQDO

-RXUQDO RI 4XDQWXP ,QIRUPDWLRQ� ��������²��� �����

>��@ ,XOLD %XOXWD DQG )UDQFR 1RUL� 4XDQWXP VLPXODWRUV� 6FLHQFH� �������������²���� �����

>��@ &ULVWLDQ 6 &DOXGH DQG (OHQD &DOXGH� 7KH URDG WR TXDQWXP FRPSXWDWLRQDO VXSUHPDF\� ,Q -RQDWKDQ 0�

%RUZHLQ &RPPHPRUDWLYH &RQIHUHQFH� SDJHV ���²���� 6SULQJHU� �����

>��@ <� &DR� -� 5RPHUR� -� 3� 2OVRQ� 0� 'HJURRWH� 3� '� -RKQVRQ� 0� .LHIHURYi� ,� '� .LYOLFKDQ� 7� 0HQNH�

%� 3HURSDGUH� 1� 3� '� 6DZD\D� 6� 6LP� /� 9HLV� DQG $� $VSXUX�*X]LN� 4XDQWXP FKHPLVWU\ LQ WKH DJH

RI TXDQWXP FRPSXWLQJ� &KHPLFDO 5HYLHZV� ������������� ² ������ �����

>��@ <XGRQJ &DR� -RQDWKDQ 5RPHUR� -RQDWKDQ 3 2OVRQ� 0DWWKLDV 'HJURRWH� 3HWHU ' -RKQVRQ� 0iULD

.LHIHURYi� ,DQ ' .LYOLFKDQ� 7LP 0HQNH� %RUMD 3HURSDGUH� 1LFRODV 3' 6DZD\D� HW DO� 4XDQWXP

FKHPLVWU\ LQ WKH DJH RI TXDQWXP FRPSXWLQJ� &KHPLFDO UHYLHZV� �������������²������ �����
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>��@ 'DYLGH &DVWHOYHFFKL� 4XDQWXP FRPSXWHUV UHDG\ WR OHDS RXW RI WKH ODE LQ ����� 1DWXUH 1HZV� ���

��������� �����

>��@ 5RKLW &KDGKD� 3DXOR 0DWHXV� DQG $PtOFDU 6HUQDGDV� 5HDVRQLQJ DERXW LPSHUDWLYH TXDQWXP SURJUDPV�

(OHFWURQLF 1RWHV LQ 7KHRUHWLFDO &RPSXWHU 6FLHQFH� ������²��� �����

>��@ 6KRXYDQLN &KDNUDEDUWL� $QGUHZ 0 &KLOGV� 7RQJ\DQJ /L� DQG ;LDRGL :X� 4XDQWXP DOJRULWKPV DQG

ORZHU ERXQGV IRU FRQYH[ RSWLPL]DWLRQ� 4XDQWXP� ������ �����

>��@ <& &KHQJ DQG 5REHUW - 6LOEH\� &RKHUHQFH LQ WKH E��� ULQJ RI SXUSOH EDFWHULD OK�� 3K\VLFDO 5HYLHZ

/HWWHUV� ������������� �����

>��@ <XDQ�&KXQJ &KHQJ� *UHJRU\ 6 (QJHO� DQG *UDKDP 5 )OHPLQJ� (OXFLGDWLRQ RI SRSXODWLRQ DQG FRKHUHQFH

G\QDPLFV XVLQJ FURVV�SHDNV LQ WZR�GLPHQVLRQDO HOHFWURQLF VSHFWURVFRS\� &KHPLFDO 3K\VLFV� ���������

���²���� �����

>��@ $QGUHZ 0 &KLOGV� 2Q WKH UHODWLRQVKLS EHWZHHQ FRQWLQXRXV�DQG GLVFUHWH�WLPH TXDQWXP ZDON� &RPPX�

QLFDWLRQV LQ 0DWKHPDWLFDO 3K\VLFV� ����������²���� �����

>��@ $QGUHZ 0 &KLOGV DQG -HIIUH\ *ROGVWRQH� 6SDWLDO VHDUFK E\ TXDQWXP ZDON� 3K\VLFDO 5HYLHZ $� ������

������� �����

>��@ $QGUHZ 0 &KLOGV DQG 5RELQ .RWKDUL� /LPLWDWLRQV RQ WKH VLPXODWLRQ RI QRQ�VSDUVH KDPLOWRQLDQV� DU;LY

SUHSULQW DU;LY����������� �����

>��@ $QGUHZ 0 &KLOGV DQG :LP YDQ 'DP� 4XDQWXP DOJRULWKP IRU D JHQHUDOL]HG KLGGHQ VKLIW SUREOHP�

,Q 3URFHHGLQJV RI WKH HLJKWHHQWK DQQXDO $&0�6,$0 V\PSRVLXP RQ 'LVFUHWH DOJRULWKPV� SDJHV

����²����� 6RFLHW\ IRU ,QGXVWULDO DQG $SSOLHG 0DWKHPDWLFV� �����

>��@ $QGUHZ 0 &KLOGV DQG :LP 9DQ 'DP� 4XDQWXP DOJRULWKPV IRU DOJHEUDLF SUREOHPV� 5HYLHZV RI 0RGHUQ

3K\VLFV� �������� �����

>���@ $QGUHZ 0 &KLOGV� 5LFKDUG &OHYH� (QULFR 'HRWWR� (GZDUG )DUKL� 6DP *XWPDQQ� DQG 'DQLHO $ 6SLHOPDQ�

([SRQHQWLDO DOJRULWKPLF VSHHGXS E\ D TXDQWXP ZDON� ,Q 3URFHHGLQJV RI WKH WKLUW\�ILIWK DQQXDO $&0

V\PSRVLXP RQ 7KHRU\ RI FRPSXWLQJ� SDJHV ��²��� �����

>���@ $QGUHZ 0 &KLOGV� 5LFKDUG &OHYH� 6WHSKHQ 3 -RUGDQ� DQG 'DYLG <RQJH�0DOOR� 'LVFUHWH�TXHU\ TXDQWXP

DOJRULWKP IRU QDQG WUHHV� DU;LY SUHSULQW TXDQW�SK��������� �����

>���@ *LXOLR &KLULEHOOD� *LDFRPR 0DXUR '·$ULDQR� 3DROR 3HULQRWWL� DQG %HQRLW 9DOLURQ� 4XDQWXP FRPSXWDWLRQV

ZLWKRXW GHILQLWH FDXVDO VWUXFWXUH� 3K\VLFDO 5HYLHZ $� ������������� �����
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>���@ .HQWD &KR� 6HPDQWLFV IRU D TXDQWXP SURJUDPPLQJ ODQJXDJH E\ RSHUDWRU DOJHEUDV� 1HZ *HQHUDWLRQ

&RPSXWLQJ� ����������²��� �����

>���@ .HQWD &KR� %DUW -DFREV� %DV :HVWHUEDDQ� DQG $EUDKDP :HVWHUEDDQ� $Q LQWURGXFWLRQ WR HIIHFWXV

WKHRU\� DU;LY SUHSULQW DU;LY������������ �����

>���@ %DUU\ $ &LSUD� 7KH LVLQJ PRGHO LV QS�FRPSOHWH� 6,$0 1HZV� �������²�� �����

>���@ 3LHUUH &ODLUDPEDXOW� 0DUF 'H 9LVPH� DQG *O\QQ :LQVNHO� *DPH VHPDQWLFV IRU TXDQWXP SURJUDPPLQJ�

3URFHHGLQJV RI WKH $&0 RQ 3URJUDPPLQJ /DQJXDJHV� ��323/����� �����

>���@ 5LFKDUG &OHYH� $UWXU (NHUW� &KLDUD 0DFFKLDYHOOR� DQG 0LFKHOH 0RVFD� 4XDQWXP DOJRULWKPV UHYLVLWHG�

3URFHHGLQJV RI WKH 5R\DO 6RFLHW\ RI /RQGRQ� 6HULHV $� 0DWKHPDWLFDO� 3K\VLFDO DQG (QJLQHHULQJ

6FLHQFHV� �������������²���� �����

>���@ %RE &RHFNH DQG $OHNV .LVVLQJHU� 3LFWXULQJ TXDQWXP SURFHVVHV� &DPEULGJH 8QLYHUVLW\ 3UHVV� �����

>���@ %RE &RHFNH DQG $OHNV .LVVLQJHU� 3LFWXULQJ TXDQWXP SURFHVVHV� ,Q ,QWHUQDWLRQDO &RQIHUHQFH RQ

7KHRU\ DQG $SSOLFDWLRQ RI 'LDJUDPV� SDJHV ��²��� 6SULQJHU� �����

>���@ -� ,� &ROOHVV� 9� 9� 5DPDVHVK� '� 'DKOHQ� 0� 6� %ORN� 0� (� .LPFKL�6FKZDUW]� -� 5� 0F&OHDQ� -� &DUWHU�

:� $� GH -RQJ� DQG ,� 6LGGLTL� &RPSXWDWLRQ RI PROHFXODU VSHFWUD RQ D TXDQWXP SURFHVVRU ZLWK DQ

HUURU�UHVLOLHQW DOJRULWKP� 3K\VLFDO 5HYLHZ ;� ��������� �����

>���@ (OLVDEHWWD &ROOLQL� &DWK\ < :RQJ� .U\VW\QD ( :LON� 3DXO 0* &XUPL� 3DXO %UXPHU� DQG *UHJRU\ '

6FKROHV� &RKHUHQWO\ ZLUHG OLJKW�KDUYHVWLQJ LQ SKRWRV\QWKHWLF PDULQH DOJDH DW DPELHQW WHPSHUDWXUH�

1DWXUH� �������������²���� �����

>���@ $UWKXU + &RPSWRQ� $ TXDQWXP WKHRU\ RI WKH VFDWWHULQJ RI ;�UD\V E\ OLJKW HOHPHQWV� 3K\VLFDO UHYLHZ�

���������� �����

>���@ 6WHSKHQ $ &RRN� 7KH FRPSOH[LW\ RI WKHRUHP�SURYLQJ SURFHGXUHV� ,Q 3URFHHGLQJV RI WKH WKLUG DQQXDO

$&0 V\PSRVLXP RQ 7KHRU\ RI FRPSXWLQJ� SDJHV ���²���� �����

>���@ -DPHV : &RROH\ DQG -RKQ : 7XNH\� $Q DOJRULWKP IRU WKH PDFKLQH FDOFXODWLRQ RI FRPSOH[ IRXULHU

VHULHV� 0DWKHPDWLFV RI FRPSXWDWLRQ� ����������²���� �����

>���@ $QGUHZ &URVV� 7KH LEP T H[SHULHQFH DQG TLVNLW RSHQ�VRXUFH TXDQWXP FRPSXWLQJ VRIWZDUH� %XOOHWLQ

RI WKH $PHULFDQ 3K\VLFDO 6RFLHW\� �����

>���@ $QGUHZ : &URVV� /HY 6 %LVKRS� -RKQ $ 6PROLQ� DQG -D\ 0 *DPEHWWD� 2SHQ TXDQWXP DVVHPEO\

ODQJXDJH� DU;LY SUHSULQW DU;LY������������ �����
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>���@ 7RE\ &XELWW DQG $VKOH\ 0RQWDQDUR� &RPSOH[LW\ FODVVLILFDWLRQ RI ORFDO KDPLOWRQLDQ SUREOHPV� 6,$0

-RXUQDO RQ &RPSXWLQJ� ���������²���� �����

>���@ *HRUJH &\EHQNR� 5HGXFLQJ TXDQWXP FRPSXWDWLRQV WR HOHPHQWDU\ XQLWDU\ RSHUDWLRQV� &RPSXWLQJ LQ

VFLHQFH 	 HQJLQHHULQJ� �������²��� �����

>���@ % 'DNLþ� 7RPDV] 3DWHUHN� DQG ÿ %UXNQHU� 'HQVLW\ FXEHV DQG KLJKHU�RUGHU LQWHUIHUHQFH WKHRULHV� 1HZ

-RXUQDO RI 3K\VLFV� ������������� �����

>���@ 8JR 'DO /DJR� $QGUHD 0DVLQL� DQG 0DUJKHULWD =RU]L� 4XDQWXP LPSOLFLW FRPSXWDWLRQDO FRPSOH[LW\�

7KHRUHWLFDO &RPSXWHU 6FLHQFH� ����������²���� �����

>���@ 0DULD /XLVD 'DOOD &KLDUD� 4XDQWXP ORJLF DQG SK\VLFDO PRGDOLWLHV� -RXUQDO RI 3KLORVRSKLFDO /RJLF� �

�������²���� �����

>���@ 0DULD /XLVD 'DOOD &KLDUD DQG 5REHUWR *LXQWLQL� 7KH ORJLFV RI RUWKRDOJHEUDV� 6WXGLD /RJLFD� ������

�²��� �����

>���@ 0DULD /XLVD 'DOOD &KLDUD� 5REHUWR *LXQWLQL� DQG 5LFKDUG *UHHFKLH� 5HDVRQLQJ LQ TXDQWXP WKHRU\�

VKDUS DQG XQVKDUS TXDQWXP ORJLFV� YROXPH ��� 6SULQJHU 6FLHQFH 	 %XVLQHVV 0HGLD� �����

>���@ *0 '·$ULDQR� & 0DFFKLDYHOOR� DQG 0) 6DFFKL� 2Q WKH JHQHUDO SUREOHP RI TXDQWXP SKDVH HVWLPDWLRQ�

3K\VLFV /HWWHUV $� ����������²���� �����

>���@ $UQDE 'DV DQG %LNDV . &KDNUDEDUWL� &ROORTXLXP� 4XDQWXP DQQHDOLQJ DQG DQDORJ TXDQWXP FRPSXWD�

WLRQ� 5HYLHZV RI 0RGHUQ 3K\VLFV� ����������� �����

>���@ /RXLV 'H %URJOLH� 5HFKHUFKHV VXU OD WKpRULH GHV TXDQWD� 3K' WKHVLV� 0LJUDWLRQ�XQLYHUVLWp HQ FRXUV

G·DIIHFWDWLRQ� �����

>���@ -RKDQQ 'HLVHQKRIHU DQG +DUWPXW 0LFKHO� 7KH SKRWRV\QWKHWLF UHDFWLRQ FHQWHU IURP WKH SXUSOH

EDFWHULXP UKRGRSVHXGRPRQDV YLULGLV� 6FLHQFH� ��������������²����� �����

>���@ -RKQ 6 'HQNHU� $ UHYLHZ RI DGLDEDWLF FRPSXWLQJ� ,Q /RZ SRZHU HOHFWURQLFV� ����� 'LJHVW RI WHFKQLFDO

SDSHUV�� ,((( V\PSRVLXP� SDJHV ��²��� ,(((� �����

>���@ 'DYLG 'HXWVFK� 4XDQWXP WKHRU\� WKH &KXUFK�7XULQJ SULQFLSOH DQG WKH XQLYHUVDO TXDQWXP FRPSXWHU�

,Q 3URFHHGLQJV RI WKH 5R\DO 6RFLHW\ RI /RQGRQ $� 0DWKHPDWLFDO� 3K\VLFDO DQG (QJLQHHULQJ 6FLHQFHV�

YROXPH ���� SDJHV ��²���� 7KH 5R\DO 6RFLHW\� �����

>���@ 'DYLG 'HXWVFK� 4XDQWXP FRPSXWDWLRQDO QHWZRUNV� ,Q 3URFHHGLQJV RI WKH 5R\DO 6RFLHW\ RI /RQGRQ $�

0DWKHPDWLFDO� 3K\VLFDO DQG (QJLQHHULQJ 6FLHQFHV� YROXPH ���� SDJHV ��²��� 7KH 5R\DO 6RFLHW\�

�����
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>���@ 'DYLG 'HXWVFK� 4XDQWXP PHFKDQLFV QHDU FORVHG WLPHOLNH OLQHV� 3K\VLFDO 5HYLHZ '� ������������

�����

>���@ 'DYLG 'HXWVFK� 7KH EHJLQQLQJ RI LQILQLW\� ([SODQDWLRQV WKDW WUDQVIRUP WKH ZRUOG� 3HQJXLQ 8.� �����

>���@ 'DYLG 'HXWVFK DQG 5LFKDUG -R]VD� 5DSLG VROXWLRQ RI SUREOHPV E\ TXDQWXP FRPSXWDWLRQ� ,Q 3URFHHG�

LQJV RI WKH 5R\DO 6RFLHW\ RI /RQGRQ $� 0DWKHPDWLFDO� 3K\VLFDO DQG (QJLQHHULQJ 6FLHQFHV� YROXPH

���� SDJHV ���²���� 7KH 5R\DO 6RFLHW\� �����

>���@ (OOLH '·KRQGW DQG 3UDNDVK 3DQDQJDGHQ� 4XDQWXP ZHDNHVW SUHFRQGLWLRQV� 0DWKHPDWLFDO 6WUXFWXUHV

LQ &RPSXWHU 6FLHQFH� ���������²���� �����

>���@ <RQJFKHQJ 'LQJ� ;L &KHQ� /XFDV /DPDWD� (QULTXH 6RODQR� DQG 0LNHO 6DQ]� /RJLVWLF QHWZRUN GHVLJQ

ZLWK D G�ZDYH TXDQWXP DQQHDOHU� DU;LY SUHSULQW DU;LY������������ �����

>���@ 3DXO $GULHQ 0DXULFH 'LUDF� $ QHZ QRWDWLRQ IRU TXDQWXP PHFKDQLFV� ,Q 0DWKHPDWLFDO 3URFHHGLQJV

RI WKH &DPEULGJH 3KLORVRSKLFDO 6RFLHW\� YROXPH ��� SDJHV ���²���� &DPEULGJH 8QLYHUVLW\ 3UHVV�

�����

>���@ 3DXO $GULHQ 0DXULFH 'LUDF� 7KH SULQFLSOHV RI TXDQWXP PHFKDQLFV� 1XPEHU ��� 2[IRUG XQLYHUVLW\

SUHVV� �����

>���@ 'DYLG 3 'L9LQFHQ]R� 7ZR�ELW JDWHV DUH XQLYHUVDO IRU TXDQWXP FRPSXWDWLRQ� 3K\VLFDO 5HYLHZ $� ������

����� �����

>���@ - 0LFKDHO 'XQQ� 7RELDV - +DJJH� /DZUHQFH 6 0RVV� DQG =KHQJKDQ :DQJ� 4XDQWXP ORJLF DV PRWLYDWHG

E\ TXDQWXP FRPSXWLQJ� 7KH -RXUQDO RI 6\PEROLF /RJLF� ���������²���� �����

>���@ $OEHUW (LQVWHLQ� 7KH SKRWRHOHFWULF HIIHFW� $QQ� 3K\V� ������� �����

>���@ $OEHUW (LQVWHLQ� %RULV 3RGROVN\� DQG 1DWKDQ 5RVHQ� &DQ TXDQWXP�PHFKDQLFDO GHVFULSWLRQ RI SK\VLFDO

UHDOLW\ EH FRQVLGHUHG FRPSOHWH" 3K\VLFDO UHYLHZ� ����������� �����

>���@ -HQV (LVHUW DQG +DQV - %ULHJHO� 6FKPLGW PHDVXUH DV D WRRO IRU TXDQWLI\LQJ PXOWLSDUWLFOH HQWDQJOHPHQW�

3K\VLFDO 5HYLHZ $� ������������� �����

>���@ *UHJRU\ 6 (QJHO� 7HVVD 5 &DOKRXQ� (OL]DEHWK / 5HDG� 7DH�.\X $KQ� 7RPiå 0DQĀDO� <XDQ�&KXQJ

&KHQJ� 5REHUW ( %ODQNHQVKLS� DQG *UDKDP 5 )OHPLQJ� (YLGHQFH IRU ZDYHOLNH HQHUJ\ WUDQVIHU WKURXJK

TXDQWXP FRKHUHQFH LQ SKRWRV\QWKHWLF V\VWHPV� 1DWXUH� �������������²���� �����

>���@ 0DUN (WWLQJHU DQG 3HWHU +R\HU� $ TXDQWXP REVHUYDEOH IRU WKH JUDSK LVRPRUSKLVP SUREOHP� DU;LY

SUHSULQW TXDQW�SK��������� �����
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>���@ 0DUN (WWLQJHU� 3HWHU +R\HU� DQG (PDQXHO .QLOO� +LGGHQ VXEJURXS VWDWHV DUH DOPRVW RUWKRJRQDO� DU;LY

SUHSULQW TXDQW�SK��������� �����

>���@ (GZDUG )DUKL DQG $UDP : +DUURZ� 4XDQWXP VXSUHPDF\ WKURXJK WKH TXDQWXP DSSUR[LPDWH RSWL�

PL]DWLRQ DOJRULWKP� DU;LY SUHSULQW DU;LY������������ �����

>���@ (GZDUG )DUKL� -HIIUH\ *ROGVWRQH� 6DP *XWPDQQ� DQG 0LFKDHO 6LSVHU� 4XDQWXP FRPSXWDWLRQ E\

DGLDEDWLF HYROXWLRQ� DU;LY SUHSULQW TXDQW�SK��������� �����

>���@ (GZDUG )DUKL� -HIIUH\ *ROGVWRQH� 6DP *XWPDQQ� -RVKXD /DSDQ� $QGUHZ /XQGJUHQ� DQG 'DQLHO 3UHGD�

$ TXDQWXP DGLDEDWLF HYROXWLRQ DOJRULWKP DSSOLHG WR UDQGRP LQVWDQFHV RI DQ QS�FRPSOHWH SUREOHP�

6FLHQFH� �������������²���� �����

>���@ (GZDUG )DUKL� -HIIUH\ *ROGVWRQH� DQG 6DP *XWPDQQ� $ TXDQWXP DSSUR[LPDWH RSWLPL]DWLRQ DOJRULWKP�

DU;LY SUHSULQW DU;LY����������� �����

>���@ 5LFKDUG 3 )H\QPDQ� 6LPXODWLQJ SK\VLFV ZLWK FRPSXWHUV� ,QWHUQDWLRQDO MRXUQDO RI WKHRUHWLFDO SK\VLFV�

�����������²���� �����

>���@ 5LFKDUG 3KLOOLSV )H\QPDQ DQG )/ 9HUQRQ -U� 7KH WKHRU\ RI D JHQHUDO TXDQWXP V\VWHP LQWHUDFWLQJ

ZLWK D OLQHDU GLVVLSDWLYH V\VWHP� $QQDOV RI 3K\VLFV� ������²���� �����

>���@ $OHWD %HUN )LQQLOD� 0$ *RPH]� & 6HEHQLN� &DWKHULQH 6WHQVRQ� DQG -LPPLH ' 'ROO� 4XDQWXP

DQQHDOLQJ� D QHZ PHWKRG IRU PLQLPL]LQJ PXOWLGLPHQVLRQDO IXQFWLRQV� &KHPLFDO SK\VLFV OHWWHUV� ���

���������²���� �����

>���@ *UDKDP 5 )OHPLQJ DQG 5LHQN 9DQ *URQGHOOH� 7KH SULPDU\ VWHSV RI SKRWRV\QWKHVLV� 3K\VLFV 7RGD\�

��������²��� �����

>���@ /DQFH )RUWQRZ� 2QH FRPSOH[LW\ WKHRULVW·V YLHZ RI TXDQWXP FRPSXWLQJ� 7KHRUHWLFDO &RPSXWHU 6FLHQFH�

����������²���� �����

>���@ /DQFH )RUWQRZ� 7KH VWDWXV RI WKH S YHUVXV QS SUREOHP� &RPPXQLFDWLRQV RI WKH $&0� ��������²���

�����

>���@ /DQFH )RUWQRZ DQG -RKQ 5RJHUV� &RPSOH[LW\ OLPLWDWLRQV RQ TXDQWXP FRPSXWDWLRQ� ,Q &RPSXWDWLRQDO

&RPSOH[LW\� ����� 3URFHHGLQJV� 7KLUWHHQWK $QQXDO ,((( &RQIHUHQFH RQ� SDJHV ���²���� ,(((� �����
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DQG WUDQVODWLQJ FRVHW LQ TXDQWXP FRPSXWLQJ� 6,$0 -RXUQDO RQ &RPSXWLQJ� �������²��� �����
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,Q )RXQGDWLRQV 2I 4XDQWXP 0HFKDQLFV ,Q 7KH /LJKW 2I 1HZ 7HFKQRORJ\� 6HOHFWHG 3DSHUV IURP

WKH 3URFHHGLQJV RI WKH )LUVW WKURXJK )RXUWK ,QWHUQDWLRQDO 6\PSRVLD RQ )RXQGDWLRQV RI 4XDQWXP

0HFKDQLFV� SDJHV ���²���� :RUOG 6FLHQWLILF� �����
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>���@ -RVp 'LRJR *XLPDUmHV� &DUORV 7DYDUHV� /XtV 6RDUHV %DUERVD� DQG 0LNKDLO ,� 9DVLOHYVNL\� 6LPXODWLRQ
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>���@ 1� '� *XUDY� 6� 3� *HMML� DQG 5� .� 3DWKDN� (OHFWURQLF 6WDUN HIIHFW IRU D VLQJOH PROHFXOH� 7KHRUHWLFDO

89 UHVSRQVH� &RPSXWDWLRQDO DQG 7KHRUHWLFDO &KHPLVWU\� �������� �����

>���@ 'HYHQV *XVW� 7KRPDV $ 0RRUH� DQG $QD / 0RRUH� 0LPLFNLQJ SKRWRV\QWKHWLF VRODU HQHUJ\ WUDQVGXFWLRQ�

$FFRXQWV RI &KHPLFDO 5HVHDUFK� ��������²��� �����

>���@ 'HYHQV *XVW� 7KRPDV $ 0RRUH� DQG $QD / 0RRUH� 6RODU IXHOV YLD DUWLILFLDO SKRWRV\QWKHVLV� $FFRXQWV

RI &KHPLFDO 5HVHDUFK� �����������²����� �����

>���@ +HUPDQQ +DNHQ DQG *HUW 6WUREO� $Q H[DFWO\ VROYDEOH PRGHO IRU FRKHUHQW DQG LQFRKHUHQW H[FLWRQ

PRWLRQ� =HLWVFKULIW I�U 3K\VLN $ +DGURQV DQG QXFOHL� ����������²���� �����

>���@ 6HDQ +DOOJUHQ� )DVW TXDQWXP DOJRULWKPV IRU FRPSXWLQJ WKH XQLW JURXS DQG FODVV JURXS RI D QXPEHU

ILHOG� ,Q 3URFHHGLQJV RI WKH WKLUW\�VHYHQWK DQQXDO $&0 V\PSRVLXP RQ 7KHRU\ RI FRPSXWLQJ� SDJHV

���²���� $&0� �����
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>���@ 6HDQ +DOOJUHQ� 3RO\QRPLDO�WLPH TXDQWXP DOJRULWKPV IRU SHOO·V HTXDWLRQ DQG WKH SULQFLSDO LGHDO

SUREOHP� -RXUQDO RI WKH $&0 �-$&0�� �������� �����

>���@ 6HDQ +DOOJUHQ� $OH[DQGHU 5XVVHOO� DQG $PQRQ 7D�6KPD� 1RUPDO VXEJURXS UHFRQVWUXFWLRQ DQG

TXDQWXP FRPSXWDWLRQ XVLQJ JURXS UHSUHVHQWDWLRQV� ,Q 3URFHHGLQJV RI WKH WKLUW\�VHFRQG DQQXDO $&0

V\PSRVLXP RQ 7KHRU\ RI FRPSXWLQJ� SDJHV ���²���� $&0� �����

>���@ 6HDQ +DOOJUHQ� &ULVWRSKHU 0RRUH� 0DUWLQ 5|WWHOHU� $OH[DQGHU 5XVVHOO� DQG 3UDQDE 6HQ� /LPLWDWLRQV RI
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6SULQJHU� �����

>���@ 'DYLG +DUHO� 'H[WHU .R]HQ� DQG -HU]\ 7LXU\Q� '\QDPLF ORJLF� ,Q +DQGERRN RI SKLORVRSKLFDO ORJLF�

SDJHV ��²���� 6SULQJHU� �����

>���@ $UDP : +DUURZ� $YLQDWDQ +DVVLGLP� DQG 6HWK /OR\G� 4XDQWXP DOJRULWKP IRU OLQHDU V\VWHPV RI

HTXDWLRQV� 3K\VLFDO UHYLHZ OHWWHUV� ��������������� �����

>���@ 0DWWKHZ % +DVWLQJV� 'DYH :HFNHU� %HOD %DXHU� DQG 0DWWKLDV 7UR\HU� ,PSURYLQJ TXDQWXP DOJRULWKPV

IRU TXDQWXP FKHPLVWU\� DU;LY SUHSULQW DU;LY����������� �����

>���@ ,FKLUR +DVXR DQG 1DRKLNR +RVKLQR� 6HPDQWLFV RI KLJKHU�RUGHU TXDQWXP FRPSXWDWLRQ YLD JHRPHWU\ RI

LQWHUDFWLRQ� $QQDOV RI 3XUH DQG $SSOLHG /RJLF� ����������²���� �����

>���@ 6WHSKHQ : +DZNLQJ� &KURQRORJ\ SURWHFWLRQ FRQMHFWXUH� 3K\VLFDO 5HYLHZ '� ���������� �����

>���@ :DUUHQ - +HKUH� 5REHUW ) 6WHZDUW� DQG -RKQ $ 3RSOH� 6HOI�FRQVLVWHQW PROHFXODU�RUELWDO PHWKRGV� L�

XVH RI JDXVVLDQ H[SDQVLRQV RI VODWHU�W\SH DWRPLF RUELWDOV� 7KH -RXUQDO RI &KHPLFDO 3K\VLFV� ������

����²����� �����

>���@ :HUQHU +HLVHQEHUJ� hEHU GHQ DQVFKDXOLFKHQ ,QKDOW GHU TXDQWHQWKHRUHWLVFKHQ .LQHPDWLN XQG

0HFKDQLN� =HLWVFKULIW I�U 3K\VLN� �����������²���� �����

>���@ 5D\PRQG +HPPHFNH� 0DWWKLDV .|SSH� -RQ /HH� DQG 5REHUW :HLVPDQWHO� 1RQOLQHDU LQWHJHU SURJUDP�

PLQJ� ,Q �� <HDUV RI ,QWHJHU 3URJUDPPLQJ ���������� SDJHV ���²���� 6SULQJHU� �����

>���@ 0DWWKHZ +HQQHVV\ DQG 5RELQ 0LOQHU� 2Q REVHUYLQJ QRQGHWHUPLQLVP DQG FRQFXUUHQF\� ,Q ,QWHUQDWLRQDO

&ROORTXLXP RQ $XWRPDWD� /DQJXDJHV� DQG 3URJUDPPLQJ� SDJHV ���²���� 6SULQJHU� �����
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>���@ 5LFKDUG +LOGQHU� 'DDQ %ULQNV� -DQD % 1LHGHU� 5LFKDUG - &RJGHOO� DQG 1LHN ) YDQ +XOVW� 4XDQWXP
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�����������²����� �����

>���@ &KDUOHV $QWRQ\ 5LFKDUG +RDUH� $Q D[LRPDWLF EDVLV IRU FRPSXWHU SURJUDPPLQJ� &RPPXQLFDWLRQV RI
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>���@ .RGL +XVLPL� 6WXGLHV RQ WKH IRXQGDWLRQ RI TXDQWXP PHFKDQLFV� L� 3URFHHGLQJV RI WKH 3K\VLFR�

0DWKHPDWLFDO 6RFLHW\ RI -DSDQ� �UG 6HULHV� ������²���� �����

>���@ .D]XNL ,NHGD� <XPD 1DNDPXUD� DQG 7UDYLV 6 +XPEOH� $SSOLFDWLRQ RI TXDQWXP DQQHDOLQJ WR QXUVH

VFKHGXOLQJ SUREOHP� 6FLHQWLILF UHSRUWV� ������²��� �����

>���@ <RVKLIXPL ,QXL DQG )UDQoRLV /H *DOO� $Q HIILFLHQW DOJRULWKP IRU WKH KLGGHQ VXEJURXS SUREOHP RYHU D

FODVV RI VHPL�GLUHFW SURGXFW JURXSV� 7HFKQLFDO UHSRUW� �����

>���@ &KULVWRSKHU - ,VKDP� 4XDQWXP ORJLF DQG WKH KLVWRULHV DSSURDFK WR TXDQWXP WKHRU\� -RXUQDO RI

0DWKHPDWLFDO 3K\VLFV� ����������²����� �����

>���@ $NLKLWR ,VKL]DNL DQG <RVKLWDND 7DQLPXUD� 1RQSHUWXUEDWLYH QRQ�PDUNRYLDQ TXDQWXP PDVWHU HTXDWLRQ�

9DOLGLW\ DQG OLPLWDWLRQ WR FDOFXODWH QRQOLQHDU UHVSRQVH IXQFWLRQV� &KHPLFDO 3K\VLFV� ������������²����

�����

>���@ *iERU ,YDQ\RV� )UpGpULF 0DJQLH]� DQG 0LNORV 6DQWKD� (IILFLHQW TXDQWXP DOJRULWKPV IRU VRPH LQVWDQFHV

RI WKH QRQ�DEHOLDQ KLGGHQ VXEJURXS SUREOHP� ,QWHUQDWLRQDO -RXUQDO RI )RXQGDWLRQV RI &RPSXWHU

6FLHQFH� ����������²���� �����

>���@ 5DKXO -DLQ� =KHQJIHQJ -L� 6DUYDJ\D 8SDGK\D\� DQG -RKQ :DWURXV� 4LS SVSDFH� &RPPXQLFDWLRQV RI
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DQG G� VSHLVHU�·� -� 0DWK� 3K\V� ������ �����

>���@ -DQ -HVNH� 'DYLG - ,QJ� 0DUWLQ % 3OHQLR� 6XVDQD ) +XHOJD� DQG -DUHG + &ROH� %ORFK�UHGILHOG HTXDWLRQV
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>���@ %RJXPLO -H]LRUVNL DQG +HQGULN - 0RQNKRUVW� &RXSOHG�FOXVWHU PHWKRG IRU PXOWLGHWHUPLQDQWDO UHIHUHQFH

VWDWHV� 3K\VLFDO 5HYLHZ $� ����������� �����

>���@ - 5REHUW -RKDQVVRQ� 3DXO ' 1DWLRQ� DQG )UDQFR 1RUL� 4XWLS� $Q RSHQ�VRXUFH S\WKRQ IUDPHZRUN IRU

WKH G\QDPLFV RI RSHQ TXDQWXP V\VWHPV� &RPSXWHU 3K\VLFV &RPPXQLFDWLRQV� �����������²�����
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>���@ 5LFKDUG -R]VD DQG 1RDK /LQGHQ� 2Q WKH UROH RI HQWDQJOHPHQW LQ TXDQWXP�FRPSXWDWLRQDO VSHHG�XS�

3URFHHGLQJV RI WKH 5R\DO 6RFLHW\ RI /RQGRQ� 6HULHV $� 0DWKHPDWLFDO� 3K\VLFDO DQG (QJLQHHULQJ

6FLHQFHV� ��������������²����� �����

>���@ 7DGDVKL .DGRZDNL DQG +LGHWRVKL 1LVKLPRUL� 4XDQWXP DQQHDOLQJ LQ WKH WUDQVYHUVH LVLQJ PRGHO�
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>���@ *XGUXQ .DOPEDFK� 2UWKRPRGXODU ODWWLFHV� 1XPEHU ��� $FDGHPLF 3UHVV� �����
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DQG -D\ 0 *DPEHWWD� +DUGZDUH�HIILFLHQW YDULDWLRQDO TXDQWXP HLJHQVROYHU IRU VPDOO PROHFXOHV DQG

TXDQWXP PDJQHWV� 1DWXUH� �������������� �����

>���@ 5LFKDUG 0 .DUS� 5HGXFLELOLW\ DPRQJ FRPELQDWRULDO SUREOHPV� ,Q &RPSOH[LW\ RI FRPSXWHU FRPSXWDWLRQV�

SDJHV ��²���� 6SULQJHU� �����

>���@ ,YDQ .DVVDO DQG $OiQ $VSXUX�*X]LN� 4XDQWXP DOJRULWKP IRU PROHFXODU SURSHUWLHV DQG JHRPHWU\
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:DQJ� 7KH XQFRQVWUDLQHG ELQDU\ TXDGUDWLF SURJUDPPLQJ SUREOHP� D VXUYH\� -RXUQDO RI &RPELQDWRULDO

2SWLPL]DWLRQ� ��������²��� �����

>���@ 'H[WHU .R]HQ� 6HPDQWLFV RI SUREDELOLVWLF SURJUDPV� -RXUQDO RI FRPSXWHU DQG V\VWHP VFLHQFHV� ��

�������²���� �����

>���@ 'H[WHU .R]HQ� $ SUREDELOLVWLF SGO� -RXUQDO RI &RPSXWHU DQG 6\VWHP 6FLHQFHV� ���������²���� �����

>���@ 3KLOLS .UDQW]� 0RUWHQ .MDHUJDDUG� )HL <DQ� 7HUU\ 3 2UODQGR� 6LPRQ *XVWDYVVRQ� DQG :LOOLDP ' 2OLYHU�

$ TXDQWXP HQJLQHHU·V JXLGH WR VXSHUFRQGXFWLQJ TXELWV� $SSOLHG 3K\VLFV 5HYLHZV� ������������

�����

>���@ *UHJ .XSHUEHUJ� $ VXEH[SRQHQWLDO�WLPH TXDQWXP DOJRULWKP IRU WKH GLKHGUDO KLGGHQ VXEJURXS SUREOHP�

6,$0 -RXUQDO RQ &RPSXWLQJ� ���������²���� �����

>���@ 1HLOO /DPEHUW� <XHK�1DQ &KHQ� <XDQ�&KXQJ &KHQJ� &KH�0LQJ /L� *XDQJ�<LQ &KHQ� DQG )UDQFR 1RUL�

4XDQWXP ELRORJ\� 1DWXUH 3K\VLFV� �������²��� �����

>���@ %HQMDPLQ 3 /DQ\RQ� -DPHV ' :KLWILHOG� *HRII * *LOOHWW� 0LFKDHO ( *RJJLQ� 0DUFHOR 3 $OPHLGD� ,YDQ

.DVVDO� -DFRE ' %LDPRQWH� 0DVRXG 0RKVHQL� %HQ - 3RZHOO� 0DUFR %DUELHUL� HW DO� 7RZDUGV TXDQWXP

FKHPLVWU\ RQ D TXDQWXP FRPSXWHU� 1DWXUH FKHPLVWU\� ��������� �����

151



bibliography 152

>���@ &LDUiQ 0 /HH DQG -RKQ + 6HOE\� +LJKHU�RUGHU LQWHUIHUHQFH LQ H[WHQVLRQV RI TXDQWXP WKHRU\� )RXQGD�

WLRQV RI 3K\VLFV� ��������²���� �����

>���@ +RKMDL /HH� <XDQ�&KXQJ &KHQJ� DQG *UDKDP 5 )OHPLQJ� &RKHUHQFH G\QDPLFV LQ SKRWRV\QWKHVLV�

SURWHLQ SURWHFWLRQ RI H[FLWRQLF FRKHUHQFH� 6FLHQFH� ��������������²����� �����

>���@ -DQ $ /HHJZDWHU� &RKHUHQW YHUVXV LQFRKHUHQW HQHUJ\ WUDQVIHU DQG WUDSSLQJ LQ SKRWRV\QWKHWLF DQWHQQD

FRPSOH[HV� 7KH -RXUQDO RI 3K\VLFDO &KHPLVWU\� �������������²������ �����

>���@ ,�1� /HYLQH� 4XDQWXP &KHPLVWU\� 3HDUVRQ DGYDQFHG FKHPLVWU\ VHULHV� 3HDUVRQ� ����� ,6%1

�������������� 85/ KWWSV���ERRNV�JRRJOH�SW�ERRNV"LG KW�M04($&$$-�

>���@ 1DWKDQ 6 /HZLV� 5HVHDUFK RSSRUWXQLWLHV WR DGYDQFH VRODU HQHUJ\ XWLOL]DWLRQ� 6FLHQFH� ����������

�����

>���@ &KL�.ZRQJ /L� 5HEHFFD 5REHUWV� DQG ;LDR\DQ <LQ� 'HFRPSRVLWLRQ RI XQLWDU\ PDWULFHV DQG TXDQWXP

JDWHV� ,QWHUQDWLRQDO -RXUQDO RI 4XDQWXP ,QIRUPDWLRQ� ��������������� �����

>���@ 'DQLHO $ /LGDU DQG +DRELQ :DQJ� &DOFXODWLQJ WKH WKHUPDO UDWH FRQVWDQW ZLWK H[SRQHQWLDO VSHHGXS RQ

D TXDQWXP FRPSXWHU� 3K\VLFDO 5HYLHZ (� ����������� �����

>���@ -XQ\L /LX� %RKXD =KDQ� 6KXOLQJ :DQJ� 6KHQJJDQJ <LQJ� 7DR /LX� <DQJMLD /L� 0LQJVKHQJ <LQJ� DQG

1DLMXQ =KDQ� )RUPDO YHULILFDWLRQ RI TXDQWXP DOJRULWKPV XVLQJ TXDQWXP KRDUH ORJLF� ,Q ,QWHUQDWLRQDO

FRQIHUHQFH RQ FRPSXWHU DLGHG YHULILFDWLRQ� SDJHV ���²���� 6SULQJHU� �����

>���@ 6HWK /OR\G� $OPRVW DQ\ TXDQWXP ORJLF JDWH LV XQLYHUVDO� 3K\VLFDO 5HYLHZ /HWWHUV� ���������� �����

>���@ 6HWK /OR\G� 8QLYHUVDO TXDQWXP VLPXODWRUV� 6FLHQFH� SDJHV ����²����� �����

>���@ 6HWK /OR\G� 4XDQWXP VHDUFK ZLWKRXW HQWDQJOHPHQW� 3K\VLFDO 5HYLHZ $� ������������� �����

>���@ 6HWK /OR\G DQG 6DPXHO / %UDXQVWHLQ� 4XDQWXP FRPSXWDWLRQ RYHU FRQWLQXRXV YDULDEOHV� ,Q 4XDQWXP

LQIRUPDWLRQ ZLWK FRQWLQXRXV YDULDEOHV� SDJHV �²��� 6SULQJHU� �����

>���@ 6HWK /OR\G� /RUHQ]R 0DFFRQH� 5DXO *DUFLD�3DWURQ� 9LWWRULR *LRYDQQHWWL� <XWDND 6KLNDQR� 6WHIDQR

3LUDQGROD� /HH $ 5R]HPD� $UGDYDQ 'DUDEL� <DVDPDQ 6RXGDJDU� /\QGHQ . 6KDOP� HW DO� &ORVHG

WLPHOLNH FXUYHV YLD SRVWVHOHFWLRQ� WKHRU\ DQG H[SHULPHQWDO WHVW RI FRQVLVWHQF\� 3K\VLFDO UHYLHZ OHWWHUV�

�������������� �����

>���@ 1HLO % /RYHWW� 6DOO\ &RRSHU� 0DWWKHZ (YHULWW� 0DWWKHZ 7UHYHUV� DQG 9LY .HQGRQ� 8QLYHUVDO TXDQWXP

FRPSXWDWLRQ XVLQJ WKH GLVFUHWH�WLPH TXDQWXP ZDON� 3K\VLFDO 5HYLHZ $� ������������� �����
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>���@ *XDQJ +DR /RZ� +DPLOWRQLDQ VLPXODWLRQ ZLWK QHDUO\ RSWLPDO GHSHQGHQFH RQ VSHFWUDO QRUP� ,Q

3URFHHGLQJV RI WKH ��VW $QQXDO $&0 6,*$&7 6\PSRVLXP RQ 7KHRU\ RI &RPSXWLQJ� SDJHV ���²����

�����

>���@ *XDQJ +DR /RZ DQG ,VDDF / &KXDQJ� 2SWLPDO KDPLOWRQLDQ VLPXODWLRQ E\ TXDQWXP VLJQDO SURFHVVLQJ�

3K\VLFDO UHYLHZ OHWWHUV� �������������� �����

>���@ *XDQJ +DR /RZ DQG ,VDDF / &KXDQJ� +DPLOWRQLDQ VLPXODWLRQ E\ TXELWL]DWLRQ� 4XDQWXP� ������

�����

>���@ *XDQJ +DR /RZ DQG 1DWKDQ :LHEH� +DPLOWRQLDQ VLPXODWLRQ LQ WKH LQWHUDFWLRQ SLFWXUH� DU;LY SUHSULQW

DU;LY������������ �����

>���@ $QGUHZ /XFDV� ,VLQJ IRUPXODWLRQV RI PDQ\ QS SUREOHPV� )URQWLHUV LQ 3K\VLFV� ���� �����

>���@ )UpGpULF 0DJQLH]� $VKZLQ 1D\DN� 3HWHU & 5LFKWHU� DQG 0LNORV 6DQWKD� 2Q WKH KLWWLQJ WLPHV RI TXDQWXP

YHUVXV UDQGRP ZDONV� $OJRULWKPLFD� ��������²���� �����

>���@ 2FWDYLR 0DOKHUEH� &DWHJRULFDO PRGHOV RI FRPSXWDWLRQ� SDUWLDOO\ WUDFHG FDWHJRULHV DQG SUHVKHDI

PRGHOV RI TXDQWXP FRPSXWDWLRQ� DU;LY SUHSULQW DU;LY����������� �����

>���@ $QGUHD 0DUL DQG -HQV (LVHUW� 3RVLWLYH ZLJQHU IXQFWLRQV UHQGHU FODVVLFDO VLPXODWLRQ RI TXDQWXP

FRPSXWDWLRQ HIILFLHQW� 3K\VLFDO UHYLHZ OHWWHUV� ��������������� �����

>���@ ,JRU / 0DUNRY DQG <DR\XQ 6KL� 6LPXODWLQJ TXDQWXP FRPSXWDWLRQ E\ FRQWUDFWLQJ WHQVRU QHWZRUNV�

6,$0 -RXUQDO RQ &RPSXWLQJ� ���������²���� �����

>���@ 3DXOR 0DWHXV DQG $PtOFDU 6HUQDGDV� ([RJHQRXV TXDQWXP ORJLF� ,Q 3URFHHGLQJV RI &RPE/RJ�

YROXPH �� SDJHV ���²���� �����

>���@ .HQ 0DWVXPRWR DQG .D]X\XNL $PDQR� 5HSUHVHQWDWLRQ RI TXDQWXP FLUFXLWV ZLWK FOLIIRUG DQG

\𝑝𝑖/8
JDWHV� DU;LY SUHSULQW DU;LY����������� �����

>���@ -DUURG 5 0F&OHDQ� -RQDWKDQ 5RPHUR� 5\DQ %DEEXVK� DQG $OiQ $VSXUX�*X]LN� 7KH WKHRU\ RI YDULDWLRQDO

K\EULG TXDQWXP�FODVVLFDO DOJRULWKPV� 1HZ -RXUQDO RI 3K\VLFV� ������������� �����

>���@ 1LFRODV & 0HQLFXFFL� 3HWHU 9DQ /RRFN� 0LOH *X� &KULVWLDQ :HHGEURRN� 7LPRWK\ & 5DOSK� DQG 0LFKDHO $

1LHOVHQ� 8QLYHUVDO TXDQWXP FRPSXWDWLRQ ZLWK FRQWLQXRXV�YDULDEOH FOXVWHU VWDWHV� 3K\VLFDO UHYLHZ

OHWWHUV� �������������� �����
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>���@ 0DVRXG 0RKVHQL� <DVVHU 2PDU� *UHJRU\ 6 (QJHO� DQG 0DUWLQ % 3OHQLR� 4XDQWXP HIIHFWV LQ ELRORJ\�

&DPEULGJH 8QLYHUVLW\ 3UHVV� �����

>���@ 1LNRODM 0ROO� 3DQDJLRWLV %DUNRXWVRV� /HY 6 %LVKRS� -HUU\ 0 &KRZ� $QGUHZ &URVV� 'DQLHO - (JJHU�

6WHIDQ )LOLSS� $QGUHDV )XKUHU� -D\ 0 *DPEHWWD� 0DUF *DQ]KRUQ� HW DO� 4XDQWXP RSWLPL]DWLRQ XVLQJ

YDULDWLRQDO DOJRULWKPV RQ QHDU�WHUP TXDQWXP GHYLFHV� DU;LY SUHSULQW DU;LY������������ �����

>���@ 1LNRODM 0ROO� 3DQDJLRWLV %DUNRXWVRV� /HY 6 %LVKRS� -HUU\ 0 &KRZ� $QGUHZ &URVV� 'DQLHO - (JJHU�

6WHIDQ )LOLSS� $QGUHDV )XKUHU� -D\ 0 *DPEHWWD� 0DUF *DQ]KRUQ� HW DO� 4XDQWXP RSWLPL]DWLRQ XVLQJ

YDULDWLRQDO DOJRULWKPV RQ QHDU�WHUP TXDQWXP GHYLFHV� 4XDQWXP 6FLHQFH DQG 7HFKQRORJ\� �����

������� �����

>���@ 0DXUR (6 0RUDOHV� 7LPXU 7O\DFKHY� DQG -DFRE %LDPRQWH� 9DULDWLRQDO OHDUQLQJ RI JURYHU·V TXDQWXP

VHDUFK DOJRULWKP� 3K\VLFDO 5HYLHZ $� ������������� �����

>���@ 0LFKHOH 0RVFD� $EHOLDQ KLGGHQ VXEJURXS SUREOHP� (QF\FORSHGLD RI $OJRULWKPV� SDJHV �²��� �����

>���@ 0LFKHOH 0RVFD� 4XDQWXP DOJRULWKPV� DU;LY SUHSULQW DU;LY����������� �����

>���@ 6DUDK 0RVWDPH� 3DWULFN 5HEHQWURVW� $OH[DQGHU (LVIHOG� $QGUHZ - .HUPDQ� 'LPLWULV , 7VRPRNRV� DQG

$ODQ $VSXUX�*X]LN� 4XDQWXP VLPXODWRU RI DQ RSHQ TXDQWXP V\VWHP XVLQJ VXSHUFRQGXFWLQJ TXELWV�

H[FLWRQ WUDQVSRUW LQ SKRWRV\QWKHWLF FRPSOH[HV� 1HZ -RXUQDO RI 3K\VLFV� �������������� �����

>���@ 5 0XOOHU� 3\TXDQWH�S\WKRQ TXDQWXP FKHPLVWU\� 85/ KWWS���S\TXDQWH� VRXUFHIRUJH� QHW� �����

>���@ &KHWDQ 1D\DN� 6WHYHQ + 6LPRQ� $G\ 6WHUQ� 0LFKDHO )UHHGPDQ� DQG 6DQNDU 'DV 6DUPD� 1RQ�DEHOLDQ

DQ\RQV DQG WRSRORJLFDO TXDQWXP FRPSXWDWLRQ� 5HYLHZV RI 0RGHUQ 3K\VLFV� ����������� �����

>���@ -RKQ 9RQ 1HXPDQQ� 0DWKHPDWLFDO IRXQGDWLRQV RI TXDQWXP PHFKDQLFV� 1XPEHU �� 3ULQFHWRQ

XQLYHUVLW\ SUHVV� �����

>���@ 0LFKDHO $ 1LHOVHQ DQG ,VDDF &KXDQJ� 4XDQWXP FRPSXWDWLRQ DQG TXDQWXP LQIRUPDWLRQ� &DPEULGJH

8QLYHUVLW\ 3UHVV� �����

>���@ *HUDUGR 2UWL]� -( *XEHUQDWLV� (PDQXHO .QLOO� DQG 5D\PRQG /DIODPPH� 4XDQWXP DOJRULWKPV IRU

IHUPLRQLF VLPXODWLRQV� 3K\VLFDO 5HYLHZ $� ������������� �����

>���@ 5RPiQ 2U~V� 6DPXHO 0XJHO� DQG (QULTXH /L]DVR� )RUHFDVWLQJ ILQDQFLDO FUDVKHV ZLWK TXDQWXP

FRPSXWLQJ� 3K\VLFDO 5HYLHZ $� ������������� �����

>���@ 5RPDQ 2UXV� 6DPXHO 0XJHO� DQG (QULTXH /L]DVR� 4XDQWXP FRPSXWLQJ IRU ILQDQFH� RYHUYLHZ DQG

SURVSHFWV� 5HYLHZV LQ 3K\VLFV� ��������� �����
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>���@ 6WHIDQR 3DHVDQL� $QGUHDV $ *HQWLOH� 5DIIDHOH 6DQWDJDWL� -LDQZHL :DQJ� 1DWKDQ :LHEH� 'DYLG 3 7HZ�

-HUHP\ / 2·%ULHQ� DQG 0DUN * 7KRPSVRQ� ([SHULPHQWDO ED\HVLDQ TXDQWXP SKDVH HVWLPDWLRQ RQ D

VLOLFRQ SKRWRQLF FKLS� 3K\VLFDO UHYLHZ OHWWHUV� ��������������� �����

>���@ 0LFKHOH 3DJDQL� 3HWHU 6HOLQJHU� DQG %HQRvW 9DOLURQ� $SSO\LQJ TXDQWLWDWLYH VHPDQWLFV WR KLJKHU�RUGHU

TXDQWXP FRPSXWLQJ� ,Q $&0 6,*3/$1 1RWLFHV� YROXPH ��� SDJHV ���²���� $&0� �����

>���@ *LWW 3DQLWFKD\DQJNRRQ� 'XJDQ +D\HV� .HOO\ $ )UDQVWHG� -XVWLQ 5 &DUDP� (ODG +DUHO� -LDQ]KRQJ

:HQ� 5REHUW ( %ODQNHQVKLS� DQG *UHJRU\ 6 (QJHO� /RQJ�OLYHG TXDQWXP FRKHUHQFH LQ SKRWRV\QWKHWLF

FRPSOH[HV DW SK\VLRORJLFDO WHPSHUDWXUH� 3URFHHGLQJV RI WKH 1DWLRQDO $FDGHP\ RI 6FLHQFHV� ��������

�����²������ �����

>���@ &KULVWRV + 3DSDGLPLWULRX� &RPSXWDWLRQDO FRPSOH[LW\�������� 5HDGLQJ� $GGLVRQ�:HVOH\�

>���@ (GZLQ 3HGQDXOW� -RKQ $ *XQQHOV� *LDFRPR 1DQQLFLQL� /LRU +RUHVK� DQG 5REHUW :LVQLHII� /HYHUDJLQJ

VHFRQGDU\ VWRUDJH WR VLPXODWH GHHS ���TXELW V\FDPRUH FLUFXLWV� DU;LY SUHSULQW DU;LY������������

�����

>���@ $OHMDQGUR 3HUGRPR�2UWL]� 1HLO 'LFNVRQ� 0DUVKDOO 'UHZ�%URRN� *HRUGLH 5RVH� DQG $OiQ $VSXUX�*X]LN�

)LQGLQJ ORZ�HQHUJ\ FRQIRUPDWLRQV RI ODWWLFH SURWHLQ PRGHOV E\ TXDQWXP DQQHDOLQJ� 6FLHQWLILF UHSRUWV�

������ �����

>���@ $OEHUWR 3HUX]]R� -DUURG 0F&OHDQ� 3HWHU 6KDGEROW� 0DQ�+RQJ <XQJ� ;LDR�4L =KRX� 3HWHU - /RYH� $OiQ

$VSXUX�*X]LN� DQG -HUHP\ / 2·EULHQ� $ YDULDWLRQDO HLJHQYDOXH VROYHU RQ D SKRWRQLF TXDQWXP SURFHVVRU�

1DWXUH FRPPXQLFDWLRQV� ������� �����

>���@ 2OLYLHU 3ILVWHU� &RQWLQXRXV�YDULDEOH TXDQWXP FRPSXWLQJ LQ WKH TXDQWXP RSWLFDO IUHTXHQF\ FRPE�

-RXUQDO RI 3K\VLFV %� $WRPLF� 0ROHFXODU DQG 2SWLFDO 3K\VLFV� ������������� �����

>���@ &RQVWDQWLQ 3LURQ� $[LRPDWLTXH TXDQWLTXH� +HOYHWLFD SK\VLFD DFWD� ������������ �����

>���@ 0D[ 3ODQFN� 2Q WKH WKHRU\ RI WKH HQHUJ\ GLVWULEXWLRQ ODZ RI WKH QRUPDO VSHFWUXP� 9HUK� 'HXW� 3K\V�

*HV� �����²���� �����

>���@ 0DUWLQ % 3OHQLR DQG 6KDVKDQN 6 9LUPDQL� $Q LQWURGXFWLRQ WR HQWDQJOHPHQW WKHRU\� 4XDQWXP

LQIRUPDWLRQ DQG FRKHUHQFH� SDJHV ���²���� �����

>���@ 5HQDWR 3RUWXJDO� 4XDQWXP ZDONV DQG VHDUFK DOJRULWKPV� 6SULQJHU� �����

>���@ $QWRQ 3RWRĀQLN� $UQR %DUJHUERV� )ORULDQ $<1 6FKU|GHU� 6DHHG $ .KDQ� 0LFKHOH & &ROORGR� 6LPRQH

*DVSDULQHWWL� <YHV 6DODWKp� &HOHVWLQR &UHDWRUH� &KULVWRSKHU (LFKOHU� +DNDQ ( 7�UHFL� HW DO� 6WXG\LQJ

OLJKW�KDUYHVWLQJ PRGHOV ZLWK VXSHUFRQGXFWLQJ FLUFXLWV� 1DWXUH &RPPXQLFDWLRQV� ������²�� �����
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>���@ 'DYLG 3RXOLQ� 0DWWKHZ % +DVWLQJV� 'DYH :HFNHU� 1DWKDQ :LHEH� $QGUHZ & 'RKHUW\� DQG 0DWWKLDV

7UR\HU� 7KH WURWWHU VWHS VL]H UHTXLUHG IRU DFFXUDWH TXDQWXP VLPXODWLRQ RI TXDQWXP FKHPLVWU\� DU;LY

SUHSULQW DU;LY����������� �����

>���@ 0LFKDHO -' 3RZHOO� $ YLHZ RI DOJRULWKPV IRU RSWLPL]DWLRQ ZLWKRXW GHULYDWLYHV� 0DWKHPDWLFV 7RGD\�

%XOOHWLQ RI WKH ,QVWLWXWH RI 0DWKHPDWLFV DQG LWV $SSOLFDWLRQV� ���������²���� �����

>���@ 9DXJKDQ 5 3UDWW� 6HPDQWLFDO FRQVLGHUDWLRQ RQ IOR\R�KRDUH ORJLF� ,Q ��WK $QQXDO 6\PSRVLXP RQ

)RXQGDWLRQV RI &RPSXWHU 6FLHQFH �6)&6 ������ SDJHV ���²���� ,(((� �����

>���@ -RKQ 3UHVNLOO� 4XDQWXP FRPSXWLQJ DQG WKH HQWDQJOHPHQW IURQWLHU� DU;LY SUHSULQW DU;LY�����������

�����

>���@ -RKQ 3UHVNLOO� 4XDQWXP FRPSXWLQJ LQ WKH QLVT HUD DQG EH\RQG� 4XDQWXP� ����� �����

>���@ /RUHQ]R 0 3URFRSLR� $PLU 0RTDQDNL� 0DWHXV $UD~MR� )DELR &RVWD� ,UDWL $ORQVR &DODIHOO� (PPD *

'RZG� 'HQ\ 5 +DPHO� /HH $ 5R]HPD� ÿDVODY %UXNQHU� DQG 3KLOLS :DOWKHU� ([SHULPHQWDO VXSHUSRVLWLRQ

RI RUGHUV RI TXDQWXP JDWHV� 1DWXUH FRPPXQLFDWLRQV� ������²�� �����

>���@ *RRJOH $, 4XDQWXP HW DO� +DUWUHH�IRFN RQ D VXSHUFRQGXFWLQJ TXELW TXDQWXP FRPSXWHU� 6FLHQFH� ���

�����������²����� �����

>���@ &KDUOHV 5DQGDOO DQG 'DYLG )RXOLV� 7HQVRU SURGXFWV RI TXDQWXP ORJLFV GR QRW H[LVW� 1RWLFHV $PHU�

0DWK� 6RF� ������ �����

>���@ 5REHUW 5DXVVHQGRUI� 'DQLHO ( %URZQH� DQG +DQV - %ULHJHO� 0HDVXUHPHQW�EDVHG TXDQWXP FRPSXWDWLRQ

RQ FOXVWHU VWDWHV� 3K\VLFDO UHYLHZ $� ������������� �����

>���@ 3DWULFN 5HEHQWURVW� 0DVRXG 0RKVHQL� ,YDQ .DVVDO� 6HWK /OR\G� DQG $OiQ $VSXUX�*X]LN� (QYLURQPHQW�

DVVLVWHG TXDQWXP WUDQVSRUW� 1HZ -RXUQDO RI 3K\VLFV� ������������� �����

>���@ 3DWULFN 5HEHQWURVW� 0DVRXG 0RKVHQL� DQG 6HWK /OR\G� 4XDQWXP VXSSRUW YHFWRU PDFKLQH IRU ELJ GDWD

FODVVLILFDWLRQ� 3K\VLFDO UHYLHZ OHWWHUV� ��������������� �����

>���@ 3DWULFN 5HEHQWURVW� $GULDQ 6WHIIHQV� ,PDQ 0DUYLDQ� DQG 6HWK /OR\G� 4XDQWXP VLQJXODU�YDOXH GHFRP�

SRVLWLRQ RI QRQVSDUVH ORZ�UDQN PDWULFHV� 3K\VLFDO UHYLHZ $� ������������� �����

>���@ 3DWULFN 5HEHQWURVW� 0DULD 6FKXOG� /HRQDUG :RVVQLJ� )UDQFHVFR 3HWUXFFLRQH� DQG 6HWK /OR\G� 4XDQWXP

JUDGLHQW GHVFHQW DQG QHZWRQ·V PHWKRG IRU FRQVWUDLQHG SRO\QRPLDO RSWLPL]DWLRQ� 1HZ -RXUQDO RI

3K\VLFV� ������������� �����
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>���@ 2� 5HJHY� 4XDQWXP FRPSXWDWLRQ DQG ODWWLFH SUREOHPV� 7KH ��UG $QQXDO ,((( 6\PSRVLXP RQ

)RXQGDWLRQV RI &RPSXWHU 6FLHQFH� ����� 3URFHHGLQJV�� �������²��� ����� ,661 ���������� GRL�

��������6)&6��������������

>���@ 'DYLG 5 5HLFKPDQ DQG 5REHUW - 6LOEH\� 2Q WKH UHOD[DWLRQ RI D WZR�OHYHO V\VWHP� %H\RQG WKH ZHDN�

FRXSOLQJ DSSUR[LPDWLRQ� 7KH -RXUQDO RI &KHPLFDO 3K\VLFV� �����������²����� �����

>���@ 0DUNXV 5HLKHU� 1DWKDQ :LHEH� .U\VWD 0 6YRUH� 'DYH :HFNHU� DQG 0DWWKLDV 7UR\HU� (OXFLGDWLQJ

UHDFWLRQ PHFKDQLVPV RQ TXDQWXP FRPSXWHUV� 3URFHHGLQJV RI WKH 1DWLRQDO $FDGHP\ RI 6FLHQFHV�

������������²����� �����

>���@ (OHDQRU * 5LHIIHO� 'DYLGH 9HQWXUHOOL� %U\DQ 2·*RUPDQ� 0LQK % 'R� (OLFLD 0 3U\VWD\� DQG 9DGLP 1

6PHO\DQVNL\� $ FDVH VWXG\ LQ SURJUDPPLQJ D TXDQWXP DQQHDOHU IRU KDUG RSHUDWLRQDO SODQQLQJ

SUREOHPV� 4XDQWXP ,QIRUPDWLRQ 3URFHVVLQJ� �������²��� �����

>���@ 0DUWLQ 5RHWWHOHU DQG 7KRPDV %HWK� 3RO\QRPLDO�WLPH VROXWLRQ WR WKH KLGGHQ VXEJURXS SUREOHP IRU D

FODVV RI QRQ�DEHOLDQ JURXSV� DU;LY SUHSULQW TXDQW�SK��������� �����

>���@ -RQDWKDQ 5RPHUR� -RQDWKDQ 3 2OVRQ� DQG $ODQ $VSXUX�*X]LN� 4XDQWXP DXWRHQFRGHUV IRU HIILFLHQW

FRPSUHVVLRQ RI TXDQWXP GDWD� 4XDQWXP 6FLHQFH DQG 7HFKQRORJ\� ������������ �����

>���@ *LOL 5RVHQEHUJ� 3R\D +DJKQHJDKGDU� 3KLO *RGGDUG� 3HWHU &DUU� .HVKHQJ :X� DQG 0DUFRV /ySH]

'H 3UDGR� 6ROYLQJ WKH RSWLPDO WUDGLQJ WUDMHFWRU\ SUREOHP XVLQJ D TXDQWXP DQQHDOHU� ,((( -RXUQDO RI

6HOHFWHG 7RSLFV LQ 6LJQDO 3URFHVVLQJ� ����������²����� �����

>���@ $PU 6DEU\� %HQRvW 9DOLURQ� DQG -XOLDQD .DL]HU 9L]]RWWR� )URP V\PPHWULF SDWWHUQ�PDWFKLQJ WR TXDQWXP

FRQWURO� ,Q ,QWHUQDWLRQDO &RQIHUHQFH RQ )RXQGDWLRQV RI 6RIWZDUH 6FLHQFH DQG &RPSXWDWLRQ 6WUXFWXUHV�

SDJHV ���²���� 6SULQJHU� �����

>���@ 6LPRQ 6DXQGHUV� -RQDWKDQ %DUUHWW� $GULDQ .HQW� DQG 'DYLG :DOODFH� 0DQ\ ZRUOGV"� (YHUHWW� TXDQWXP

WKHRU\� 	 UHDOLW\� 2[IRUG 8QLYHUVLW\ 3UHVV� �����

>���@ ,UPL 6D[� 6HEDVWLDQ )HOG� 6HEDVWLDQ =LHOLQVNL� 7KRPDV *DERU� &ODXGLD /LQQKRII�3RSLHQ� DQG :ROIJDQJ

0DXHUHU� $SSUR[LPDWH DSSUR[LPDWLRQ RQ D TXDQWXP DQQHDOHU� ,Q 3URFHHGLQJV RI WKH ��WK $&0

,QWHUQDWLRQDO &RQIHUHQFH RQ &RPSXWLQJ )URQWLHUV� SDJHV ���²���� �����

>���@ -DPHV 6FKQHHORFK� &KULVWRSKHU & 7LVRQ� 0LFKDHO / )DQWR� 3DXO 0 $OVLQJ� DQG *UHJRU\ $ +RZODQG�

4XDQWLI\LQJ HQWDQJOHPHQW LQ D ���ELOOLRQ�GLPHQVLRQDO TXDQWXP VWDWH VSDFH� 1DWXUH FRPPXQLFDWLRQV�

�������²�� �����

>���@ ( 6FKU|GLQJHU� 2Q WKH 5HODWLRQ RI WKH +HLVHQEHUJ�%RUQ�-RUGDQ 4XDQWXP 0HFKDQLFV DQG 0LQH�

$QQDOHQ GHU 3K\VLN� ������²���� �����
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>���@ (UZLQ 6FKU|GLQJHU� $Q XQGXODWRU\ WKHRU\ RI WKH PHFKDQLFV RI DWRPV DQG PROHFXOHV� 3K\VLFDO 5HYLHZ�

����������� �����

>���@ (UZLQ 6FKU|GLQJHU� 'LVFXVVLRQ RI SUREDELOLW\ UHODWLRQV EHWZHHQ VHSDUDWHG V\VWHPV� ,Q 0DWKHPDWLFDO

3URFHHGLQJV RI WKH &DPEULGJH 3KLORVRSKLFDO 6RFLHW\� YROXPH ��� SDJHV ���²���� &DPEULGJH

8QLYHUVLW\ 3UHVV� �����

>���@ :ROI�'LHWHU 6FKXEHUW� 2ODI .OXNDV� 1RUEHUW .UDX�� :ROIUDP 6DHQJHU� 3HWUD )URPPH� DQG +RUVW 7RELDV

:LWW� 3KRWRV\VWHP L RI V\QHFKRFRFFXV HORQJDWXV DW � n UHVROXWLRQ� FRPSUHKHQVLYH VWUXFWXUH DQDO\VLV�

-RXUQDO RI 0ROHFXODU %LRORJ\� ����������²���� �����

>���@ 0DULD 6FKXOG� ,O\D 6LQD\VNL\� DQG )UDQFHVFR 3HWUXFFLRQH� 3UHGLFWLRQ E\ OLQHDU UHJUHVVLRQ RQ D TXDQWXP

FRPSXWHU� 3K\VLFDO 5HYLHZ $� ������������� �����

>���@ 3HWHU 6HOLQJHU� 7RZDUGV D VHPDQWLFV IRU KLJKHU�RUGHU TXDQWXP FRPSXWDWLRQ� ,Q 3URFHHGLQJV RI

WKH �QG ,QWHUQDWLRQDO :RUNVKRS RQ 4XDQWXP 3URJUDPPLQJ /DQJXDJHV� 78&6 *HQHUDO 3XEOLFDWLRQ�

YROXPH ��� SDJHV ���²���� &LWHVHHU� �����

>���@ 3HWHU 6HOLQJHU� 7RZDUGV D TXDQWXP SURJUDPPLQJ ODQJXDJH� 0DWKHPDWLFDO 6WUXFWXUHV LQ &RPSXWHU

6FLHQFH� ���������²���� �����

>���@ 3HWHU 6HOLQJHU DQG %HQRLW 9DOLURQ� $ ODPEGD FDOFXOXV IRU TXDQWXP FRPSXWDWLRQ ZLWK FODVVLFDO FRQWURO�

0DWKHPDWLFDO 6WUXFWXUHV LQ &RPSXWHU 6FLHQFH� ����������²���� �����

>���@ <DQJFKDR 6KHQ� ;LDQJ =KDQJ� 6KXDLQLQJ =KDQJ� -LQJ�1LQJ =KDQJ� 0DQ�+RQJ <XQJ� DQG .LKZDQ .LP�

4XDQWXP LPSOHPHQWDWLRQ RI WKH XQLWDU\ FRXSOHG FOXVWHU IRU VLPXODWLQJ PROHFXODU HOHFWURQLF VWUXFWXUH�

3K\VLFDO 5HYLHZ $� ������������� �����

>���@ 1HLO 6KHQYL� -XOLD .HPSH� DQG . %LUJLWWD :KDOH\� 4XDQWXP UDQGRP�ZDON VHDUFK DOJRULWKP� 3K\VLFDO

5HYLHZ $� ������������� �����

>���@ 3HWHU : 6KRU� $OJRULWKPV IRU TXDQWXP FRPSXWDWLRQ� GLVFUHWH ORJDULWKPV DQG IDFWRULQJ� ,Q 3URFHHGLQJV

��WK DQQXDO V\PSRVLXP RQ IRXQGDWLRQV RI FRPSXWHU VFLHQFH� SDJHV ���²���� ,HHH� �����

>���@ 3HWHU : 6KRU� 3RO\QRPLDO�WLPH DOJRULWKPV IRU SULPH IDFWRUL]DWLRQ DQG GLVFUHWH ORJDULWKPV RQ D

TXDQWXP FRPSXWHU� 6,$0 MRXUQDO RQ FRPSXWLQJ� ����������²����� �����

>���@ 3HWHU : 6KRU� 3RO\QRPLDO�WLPH DOJRULWKPV IRU SULPH IDFWRUL]DWLRQ DQG GLVFUHWH ORJDULWKPV RQ D

TXDQWXP FRPSXWHU� 6,$0 UHYLHZ� ���������²���� �����

>���@ 'DQLHO 5 6LPRQ� 2Q WKH SRZHU RI TXDQWXP FRPSXWDWLRQ� 6,$0 MRXUQDO RQ FRPSXWLQJ� ������

����²����� �����
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>���@ .DUWLN 6LQJKDO� 4XDQWXP KRDUH W\SH WKHRU\� DU;LY SUHSULQW DU;LY������������ �����

>���@ 6WHYHQ 6 6NLHQD� 7KH DOJRULWKP GHVLJQ PDQXDO� 6SULQJHU ,QWHUQDWLRQDO 3XEOLVKLQJ� �����

>���@ 0DULD 3LD 6ROHU� &KDUDFWHUL]DWLRQ RI KLOEHUW VSDFHV E\ RUWKRPRGXODU VSDFHV� &RPPXQLFDWLRQV LQ

$OJHEUD� ���������²���� �����

>���@ 5DIDHO ' 6RUNLQ� 4XDQWXP PHFKDQLFV DV TXDQWXP PHDVXUH WKHRU\� 0RGHUQ 3K\VLFV /HWWHUV $� ������

����²����� �����

>���@ 'DQ 6WDKONH� 4XDQWXP LQWHUIHUHQFH DV D UHVRXUFH IRU TXDQWXP VSHHGXS� 3K\VLFDO 5HYLHZ $� ������

������� �����

>���@ 4LPLQJ 6XQ� 7LPRWK\ & %HUNHOEDFK� 1LFN 6 %OXQW� *HRUJH + %RRWK� 6KHQJ *XR� =KHQGRQJ /L� -XQ]L /LX�

-DPHV ' 0F&ODLQ� (OYLUD 5 6D\IXW\DURYD� 6DQGHHS 6KDUPD� HW DO� 3\VFI� WKH S\WKRQ�EDVHG VLPXODWLRQV

RI FKHPLVWU\ IUDPHZRUN� :LOH\ ,QWHUGLVFLSOLQDU\ 5HYLHZV� &RPSXWDWLRQDO 0ROHFXODU 6FLHQFH� �����

H����� �����

>���@ $WWLOD 6]DER DQG 1HLO 6 2VWOXQG� 0RGHUQ TXDQWXP FKHPLVWU\� LQWURGXFWLRQ WR DGYDQFHG HOHFWURQLF

VWUXFWXUH WKHRU\� &RXULHU &RUSRUDWLRQ� �����

>���@ <RVKLWDND 7DQLPXUD� 6WRFKDVWLF OLRXYLOOH� ODQJHYLQ� IRNNHU²SODQFN� DQG PDVWHU HTXDWLRQ DSSURDFKHV

WR TXDQWXP GLVVLSDWLYH V\VWHPV� -RXUQDO RI WKH 3K\VLFDO 6RFLHW\ RI -DSDQ� ������������� �����

>���@ <RVKLWDND 7DQLPXUD DQG 5\RJR .XER� 7LPH HYROXWLRQ RI D TXDQWXP V\VWHP LQ FRQWDFW ZLWK D QHDUO\

JDXVVLDQ�PDUNRIILDQ QRLVH EDWK� -RXUQDO RI WKH 3K\VLFDO 6RFLHW\ RI -DSDQ� ���������²���� �����

>���@ 0LQJ�-LH 7DR� 0LQJ +XD� 4LQJ $L� DQG )X�*XR 'HQJ� 4XDQWXP VLPXODWLRQ RI FOXVWHUHG SKRWRV\QWKHWLF

OLJKW KDUYHVWLQJ LQ D VXSHUFRQGXFWLQJ TXDQWXP FLUFXLW� DU;LY SUHSULQW DU;LY������������ �����

>���@ $OIUHG 7DUVNL� $ GHFLVLRQ PHWKRG IRU HOHPHQWDU\ DOJHEUD DQG JHRPHWU\� ,Q 4XDQWLILHU HOLPLQDWLRQ DQG

F\OLQGULFDO DOJHEUDLF GHFRPSRVLWLRQ� SDJHV ��²��� 6SULQJHU� �����

>���@ &DUORV 7DYDUHV� $ G\QDPLF ORJLF IRU TDVP SURJUDPV� ,Q /XtV 6RDUHV %DUERVD DQG $OH[DQGUX %DOWDJ�

HGLWRUV� '\QDPLF /RJLF� 1HZ 7UHQGV DQG $SSOLFDWLRQV� SDJHV ���²���� &KDP� ����� 6SULQJHU

,QWHUQDWLRQDO 3XEOLVKLQJ� ,6%1 ������������������

>���@ &DUORV 7DYDUHV� 6RILD 2OLYHLUD� 9LWRU )HUQDQGHV� $QGUHL 3RVWQLNRY� DQG 0LNKDLO , 9DVLOHYVNL\� 4XDQWXP

VLPXODWLRQ RI WKH JURXQG�VWDWH VWDUN HIIHFW LQ VPDOO PROHFXOHV� D FDVH VWXG\ XVLQJ LEP T� 6RIW

&RPSXWLQJ� SDJHV �²��� �����

>���@ 9DOHQWLQ 7RUJJOHU� 3KLOLSS $XPDQQ� +HOPXW 5LWVFK� DQG :ROIJDQJ /HFKQHU� $ TXDQWXP Q�TXHHQV

VROYHU� 4XDQWXP� ������ �����
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>���@ 'RPLQLTXH 8QUXK� 4XDQWXP UHODWLRQDO KRDUH ORJLF� 3URFHHGLQJV RI WKH $&0 RQ 3URJUDPPLQJ

/DQJXDJHV� ��323/���²��� �����

>���@ :LOOLDP 8QUXK DQG 5DOI 6FK�W]KROG� 4XDQWXP DQDORJXHV� IURP SKDVH WUDQVLWLRQV WR EODFN KROHV DQG

FRVPRORJ\� YROXPH ���� 6SULQJHU� �����

>���@ /* 9DOLDQW� 4XDQWXP FRPSXWHUV WKDW FDQ EH VLPXODWHG FODVVLFDOO\ LQ SRO\QRPLDO WLPH� LQ"� HGLWRU� ,Q

3URFHHGLQJV RI WKH ��UG $QQXDO $&0 6\PSRVLXP RQ WKH 7KHRU\ RI &RPSXWDWLRQ �672&·���� �����

>���@ -RUDQ YDQ $SHOGRRUQ DQG $QGUiV *LO\pQ� ,PSURYHPHQWV LQ TXDQWXP VGS�VROYLQJ ZLWK DSSOLFDWLRQV�

DU;LY SUHSULQW DU;LY������������ �����

>���@ -RUDQ 9DQ $SHOGRRUQ� $QGUiV *LO\pQ� 6DQGHU *ULEOLQJ� DQG 5RQDOG GH :ROI� 4XDQWXP VGS�VROYHUV�

%HWWHU XSSHU DQG ORZHU ERXQGV� ,Q ���� ,((( ��WK $QQXDO 6\PSRVLXP RQ )RXQGDWLRQV RI &RPSXWHU

6FLHQFH �)2&6�� SDJHV ���²���� ,(((� �����

>���@ -RUDQ YDQ $SHOGRRUQ� $QGUiV *LO\pQ� 6DQGHU *ULEOLQJ� DQG 5RQDOG GH :ROI� &RQYH[ RSWLPL]DWLRQ XVLQJ

TXDQWXP RUDFOHV� 4XDQWXP� ������ �����

>���@ :LP 9DQ 'DP� 6HDQ +DOOJUHQ� DQG /DZUHQFH ,S� 4XDQWXP DOJRULWKPV IRU VRPH KLGGHQ VKLIW SUREOHPV�

6,$0 -RXUQDO RQ &RPSXWLQJ� ���������²���� �����

>���@ -XKD - 9DUWLDLQHQ� 0LNNR 0|WW|QHQ� DQG 0DUWWL 0 6DORPDD� (IILFLHQW GHFRPSRVLWLRQ RI TXDQWXP JDWHV�

3K\VLFDO UHYLHZ OHWWHUV� �������������� �����

>���@ 9ODWNR 9HGUDO� 4XDQWLI\LQJ HQWDQJOHPHQW LQ PDFURVFRSLF V\VWHPV� 1DWXUH� ��������������²�����

�����

>���@ 9ODWNR 9HGUDO DQG 0DUWLQ % 3OHQLR� (QWDQJOHPHQW PHDVXUHV DQG SXULILFDWLRQ SURFHGXUHV� 3K\VLFDO

5HYLHZ $� ����������� �����

>���@ 9ODWNR 9HGUDO HW DO� ,QWURGXFWLRQ WR TXDQWXP LQIRUPDWLRQ VFLHQFH� 2[IRUG 8QLYHUVLW\ 3UHVV RQ 'HPDQG�

�����

>���@ 9LFWRU 9HLWFK� 1DWKDQ :LHEH� &KULVWRSKHU )HUULH� DQG -RVHSK (PHUVRQ� (IILFLHQW VLPXODWLRQ VFKHPH

IRU D FODVV RI TXDQWXP RSWLFV H[SHULPHQWV ZLWK QRQ�QHJDWLYH ZLJQHU UHSUHVHQWDWLRQ� 1HZ -RXUQDO RI

3K\VLFV� ������������� �����

>���@ 'DYLGH 9HQWXUHOOL� 'RPLQLF -- 0DUFKDQG� DQG *DOR 5RMR� 4XDQWXP DQQHDOLQJ LPSOHPHQWDWLRQ RI

MRE�VKRS VFKHGXOLQJ� DU;LY SUHSULQW DU;LY������������ �����

>���@ *XLIUp 9LGDO� (IILFLHQW FODVVLFDO VLPXODWLRQ RI VOLJKWO\ HQWDQJOHG TXDQWXP FRPSXWDWLRQV� 3K\VLFDO

UHYLHZ OHWWHUV� �������������� �����
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>���@ -RKQ 9RQ 1HXPDQQ� :DKUVFKHLQOLFKNHLWVWKHRUHWLVFKHU DXIEDX GHU TXDQWHQPHFKDQLN� 1DFKULFKWHQ

YRQ GHU *HVHOOVFKDIW GHU :LVVHQVFKDIWHQ ]X *|WWLQJHQ� 0DWKHPDWLVFK�3K\VLNDOLVFKH .ODVVH� �����

���²���� �����

>���@ -RKQ 9RQ 1HXPDQQ� :DKUVFKHLQOLFKNHLWVWKHRUHWLVFKHU DXIEDX GHU TXDQWHQPHFKDQLN� 1DFKULFKWHQ

YRQ GHU *HVHOOVFKDIW GHU :LVVHQVFKDIWHQ ]X *|WWLQJHQ� 0DWKHPDWLVFK�3K\VLNDOLVFKH .ODVVH� �����

���²���� �����

>���@ 6� 9XFNRYLF� /� 2� :DJQHU� $� 0LUWVFKLQN� DQG 3� *RUL�*LRUJL� +\GURJHQ PROHFXOH GLVVRFLDWLRQ FXUYH

ZLWK IXQFWLRQDOV EDVHG RQ WKH VWULFWO\ FRUUHODWHG UHJLPH� -RXUQDO RI &KHPLFDO 7KHRU\ DQG &RPSXWDWLRQV�

�������� �����

>���@ %L�;XH :DQJ� 0LQJ�-LH 7DR� 4LQJ $L� 7DR ;LQ� 1HLOO /DPEHUW� 'RQJ 5XDQ� <XDQ�&KXQJ &KHQJ� )UDQFR

1RUL� )X�*XR 'HQJ� DQG *XL�/X /RQJ� (IILFLHQW TXDQWXP VLPXODWLRQ RI SKRWRV\QWKHWLF OLJKW KDUYHVWLQJ�

13- 4XDQWXP ,QIRUPDWLRQ� ������²�� �����

>���@ &KXQKDR :DQJ DQG /HRQDUG :RVVQLJ� $ TXDQWXP DOJRULWKP IRU VLPXODWLQJ QRQ�VSDUVH KDPLOWRQLDQV�

DU;LY SUHSULQW DU;LY������������ �����

>���@ +HIHQJ :DQJ� 6DKHO $VKKDE� DQG )UDQFR 1RUL� 4XDQWXP DOJRULWKP IRU VLPXODWLQJ WKH G\QDPLFV RI DQ

RSHQ TXDQWXP V\VWHP� 3K\VLFDO 5HYLHZ $� ������������� �����

>���@ -RKQ :DWURXV� 363$&( KDV FRQVWDQW�URXQG TXDQWXP LQWHUDFWLYH SURRI V\VWHPV� 7KHRUHWLFDO &RPSXWHU

6FLHQFH� ����������²���� �����

>���@ 'DYH :HFNHU� %HOD %DXHU� %U\DQ . &ODUN� 0DWWKHZ % +DVWLQJV� DQG 0DWWKLDV 7UR\HU� *DWH�FRXQW

HVWLPDWHV IRU SHUIRUPLQJ TXDQWXP FKHPLVWU\ RQ VPDOO TXDQWXP FRPSXWHUV� 3K\VLFDO 5HYLHZ $� ��

����������� �����

>���@ &KULVWLDQ :HHGEURRN� 6WHIDQR 3LUDQGROD� 5D~O *DUFtD�3DWUyQ� 1LFRODV - &HUI� 7LPRWK\ & 5DOSK� -HIIUH\ +

6KDSLUR� DQG 6HWK /OR\G� *DXVVLDQ TXDQWXP LQIRUPDWLRQ� 5HYLHZV RI 0RGHUQ 3K\VLFV� ����������

�����

>���@ 6WHYHQ :HLQEHUJ� 3UHFLVLRQ WHVWV RI TXDQWXP PHFKDQLFV� 3K\VLFDO 5HYLHZ /HWWHUV� ���������� �����

>���@ 6WHYHQ :HLQEHUJ� 7HVWLQJ TXDQWXP PHFKDQLFV� $QQDOV RI 3K\VLFV� ����������²���� �����

>���@ -DPHV ' :KLWILHOG� -DFRE %LDPRQWH� DQG $OiQ $VSXUX�*X]LN� 6LPXODWLRQ RI HOHFWURQLF VWUXFWXUH

KDPLOWRQLDQV XVLQJ TXDQWXP FRPSXWHUV� 0ROHFXODU 3K\VLFV� ����������²���� �����
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>���@ 1DWKDQ :LHEH� 'RPLQLF %HUU\� 3HWHU +¡\HU� DQG %DUU\ & 6DQGHUV� +LJKHU RUGHU GHFRPSRVLWLRQV RI

RUGHUHG RSHUDWRU H[SRQHQWLDOV� -RXUQDO RI 3K\VLFV $� 0DWKHPDWLFDO DQG 7KHRUHWLFDO� �������������

�����

>���@ 1DWKDQ :LHEH� 'DQLHO %UDXQ� DQG 6HWK /OR\G� 4XDQWXP DOJRULWKP IRU GDWD ILWWLQJ� 3K\VLFDO UHYLHZ

OHWWHUV� �������������� �����

>���@ 6WHSKHQ :LHVQHU� 6LPXODWLRQV RI PDQ\�ERG\ TXDQWXP V\VWHPV E\ D TXDQWXP FRPSXWHU� 7HFKQLFDO

UHSRUW� �����

>���@ (XJHQH 3 :LJQHU� 7KH SUREOHP RI PHDVXUHPHQW� $PHULFDQ -RXUQDO RI 3K\VLFV� �������²��� �����

>���@ 6WHIDQ :RHUQHU DQG 'DQLHO - (JJHU� 4XDQWXP ULVN DQDO\VLV� QSM 4XDQWXP ,QIRUPDWLRQ� ������²��

�����

>���@ :LOOLDP . :RRWWHUV DQG :RMFLHFK + =XUHN� $ VLQJOH TXDQWXP FDQQRW EH FORQHG� 1DWXUH� ����������

���²���� �����

>���@ /HL ;X� =5 *RQJ� 0LQJ�-LH 7DR� 4LQJ $L� HW DO� $UWLILFLDO OLJKW KDUYHVWLQJ E\ GLPHUL]HG P|ELXV ULQJ�

3K\VLFDO 5HYLHZ (� ������������� �����

>���@ $ &KL�&KLK <DR� 4XDQWXP FLUFXLW FRPSOH[LW\� ,Q 3URFHHGLQJV RI ���� ,((( ��WK $QQXDO )RXQGDWLRQV

RI &RPSXWHU 6FLHQFH� SDJHV ���²���� ,(((� �����

>���@ 0LQJVKHQJ <LQJ� )OR\G²KRDUH ORJLF IRU TXDQWXP SURJUDPV� $&0 7UDQVDFWLRQV RQ 3URJUDPPLQJ

/DQJXDJHV DQG 6\VWHPV �723/$6�� ��������� �����

>���@ 0LQJVKHQJ <LQJ DQG <XDQ )HQJ� 0RGHO FKHFNLQJ TXDQWXP V\VWHPV³D VXUYH\� DU;LY SUHSULQW

DU;LY������������ �����

>���@ 0LQJVKHQJ <LQJ� 1HQJNXQ <X� DQG <XDQ )HQJ� $OWHUQDWLRQ LQ TXDQWXP SURJUDPPLQJ� IURP VXSHUSR�

VLWLRQ RI GDWD WR VXSHUSRVLWLRQ RI SURJUDPV� DU;LY SUHSULQW DU;LY����������� �����

>���@ &KULVWRI =DOND� 6LPXODWLQJ TXDQWXP V\VWHPV RQ D TXDQWXP FRPSXWHU� 3URFHHGLQJV RI WKH 5R\DO

6RFLHW\ RI /RQGRQ� 6HULHV $� 0DWKHPDWLFDO� 3K\VLFDO DQG (QJLQHHULQJ 6FLHQFHV� �������������²����

�����

>���@ + 'LHWHU =HK� 2Q WKH LQWHUSUHWDWLRQ RI PHDVXUHPHQW LQ TXDQWXP WKHRU\� )RXQGDWLRQV RI 3K\VLFV� �

������²��� �����

>���@ +DQ�6HQ =KRQJ� +XL :DQJ� <X�+DR 'HQJ� 0LQJ�&KHQJ &KHQ� /L�&KDR 3HQJ� <L�+DQ /XR� -LDQ 4LQ�

'LDQ :X� ;LQJ 'LQJ� <L +X� HW DO� 4XDQWXP FRPSXWDWLRQDO DGYDQWDJH XVLQJ SKRWRQV� 6FLHQFH� ���

�����������²����� �����
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>���@ 6KHQJ\DQJ =KRQJ HW DO� 2UWKRJRQDOLW\ DQG TXDQWXP JHRPHWU\� 7RZDUGV D UHODWLRQDO UHFRQVWUXFWLRQ RI

TXDQWXP WKHRU\� �������������� �����

>���@ :RMFLHFK + =XUHN� 'HFRKHUHQFH DQG WKH WUDQVLWLRQ IURP TXDQWXP WR FODVVLFDO²UHYLVLWHG� DU;LY SUHSULQW

TXDQW�SK��������� �����
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D�� 672�/* ZDYHIXQFW LRQV

7KH 672��* W\SH FRPELQDWLRQV RI *DXVVLDQ IXQFWLRQV DUH XVHG WR FDOFXODWH WKH PDWUL[ HOHPHQWV RI YDULRXV

HOHFWURQLF LQWHUDFWLRQV LQ WKH PROHFXOHV XQGHU VWXG\� $V WKH PLQLPDO EDVLV RI WKH +2 PROHFXOH LQFOXGHV

WKH 𝑠�W\SH RUELWDOV RQO\� ZKHUHDV WKDW IRU /L+ FRPSULVHV ERWK WKH 𝑠� DQG WKH 𝑝�W\SH RUELWDOV� E\ WKURXJKRXW
FRYHULQJ WKH ODWWHU PROHFXOH ZH OHDYH D SRVVLELOLW\ WR IDOO EDFN WR WKH +2 FDVH E\ UHPRYLQJ WKH IDFWRU RI � �/L

QXFOHXV FKDUJH� LQ WKRVH PDWUL[ HOHPHQWV ZKHUH LW DSSHDUV H[SOLFLWO\ �QDPHO\� LQ 7DEOH �� EHORZ�� $OVR� WKH

SDUDPHWHUV RI WKH 672��* IXQFWLRQV KDYH WR EH FKRVHQ DFFRUGLQJO\ �VHH 7DEOH �� EHORZ��

d

H

z
d

r

Li

Figure 24: Geometry setting in calculations concerning the LiH molecule.
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A.1. STO-LG wavefunctions 165

7KH PLQLPDO EDVLV ZLOO LQFOXGH WKH IROORZLQJ DWRPLF RUELWDOV� 1𝑠 IRU +� 1𝑠� 2𝑠 DQG 2𝑝𝑧 IRU /L� $OO RI WKHP
ZLOO EH DSSUR[LPDWHG E\ WKH 672��* W\SH FRPELQDWLRQV RI WKH IROORZLQJ *DXVVLDQ IXQFWLRQV >���@�

𝜓1𝑠(𝜁) = 𝐿∑𝑖=1 𝑑𝑖,1𝑠𝑔1𝑠(𝛼𝑖,1𝑠) ; (168)

𝜓2𝑠(𝜁) = 𝐿∑𝑖=1 𝑑𝑖,2𝑠𝑔1𝑠(𝛼𝑖,2𝑠𝑝) ; (169)

𝜓2𝑝𝑧(𝜁) = 𝐿∑𝑖=1 𝑑𝑖,2𝑝𝑔2𝑝𝑧(𝛼𝑖,2𝑠𝑝) . (170)

+HUH 𝜁 LV D SDUDPHWHU DSSHDULQJ LQ WKH 6ODWHU�W\SH RUELWDOV �𝜁 = 1.24 IRU + DQG 𝜁 = 2.69 DV WKH

´UHFRPPHQGHGµ YDOXH IRU /L1𝑠�� WKH FRHIILFLHQWV 𝑑𝑖 DQG 𝛼𝑖 DUH ILWWHG SDUDPHWHUV DQG 𝑔 DUH WKH QRUPDOL]HG

*DXVVLDQ IXQFWLRQV�

𝑔𝑠(𝛼) = 𝑐(𝑠)𝛼 𝑒−𝛼𝑟2, ZLWK 𝑐(𝑠)𝛼 = (2𝛼𝜋)34 ; (171)

𝑔𝑝(𝛽) = 𝑐(𝑝)𝛽 𝑟 FRV 𝜃𝑒−𝛽𝑟2, ZLWK 𝑐(𝑝)𝛽 = (128𝛽5𝜋3 )14 . (172)

7KH ILWWHG *DXVVLDQ H[SRQHQWV DQG WKH FRUUHVSRQGLQJ FRHIILFLHQWV 𝑑𝑖 GHSHQG RQ WKH SDUDPHWHU 𝜁 LQ WKH

6ODWHU RUELWDO� DOVR FDOOHG ´VFDOLQJ IDFWRUµ� ZKLFK LV GLIIHUHQW IRU HDFK DWRPLF VKHOO �H�J IRU 2𝑠 DQG 2𝑝 VWDWHV

RI /L WKH UHFRPPHQGHG YDOXH LV 𝜁 = 0.75�� 7KH H[SRQHQWV IRU 𝜁 = 1 DUH JLYHQ LQ 7DEOH ��� RI 6]DER DQG

2VWOXQG >���@� IRU 𝜁 ≠ 1 WKH\ VFDOH DV 𝛼(𝜁) = 𝛼(1) ⋅ 𝜁2� ZKHUHE\ WKH FRHIILFLHQWV 𝑑 DUH WKH VDPH IRU

HDFK W\SH RI VWDWHV LQ GLIIHUHQW DWRPV� ² H�J 1𝑠 �+� DQG 1𝑠 �/L�� ² DOWKRXJK 𝛼·V DUH GLIIHUHQW� 7KH SDUDPHWHUV
XVHG E\ XV DUH FRPSLOHG LQ 7DEOH ���

Table 12: Parameters of STO-3G orbitals for H and Li atoms used in the calculations.
H Li𝛼1𝑠

(𝜁 =1.24) 𝑑1𝑠
𝛼1𝑠

(𝜁 =2.69) 𝑑1𝑠
𝛼2𝑠,𝑝
(𝜁 =0.75) 𝑑2𝑠 𝑑2𝑝

3.425250914 0.1543289673 16.11957475 0.1543289673 0.6362897469 −0.09996722919 0.1559162750
0.6239137298 0.5353281423 2.936200663 0.5353281423 0.1478600533 0.3995128261 0.6076837186
0.1688554040 0.4446345422 0.7946504870 0.4446345422 0.04808867840 0.7001154689 0.3919573931
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A.2. One-electron matrix elements 166

D�� 2QH�HOHFWURQ PDWU L[ HOHPHQWV

:H VKDOO XVH VSKHULFDO FRRUGLQDWHV ZLWK WKH RULJLQ DW WKH /L DWRP� DV VKRZQ LQ )LJXUH ��� )URP QRZ RQ� WKH

/L DWRP ZLOO EH GHQRWHG ´%µ DQG WKH + DWRP ZLOO EH ´$µ� DQG� DFFRUGLQJ WR WKH SUHYLRXV VHFWLRQ� ZH VKDOO

FRQVLGHU WKH PDWUL[ HOHPHQWV EHWZHHQ WKH IROORZLQJ WKUHH IXQFWLRQV�

|𝐴⟩ = 𝑐(𝑠)𝛼 𝑒−𝛼( ⃗𝑟− ⃗𝑑)2 ; |𝐵⟩1𝑠 𝑜𝑟 2𝑠 = 𝑐(𝑠)𝛽 𝑒−𝛽𝑟2 ;|𝐵⟩2𝑝 = 𝑐(𝑝)𝛽 𝑟 FRV 𝜃𝑒−𝛽𝑟2 . (173)

1XFOHDU 3RWHQWLDO (QHUJ\ 0DWUL[ (OHPHQWV

7R FDOFXODWH WKH QXFOHDU SRWHQWLDO HQHUJ\ PDWUL[ HOHPHQWV� RQH QHHGV WR FDOFXODWH WKH IROORZLQJ LQWHJUDOV�

𝐼(𝑠(1))𝑎𝑏 = ⟨𝐴|1𝑟 |𝐵⟩𝑠 = 𝑐(𝑠)𝛼 𝑐(𝑠)𝛽 ∫ 𝑒−𝛼( ⃗𝑟− ⃗𝑑)2−𝛽𝑟2 1𝑟 𝑑 ⃗𝑟 ; (174)

𝐼(𝑠(2))𝑎𝑏 = ⟨𝐴∣ 1| ⃗𝑟 − ⃗𝑑| ∣𝐵⟩𝑠 = 𝑐(𝑠)𝛼 𝑐(𝑠)𝛽 ∫ 𝑒−𝛼( ⃗𝑟− ⃗𝑑)2−𝛽𝑟2 1| ⃗𝑟 − ⃗𝑑| 𝑑 ⃗𝑟 . (175)

7KHVH LQWHJUDOV DUH WKH VDPH DV IRU WKH +2 PROHFXOH� VR ZH FDQ XVH WKH UHVXOW RI (TXDWLRQ �$��� IURP 6]DER

DQG 2VWOXQG >���@�

𝐼(𝑠(1))𝑎𝑏 = 𝑐(𝑠)𝛼 𝑐(𝑠)𝛽 2𝜋𝛼 + 𝛽 H[S{(− 𝛼𝛽𝛼 + 𝛽𝑑2)}𝐹𝑜 ( 𝛽2𝛼 + 𝛽𝑑2) ; (176)

𝐼(𝑠(2))𝑎𝑏 = 𝑐(𝑠)𝛼 𝑐(𝑠)𝛽 2𝜋𝛼 + 𝛽 H[S{(− 𝛼𝛽𝛼 + 𝛽𝑑2)}𝐹𝑜 ( 𝛼2𝛼 + 𝛽𝑑2) , (177)

Figure 25: Coordinate system and angles used in the calculation of integrals. See text for details.
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A.2. One-electron matrix elements 167

ZKHUH 𝐹𝑜(𝑥) LV H[SUHVVHG YLD WKH HUURU IXQFWLRQ� 𝐹𝑜(𝑥) = √ 𝜋4𝑥HUI(√𝑥)� 7KH PDWUL[ HOHPHQWV LQYROYLQJ
WKH 𝑝�RUELWDO DUH�

𝐼(𝑝(1))𝑎𝑏 = ⟨𝐴∣1𝑟 ∣𝐵⟩𝑝 = 𝑐(𝑝)𝛽 𝑐(𝑠)𝛼 ∫ 𝑒−𝛼( ⃗𝑟− ⃗𝑑)2𝑟 FRV 𝜃𝑒−𝛽𝑟2 1𝑟 𝑑 ⃗𝑟 (178)

= 𝑐(𝑝)𝛽 𝑐(𝑠)𝛼 ∫ 𝑒−𝛼( ⃗𝑟− ⃗𝑑)2
FRV 𝜃𝑒−𝛽𝑟2 𝑑 ⃗𝑟

= 𝑐(𝑝)𝛽 𝑐(𝑠)𝛼 ∫ 𝑓1( ⃗𝑟)𝑓2( ⃗𝑟)𝑑 ⃗𝑟 ,
ZKHUH 𝑓1( ⃗𝑟) = 𝑒−𝛼( ⃗𝑟− ⃗𝑑)2

DQG 𝑓2( ⃗𝑟) = FRV 𝜃𝑒−𝛽𝑟2
� ,W LV FRQYHQLHQW WR XVH WKH )RXULHU WUDQVIRUP RI WKHVH

IXQFWLRQV�

𝑓1( ⃗𝑘) = ∫ 𝑓1( ⃗𝑟)𝑒−𝑖�⃗�⋅ ⃗𝑟𝑑 ⃗𝑟
= 𝑒−𝑖�⃗�⋅ ⃗𝑑 ∫ 𝑒−𝛼( ⃗𝑟− ⃗𝑑)2𝑒−𝑖�⃗�( ⃗𝑟− ⃗𝑑) 𝑑( ⃗𝑟 − ⃗𝑑)
= 𝑒−𝑖�⃗�⋅ ⃗𝑑 (𝜋𝛼)

32 𝑒− 𝑘24𝛼 ; (179)

𝑓2( ⃗𝑘) = ∫ FRV 𝜃𝑒−𝛽𝑟2𝑒−𝑖�⃗�⋅ ⃗𝑟𝑑 ⃗𝑟 . (180)

)RU 𝑓2( ⃗𝑘) ZH QHHG WR H[SUHVV FRV 𝜃 LQ WHUPV RI FRV𝛾� VLQFH ⃗𝑘 ⋅ ⃗𝑟 = 𝑘𝑟 FRV𝛾� 7KH YHFWRUV ⃗𝑘� ⃗𝑒𝑧 DQG ⃗𝑟� LQ
JHQHUDO� GR QRW OLH LQ WKH VDPH SODQH� VR ZH QHHG WR FRQVLGHU WKH VSKHULFDO WULDQJOH VKRZQ LQ WKH )LJXUH ���

:H FDQ XVH WKH IROORZLQJ IRUPXOD UHODWLQJ WKH DQJOHV 𝜃� 𝜃𝑘 DQG 𝛾�
FRV 𝜃 = FRV 𝜃𝑘 FRV𝛾 + VLQ 𝜃𝑘 VLQ𝛾 FRV (𝜙 − 𝜙𝑘) (181)

8VLQJ (181)� ZH REWDLQ�

𝑓2( ⃗𝑘) = 2𝜋 ∫∞
0 𝑟2 𝑑𝑟 ∫1

−1 FRV 𝜃𝑘 FRV𝛾𝑒−𝛽𝑟2−𝑖𝑘𝑟 FRV𝛾𝑑𝛾
>QRWLFH WKDW WKH LQWHJUDWLRQ RYHU 𝜙 HOLPLQDWHG WKH VHFRQG WHUP LQ �����@� 7KH LQWHJUDO ZLWK UHVSHFW WR FRV𝛾
\LHOGV�

∫1
−1 𝑧𝑒−𝑖𝑘𝑟𝑧𝑑𝑧 = 2𝑖𝑘𝑟 [FRV (𝑘𝑟) − VLQ (𝑘𝑟)𝑘𝑟 ] = −2𝑖𝑗𝑖(𝑘𝑟) ,
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ZKHUH 𝑗𝑖(𝑥) LV WKH VSKHULFDO %HVVHO IXQFWLRQ� 7KHQ
𝑓2( ⃗𝑘) = 2𝜋 FRV 𝜃𝑘 (2𝑖𝑘 )∫∞

0 [FRV (𝑘𝑟) − VLQ (𝑘𝑟)𝑘𝑟 ] 𝑒−𝛽𝑟2𝑟 𝑑𝑟 (182)

= 2𝜋𝑖 FRV 𝜃𝑘 1𝑘𝛽 ⎧{⎨{⎩1 − (2𝛽𝑘2 + 1)𝐹𝐷 ⎛⎜⎜⎜⎝
𝑘2√𝛽⎞⎟⎟⎟⎠

⎫}⎬}⎭ , (183)

ZKHUHE\

𝐹𝐷(𝑡) = √𝜋2 𝑒−𝑡2
HUIL(𝑡) , (184)

LQ ZKLFK HUIL(𝑡) = −𝑖HUI(𝑡)� LV FDOOHG WKH 'DZVRQ·V IXQFWLRQ� 7KHQ
𝐼(𝑝(1))𝑎𝑏 = 𝑐(𝑝)𝛽 𝑐(𝑠)𝛼 ∫𝑑 ⃗𝑟 ⎧{⎨{⎩∫ 𝑓1( ⃗𝑘1)𝑒𝑖�⃗�1 ⃗𝑟 𝑑 ⃗𝑘1(2𝜋)3 ∫ 𝑓2( ⃗𝑘2)𝑒𝑖�⃗�2 ⃗𝑟 𝑑 ⃗𝑘2(2𝜋)3⎫}⎬}⎭

= 𝑐(𝑝)𝛽 𝑐(𝑠)𝛼 ∫ 𝑑 ⃗𝑘(2𝜋)3 𝑓2( ⃗𝑘)𝑓1(− ⃗𝑘) . (185)

7KH DQJXODU SDUW RI WKH LQWHJUDO LQ (185) LV�

2𝜋 ∫1
−1 𝑒𝑖𝑘𝑑 FRV𝜃𝑘 FRV 𝜃𝑘 𝑑 FRV 𝜃𝑘 = 4𝜋𝑖𝑘𝑑 [FRV (𝑘𝑑) − VLQ (𝑘𝑑)𝑘𝑑 ] ,

DQG ZH KDYH�

𝐼(𝑝(1))𝑎𝑏 (𝛼, 𝛽; 𝑑) = 𝑐(𝑝)𝛽 𝑐(𝑠)𝛼 (𝜋𝛼)32
× 1𝜋𝛽𝑑 ∫∞

0 [1 − (2𝛽𝑘2 + 1)𝐹𝐷 ⎛⎜⎜⎜⎝
𝑘2√𝛽⎞⎟⎟⎟⎠]

× H[S{(−𝑘24𝛼)}[FRV (𝑘𝑑) − VLQ (𝑘𝑑)𝑘𝑑 ] 𝑑𝑘 . (186)

$QRWKHU LQWHJUDO RI WKLV W\SH� GHVFULELQJ HOHFWURQV LQWHUDFWLRQ ZLWK WKH + DWRP� LV�

𝐼(𝑝(1))𝑎𝑏 = ⟨𝐴∣ 1| ⃗𝑟 − ⃗𝑑| ∣𝐵⟩𝑝 (187)

= 𝑐(𝑝)𝛽 𝑐(𝑠)𝛼 ∫ 𝑟 FRV 𝜃𝑒−𝛽𝑟2 1| ⃗𝑟 − ⃗𝑑|𝑒−𝛼( ⃗𝑟− ⃗𝑑)2 𝑑 ⃗𝑟 , (188)
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ZKHUH 𝑓1( ⃗𝑟) = 𝑟 FRV 𝜃𝑒−𝛽𝑟2
DQG 𝑓2( ⃗𝑟) = 1| ⃗𝑟 − ⃗𝑑|𝑒−𝛼( ⃗𝑟− ⃗𝑑)2

� 7KH )RXULHU WUDQVIRUPV RI WKHVH IXQFWLRQV

DUH�

𝑓1( ⃗𝑘) = 2𝑖FRV 𝜃𝑘𝑘 2𝜋 ∫∞
0 𝑟2 [FRV (𝑘𝑟) − VLQ (𝑘𝑟)𝑘𝑟 ] 𝑒−𝛽𝑟2 𝑑𝑟

= 𝑖 FRV 𝜃𝑘𝜋 32 𝑘
2𝛽52 H[S{(− 𝑘24𝛽)} ; (189)

𝑓2( ⃗𝑘) = 𝑒−𝑖�⃗�⋅ ⃗𝑑2𝜋 ∫∞
0 ∫1

−1 𝑒−𝛼𝑟2−𝑖𝑘 FRV𝛾𝑟 𝑑𝑟 𝑑 FRV𝛾
= 4𝜋𝑘 𝑒−𝑖�⃗�⋅ ⃗𝑑 1√𝛼𝐹𝐷 ( 𝑘2√𝛼) . (190)

:LWK WKLV�

𝐼(𝑝(2))𝑎𝑏 (𝛼; 𝛽; 𝑑) = 𝑐(𝑠)𝛼 𝑐(𝑝)𝛽 2𝜋 52
√𝛼𝛽52 𝑖 ∫ 𝑑 ⃗𝑘(2𝜋)3 FRV 𝜃𝑘𝑘𝑒−𝑖�⃗�⋅ ⃗𝑑

× H[S{(− 𝑘24𝛽)}𝐹𝐷 ( 𝑘2√𝛼)
= 𝑐(𝑠)𝛼 𝑐(𝑝)𝛽 √𝜋

√𝛼𝛽52𝑑 ∫∞
0 H[S{(− 𝑘24𝛽)}𝐹𝐷( 𝑘2√𝛼)[FRV (𝑘𝑑)− VLQ (𝑘𝑑)𝑘𝑑 ] 𝑘𝑑𝑘

= 𝑐(𝑠)𝛼 𝑐(𝑝)𝛽 √𝜋
√𝛼𝛽52𝑑3 ∫∞

0 (𝑥 FRV 𝑥 − VLQ 𝑥)𝑒−𝑏′𝑥2 𝐹𝐷(𝑎′𝑥) 𝑑𝑥 , (191)

ZKHUH 𝑏′ = 14𝛽𝑑2 DQG 𝑎′ = 12√𝛼𝑑 � 𝐹𝐷 LV WKH 'DZVRQ·V IXQFWLRQ ������ 1RWH WKDW WKH GLPHQVLRQ RI WKH

QRUPDOL]DWLRQ FRQVWDQWV LV [𝑐(𝑠)𝛼 ] = 𝐿−32 � [𝑐(𝑝)𝛽 ] = 𝐿−52 � ZKLOH [𝛼] = [𝛽] = 𝐿2� WKXV� RYHUDOO GLPHQVLRQ
RI ����� LV 𝐿−1� DV LW VKRXOG EH� 7KH LQWHJUDO LQ ����� FRXOGQ·W EH HYDOXDWHG DQDO\WLFDOO\� VR LW KDV WR EH
FDOFXODWHG QXPHULFDOO\�
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:H VWLOO QHHG PDWUL[ HOHPHQWV RI 𝑟−1 GLDJRQDO LQ DWRPLF LQGH[� ZKLFK DUH DV IROORZV�

𝐼(𝑠(1))𝑎𝑎 (𝛼, 𝛽) = 𝑐(𝑠)𝛼 𝑐(𝑝)𝛽 ∫ 1𝑟 𝑒−(𝛼+𝛽)𝑟2𝑑 ⃗𝑟
= 2𝜋(𝑠)𝛼 𝑐(𝑝)𝛽𝛼 + 𝛽 ; (192)

𝐼(𝑠(1))𝑏𝑏 (𝛼, 𝛽) = 𝐼(𝑠(1))𝑎𝑎 (𝛼, 𝛽);
𝐼(𝑝𝑠(1))𝑏𝑏 = 𝑐(𝑠)𝛼 𝑐(𝑝)𝛽 ∫ 1𝑟 𝑟 FRV 𝜃𝑒−(𝛼+𝛽)𝑟2𝑑 ⃗𝑟 = 0 ; (193)

𝐼(𝑝(1))𝑏𝑏 (𝛼, 𝛽) = 𝑐(𝑝)𝛼 𝑐(𝑝)𝛽 ∫ 1𝑟 𝑟2
FRV

2 𝜃𝑒−(𝛼+𝛽)𝑟2𝑑 ⃗𝑟
= 4𝜋3 𝑐(𝑝)𝛼 𝑐(𝑝)𝛽(𝛼 + 𝛽)2 ; (194)

𝐼(𝑠(2))𝑎𝑎 (𝛼, 𝛽; 𝑑) = 𝑐(𝑠)𝛼 𝑐(𝑠)𝛽 ∫ 1𝑟 𝑒−(𝛼+𝛽)( ⃗𝑟− ⃗𝑑)2𝑑 ⃗𝑟
= 𝑐(𝑠)𝛼 𝑐(𝑠)𝛽 2𝜋 32

(𝛼 + 𝛽)32𝑑2 HUI(√𝛼 + 𝛽 𝑑) ; (195)

𝐼(𝑠(2))𝑏𝑏 = 𝐼(𝑠(2))𝑎𝑎 ;
𝐼(𝑝𝑠(2))𝑏𝑏 (𝛼, 𝛽; 𝑑) = 𝑐(𝑠)𝛼 𝑐(𝑝)𝛽 ∫ 1| ⃗𝑟 − ⃗𝑑|𝑒−(𝛼+𝛽)𝑟2𝑟 FRV 𝜃 𝑑 ⃗𝑟 . (196)

+HUH ZH XVH WKH IROORZLQJ H[SDQVLRQ�

1| ⃗𝑟 − ⃗𝑑| = 1√𝑟2 + 𝑑2 − 2𝑟𝑑 FRV 𝜃
= 1𝑑 ∞∑𝑙=0 𝑃𝑙(FRV 𝜃) × ⎧{⎨{⎩

𝑥𝑙(𝑥 < 1) ,𝑥−𝑙−1(𝑥 > 1) , (197)
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ZKHUH 𝑥 = 𝑟𝑑 � VLQFH FRV 𝜃 = 𝑃1(FRV 𝜃) �𝑃𝑙 DUH WKH /HJHQGUH SRO\QRPLDOV�� WKH DQJXODU LQWHJUDWLRQ LQ

(196) HOLPLQDWHV DOO WKH WHUPV LQ WKH VXP RYHU 𝑙 H[FHSW 𝑙 = 1� 7KHUHIRUH� ZH KDYH�
𝐼(𝑝𝑠(2))𝑏𝑏 (𝛼, 𝛽; 𝑑) = 𝑐(𝑠)𝛼 𝑐(𝑝)𝛽 { 1𝑑2 ∫𝑑

0 𝑒−(𝛼+𝛽)𝑟2𝑟4 𝑑𝑟
+ 𝑑∫∞

𝑑 𝑒−(𝛼+𝛽)𝑟2𝑟 𝑑𝑟} × 4𝜋3
= 𝜋√𝜋 HUI(√𝛼+𝛽 𝑑) − 2√𝛼+𝛽 𝑑 𝑒−(𝛼+𝛽)𝑑2

2(𝛼 + 𝛽)52𝑑2 𝑐(𝑠)𝛼 𝑐(𝑝)𝛽 . (198)

)LQDOO\� WKH ODVW LQWHJUDO RI WKLV W\SH LV�

𝐼(𝑝(2))𝑏𝑏 (𝛼, 𝛽; 𝑑) = 𝑐(𝑝)𝛼 𝑐(𝑝)𝛽 ∫ 1| ⃗𝑟 − ⃗𝑑|𝑒−(𝛼+𝛽)𝑟2𝑟2
FRV

2 𝜃 𝑑 ⃗𝑟 . (199)

$JDLQ� ZH XVH WKH IRUPXOD (197) DQG WKH UHODWLRQ

𝑧2 = 23 [𝑃2(𝑧) + 12𝑃0(𝑧)] . (200)

8VLQJ ������ WKH DQJXODU LQWHJUDWLRQ LQ ����� \LHOGV�

2𝜋 ∫1
−1 FRV

2 𝜃 ∞∑𝑙=1 𝑃𝑙(FRV 𝜃) ×
⎧{{⎨{{⎩

( 𝑟𝑑)𝑙 (𝑟 < 𝑑)
( 𝑟𝑑)−𝑙−1 (𝑟 > 𝑑)

⎫}}⎬}}⎭ 𝑑 FRV 𝜃

= 8𝜋15
⎧{{{⎨{{{⎩
( 𝑟𝑑)2
(𝑑𝑟)3

⎫}}}⎬}}}⎭
+ 4𝜋3

⎧{{⎨{{⎩
1𝑑𝑟
⎫}}⎬}}⎭ .

7KH UHVXOW LV�

𝐼(𝑝(2))𝑏𝑏 (𝛼, 𝛽; 𝑑) = 𝜋{[1 + (𝛼 + 𝛽)𝑑2]√𝜋 HUI(√𝛼+𝛽𝑑)
2(𝛼 + 𝛽)72𝑑3

− [1 + (𝛼 + 𝛽)𝑑2](𝛼 + 𝛽)3𝑑2 𝑒−(𝛼+𝛽)𝑑2} . (201)
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A.3. Kinetic Energy Matrix Elements 172

D�� .LQHW LF (QHUJ\ 0DWU L[ (OHPHQWV

7KH FDOFXODWLRQ RI WKH NLQHWLF HQHUJ\ PDWUL[ HOHPHQWV LQYROYHV WKH IROORZLQJ LQWHJUDOV�

𝐾(𝑠)𝑎𝑏 = ⟨𝐴| − ∇2|𝐵⟩𝑠 = −𝑐𝑠𝛼𝑐𝑠𝛽 ∫ 𝑒−𝛼( ⃗𝑟− ⃗𝑑)2∇2𝑒−𝛽𝑟2𝑑 ⃗𝑟 (202)

= −𝑐𝑠𝛼𝑐𝑠𝛽 ∫ 𝑑 ⃗𝑘(2𝜋)3 𝑓1 ( ⃗𝑘) 𝑓2 (− ⃗𝑘) , (203)

ZKHUH 𝑓2( ⃗𝑟) = 𝑒−𝛼( ⃗𝑟− ⃗𝑑)2
DQG 𝑓1( ⃗𝑟) = ∇2𝑒−𝛽𝑟2

� )RXULHU WUDQVIRUPV RI WKHVH IXQFWLRQV DUH�

𝑓1 ( ⃗𝑘) = ∫𝑑 ⃗𝑟 𝑒−𝑖�⃗�⋅ ⃗𝑟∇2𝑒−𝛽𝑟2 = −𝑘2 (𝜋𝛼)32
H[S{(− 𝑘24𝛽)} . (204)

𝑓2 ( ⃗𝑘) = 𝑒−𝑖�⃗�⋅ ⃗𝑑 (𝜋𝛼)32
H[S{(−𝑘24𝛼)}; (205)

7KHQ

𝐾(𝑠)𝑎𝑏 = 𝑐𝑠𝛼𝑐𝑠𝛽 (𝜋2𝛼𝛽)32 ∫ 𝑑 ⃗𝑘(2𝜋)3 𝑒−𝑖�⃗�⋅ ⃗𝑑
H[S{(−𝛼 + 𝛽4𝛼𝛽 𝑘2)}𝑘2

= 𝑐𝑠𝛼𝑐𝑠𝛽 𝜋
2(𝛼𝛽)32 ∫∞

0 VLQ 𝑘𝑑𝑘𝑑 H[S{(−𝛼 + 𝛽4𝛼𝛽 𝑘2)}𝑘4𝑑𝑘 .
'HQRWLQJ 𝑥 = 𝑘𝑑� ZH KDYH WKH IROORZLQJ LQWHJUDO� ∫∞0 VLQ 𝑥𝑒−𝑏𝑥2𝑥3 𝑑𝑥� ZKHUH 𝑏 = 𝛼 + 𝛽4𝛼𝛽𝑑2 � 7KH UHVXOW RI
WKH LQWHJUDWLRQ UHDGV�

𝐾(𝑠)𝑎𝑏 = 𝑐𝑠𝛼𝑐𝑠𝛽4𝜋 32 (𝛼𝛽)2𝑑2
(𝛼+𝛽)72 [3(𝛼+𝛽)2𝛼𝛽𝑑2 − 1] H[S{(−𝛼+𝛽4𝛼𝛽 𝑑2)} . (206)
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7KH VLPLODU LQWHJUDO LQYROYLQJ WKH 𝑠 DQG 𝑝 VWDWHV�

𝐾(𝑝)𝑎𝑏 = −𝑐𝑠𝛼𝑐𝑝𝛽 ∫ 𝑟 FRV 𝜃𝑒−𝛽𝑟2 ∇2𝑒−𝛼( ⃗𝑟− ⃗𝑑)2 𝑑 ⃗𝑟
= −𝑐𝑠𝛼𝑐𝑝𝛽 ∫ 𝑑 ⃗𝑘(2𝜋)3 𝑓1( ⃗𝑘)𝑓2(− ⃗𝑘) , ZLWK (207)

𝑓2( ⃗𝑘) = 𝑒−𝑖�⃗�⋅ ⃗𝑑 ∫𝑑( ⃗𝑟 − ⃗𝑑)𝑒−𝑖�⃗�⋅( ⃗𝑟− ⃗𝑑) ∇2𝑒−𝛼( ⃗𝑟− ⃗𝑑)2

= 𝑒−𝑖�⃗�⋅ ⃗𝑑𝑘2 (𝜋𝛼)32
H[S{(−𝑘24𝛼)} DQG (208)

𝑓1( ⃗𝑘) = 𝑖4𝜋𝑘 FRV 𝜃𝑘 ∫∞
0 [FRV (𝑘𝑟) − VLQ (𝑘𝑟)𝑘𝑟 ] 𝑒−𝛽𝑟2𝑟2 𝑑𝑟

= 𝑖 FRV 𝜃𝑘𝜋32 𝑘
2𝛽52 H[S{(− 𝑘24𝛽)} . (209)

8VLQJ (208) DQG (209)�

𝐾(𝑝)𝑎𝑏 = 𝑐𝑠𝛼𝑐𝑝𝛽𝑖 𝜋3
2𝛼32𝛽52 ∫ FRV 𝜃𝑘𝑒𝑖(�⃗�⋅ ⃗𝑑)𝑘3

H[S{(−𝛼 + 𝛽4𝛼𝛽 𝑘2)} 𝑑 ⃗𝑘(2𝜋)3
= 𝑐𝑠𝛼𝑐𝑝𝛽 𝜋2

2𝛼32𝛽52𝑑6 ∫∞
0 (FRV 𝑥 − VLQ 𝑥𝑥 ) 𝑥4𝑒−𝑏𝑥2𝑑𝑥 .

7KH LQWHJUDO LV FDOFXODWHG ZLWK WKH KHOS RI 0DWKHPDWLFD� ZLWK WKH UHVXOW�

𝐾(𝑝)𝑎𝑏 (𝛼, 𝛽; 𝑑) = 𝑐𝑠𝛼𝑐𝑝𝛽 𝜋2
64𝛼32𝛽52𝑑6 𝑏5 × {1 + 4𝑏(3𝑏 − 4)

− [1 + 6𝑏(4𝑏2 + 6𝑏 − 3)] 1√𝑏𝐹𝐷 ⎛⎜⎝ 12√𝑏⎞⎟⎠} , (210)
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ZKHUH 𝑏 = 𝛼 + 𝛽4𝛼𝛽𝑑2 DQG 𝐹𝐷 LV WKH 'DZVRQ·V IXQFWLRQ ������ 7KH PDWUL[ HOHPHQWV GLDJRQDO LQ DWRPLF LQGH[

DUH DV IROORZV�

𝐾(𝑠)𝑎𝑎 (𝛼, 𝛽) = 𝑐(𝑠)𝛼 𝑐(𝑠)𝛽 (𝜋2𝛼𝛽) 12𝜋2 ∫∞
0 H[S{(−𝛼 + 𝛽4𝛼𝛽 𝑘2) 𝑘4 𝑑𝑘}

= 𝑐(𝑠)𝛼 𝑐(𝑠)𝛽 3𝜋 322 𝛼𝛽
(𝛼 + 𝛽)52 ; (211)

𝐾(𝑠)𝑏𝑏 (𝛼, 𝛽) = 𝐾(𝑠)𝑎𝑎 (𝛼, 𝛽) ;𝐾(𝑠𝑝)𝑏𝑏 (𝛼, 𝛽) = 0 E\ V\PPHWU\ ;𝐾(𝑝)𝑏𝑏 (𝛼, 𝛽) = ⟨𝐵|𝑝 − ∇2|𝐵⟩𝑝
= −𝑐(𝑝)𝛼 𝑐(𝑝)𝛽 ∫ 𝑑 ⃗𝑘(2𝜋)3 H[S{(−𝛼+𝛽4𝛼𝛽) 𝑘2}⎛⎜⎜⎜⎜⎝−𝑘2

FRV
2 𝜃𝑘 𝜋3𝑘2

2(𝛼𝛽)52
⎞⎟⎟⎟⎟⎠

= 𝑐(𝑝)𝛼 𝑐(𝑝)𝛽 5𝜋 32𝛼𝛽
2(𝛼 + 𝛽)72 . (212)

6XPPDU\ RI RQH�HOHFWURQ +DPLOWRQLDQ �IRU ]HUR H[WHUQDO ILHOG��

7KH RQH�HOHFWURQ +DPLOWRQLDQ LQ WKH DEVHQFH RI H[WHUQDO HOHFWULF ILHOG LV DV IROORZV�

𝐻1 = −∇2 − 3𝑟 − 1| ⃗𝑟 − ⃗𝑑| .
)RU FRQYHQLHQFH� WKH QHFHVVDU\ LQWHJUDOV DUH SUHVHQWHG LQ 7DEOH ��� DQG 7DEOH �� LQGLFDWHV WKH UHIHUHQFH RI

WKH FRUUHVSRQGLQJ HTXDWLRQ�
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Table 13: Matrix elements of one-electron interactions|𝐴1𝑠⟩ |𝐵1𝑠⟩ |𝐵2𝑠⟩ |𝐵2𝑝⟩

⟨𝐴1𝑠|
𝐾(𝑠)𝑎𝑎 (𝛼𝑖,1𝑠, 𝛼𝑗,1𝑠)−𝐼(𝑠(1))𝑎𝑎 (𝛼𝑖,1𝑠, 𝛼𝑗,1𝑠)−3𝐼(𝑠(2))𝑎𝑎 (𝛼𝑖,1𝑠, 𝛼𝑗,1𝑠; 𝑑)

𝐾(𝑠)𝑎𝑏 (𝛼𝑖,1𝑠, 𝛼′𝑗,1𝑠; 𝑑)−3𝐼(𝑠(1))𝑎𝑏 (𝛼𝑖,1𝑠, 𝛼′𝑗,1𝑠; 𝑑)−𝐼(𝑠(2))𝑎𝑏 (𝛼𝑖,1𝑠, 𝛼𝑗,1𝑠; 𝑑)
𝐾(𝑠)𝑎𝑏 (𝛼𝑖,1𝑠, 𝛼′𝑗,2𝑠𝑝; 𝑑)−3𝐼(𝑠(1))𝑎𝑏 (𝛼𝑖,1𝑠, 𝛼′𝑗,2𝑠𝑝; 𝑑)−𝐼(𝑠(2))𝑎𝑏 (𝛼𝑖,1𝑠, 𝛼′𝑗,2𝑠𝑝; 𝑑)

𝐾(𝑝)𝑎𝑏 (𝛼𝑖,1𝑠, 𝛼′𝑗,1𝑠; 𝑑)−3𝐼(𝑝(1))𝑎𝑏 (𝛼𝑖,1𝑠, 𝛼′𝑗,2𝑠𝑝; 𝑑)−𝐼(𝑝(2))𝑎𝑏 (𝛼𝑖,1𝑠, 𝛼′𝑗,2𝑠𝑝; 𝑑)

⟨𝐵1𝑠|
𝐾(𝑠)𝑏𝑏 (𝛼′𝑖,1𝑠, 𝛼′𝑗,1𝑠)−3𝐼(𝑠(1))𝑏𝑏 (𝛼′𝑖,1𝑠, 𝛼′𝑗,1𝑠)−𝐼(𝑠(2))𝑏𝑏 (𝛼′𝑖,1𝑠, 𝛼′𝑗,1𝑠; 𝑑)

𝐾(𝑠)𝑏𝑏 (𝛼′𝑖,1𝑠, 𝛼𝑗,2𝑠𝑝)−3𝐼(𝑠(1))𝑏𝑏 (𝛼′𝑖,1𝑠, 𝛼𝑗,2𝑠𝑝)−𝐼(𝑠(2))𝑏𝑏 (𝛼′𝑖,1𝑠, 𝛼𝑗,2𝑠𝑝; 𝑑)−𝐼(𝑝𝑠(2))𝑏𝑏 (𝛼′𝑖,1𝑠, 𝛼𝑗,2𝑠𝑝; 𝑑)

⟨𝐵2𝑠|
𝐾(𝑠)𝑏𝑏 (𝛼𝑖,2𝑠𝑝, 𝛼𝑗,2𝑠𝑝)−3𝐼(𝑠(1))𝑏𝑏 (𝛼𝑖,2𝑠𝑝, 𝛼𝑗,2𝑠𝑝)−𝐼(𝑠(2))𝑏𝑏 (𝛼𝑖,2𝑠𝑝, 𝛼𝑗,2𝑠𝑝; 𝑑)−𝐼(𝑝𝑠(2))𝑏𝑏 (𝛼𝑖,2𝑠𝑝, 𝛼𝑗,2𝑠𝑝; 𝑑)

⟨𝐵2𝑝|
𝐾(𝑝)𝑏𝑏 (𝛼𝑖,2𝑠𝑝, 𝛼𝑗,2𝑠𝑝)−3𝐼(𝑝(1))𝑏𝑏 (𝛼𝑖,2𝑠𝑝, 𝛼𝑗,2𝑠𝑝)−𝐼(𝑝(2))𝑏𝑏 (𝛼𝑖,2𝑠𝑝, 𝛼𝑗,2𝑠𝑝; 𝑑)

Table 14: Equations specifying matrix elements of Table 13.
Matrix Matrix

elements Eq. elements Eq.𝐾(𝑠)𝑎𝑎 (𝛼, 𝛽) (211) 𝐼(𝑠(1))𝑎𝑎 (𝛼, 𝛽) (192)𝐾(𝑠)𝑎𝑏 (𝛼, 𝛽; 𝑑) (206) 𝐼(𝑠(2))𝑎𝑎 (𝛼, 𝛽; 𝑑) (195)𝐾(𝑝)𝑎𝑏 (𝛼, 𝛽; 𝑑) (210) 𝐼(𝑠(1))𝑎𝑏 (𝛼, 𝛽; 𝑑) (176)𝐾(𝑠)𝑏𝑏 = 𝐾(𝑠)𝑎𝑎 𝐼(𝑠(2))𝑎𝑏 (𝛼, 𝛽; 𝑑) (177)𝐾(𝑝)𝑏𝑏 (𝛼, 𝛽; 𝑑) (212) 𝐼(𝑝(1))𝑎𝑏 (𝛼, 𝛽; 𝑑) (186)𝐼(𝑝(2))𝑎𝑏 (𝛼, 𝛽; 𝑑) (191) 𝐼(𝑠(1))𝑏𝑏 = 𝐼(𝑠(1))𝑎𝑎𝐼(𝑠(2))𝑏𝑏 = 𝐼(𝑠(2))𝑎𝑎 𝐼(𝑝𝑠(2))𝑏𝑏 (𝛼, 𝛽; 𝑑) (198)𝐼(𝑝(1))𝑏𝑏 (𝛼, 𝛽) (194) 𝐼(𝑝(2))𝑏𝑏 (𝛼, 𝛽; 𝑑) (201)

D�� 0DWU L[ HOHPHQWV RI WKH LQWHUDFW LRQ ZLWK H[WHUQDO HOHFWU LF I LH OG

:H VKDOO FRQVLGHU WKH ILHOG SDUDOOHO WR WKH 𝑧 D[LV� VR WKH LQWHUDFWLRQ +DPLOWRQLDQ UHDGV�
𝐻𝑆 = −𝔼𝑟 FRV 𝜃 .
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:H VKDOO NHHS WKH VDPH QRWDWLRQ DV IRU WKH NLQHWLF HQHUJ\ PDWUL[ HOHPHQWV MXVW FKDQJLQJ 𝐾 → 𝐽� )LUVW� ZH
KDYH�

𝐽𝑎𝑎 = 𝔼𝑑; 𝐽(𝑝𝑝)𝑏𝑏 = 𝐽(𝑠𝑠)𝑏𝑏 = 0 , (213)

EHFDXVH WKH GLDJRQDO PDWUL[ HOHPHQWV IRU DQ\ DWRP YDQLVK IRU QRQ�GHJHQHUDWH DWRPLF VWDWHV DQG 𝐽𝑎𝑎 LV

FRPSHQVDWHG E\ WKH HQHUJ\ RI WKH SURWRQ DW SRLQW ⃗𝑑 �VHH )LJ� ���� )RU WKH PDWUL[ HOHPHQW EHWZHHQ WKH 𝑠 DQG𝑝�RUELWDOV RI WKH /L DWRP ZH KDYH�

𝐽(𝑝𝑠)𝑏𝑏 = 𝐽(𝑠𝑝)𝑏𝑏 = −𝑐(𝑠)𝛼 𝑐(𝑝)𝛽 𝔼∫ 𝑟2
FRV

2 𝜃𝑒−(𝛼+𝛽)𝑟2 𝑑 ⃗𝑟
= 𝑐(𝑠)𝛼 𝑐(𝑝)𝛽 E

𝜋 32
2(𝛼 + 𝛽)52 . (214)

7KH PDWUL[ HOHPHQWV 𝐽(𝑠)𝑎𝑏 DUH WKH VDPH DV IRU +2�
𝐽(𝑠)𝑎𝑏 (𝛼, 𝛽; 𝑑) = −𝑐(𝑠)𝛼 𝑐(𝑠)𝛽 ∫( ⃗E ⋅ ⃗𝑟) 𝑒−𝛼( ⃗𝑟− ⃗𝑑)2−𝛽𝑟2𝑑 ⃗𝑟 . (215)

:H XVH WKH WUDQVIRUPDWLRQ�

𝑒−𝛼( ⃗𝑟− ⃗𝑑)2−𝛽𝑟2 = H[S(− 𝛼𝛽𝛼 + 𝛽 𝑑2) 𝑒−𝑝( ⃗𝑟−�⃗�𝑃) , (216)

ZKHUH 𝑃 = 𝛼 + 𝛽 DQG �⃗�𝑃 = 1𝑝 (𝛼�⃗�𝐴 + 𝛽�⃗�𝐵) = 𝛼𝑝 ⃗𝑑� 7KHQ
𝐽(𝑠)𝑎𝑏 = −𝑐(𝑠)𝛼 𝑐(𝑠)𝛽 H[S{(− 𝛼𝛽𝛼 + 𝛽𝑑2)}∫[ ⃗E ⋅ ( ⃗𝑟 − �⃗�𝑃)

+ ⃗E ⋅ �⃗�𝑃]𝑒−𝑝( ⃗𝑟−�⃗�𝑃)2𝑑 ⃗𝑟
= −𝑐(𝑠)𝛼 𝑐(𝑠)𝛽 H[S{(− 𝛼𝛽𝛼 + 𝛽𝑑2)} (𝐽1 + 𝐽2) , ZKHUH

𝐽1 = ∫( ⃗E ⋅ ⃗𝑟′)𝑒−𝑝( ⃗𝑟′)2𝑑 ⃗𝑟′ = 0 , DQG

𝐽2 = ( ⃗E ⋅ �⃗�𝑃)∫ 𝑒−𝑝𝑟2𝑑 ⃗𝑟 = ( 𝜋𝛼 + 𝛽)32 𝛼𝛼 + 𝛽E 𝑑 .
7KXV� ZH KDYH�

𝐽(𝑠)𝑎𝑏 (𝛼, 𝛽; 𝑑) = −𝑐(𝑠)𝛼 𝑐(𝑠)𝛽 H[S{(− 𝛼𝛽𝛼 + 𝛽𝑑2)} 𝜋 32𝛼
(𝛼 + 𝛽)52 E 𝑑 . (217)
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2EYLRXVO\� 𝐽(𝑠)𝑎𝑏 = 𝐽(𝑠)𝑏𝑎 � 1RZ ZH VKDOO FDOFXODWH

𝐽(𝑝)𝑎𝑏 = −𝑐(𝑠)𝛼 𝑐(𝑝)𝛽 E ∫ 𝑟2
FRV

2 𝜃𝑒−𝛽𝑟2𝑒−𝛼( ⃗𝑟− ⃗𝑑)2𝑑 ⃗𝑟 (218)

= −𝑐(𝑠)𝛼 𝑐(𝑝)𝛽 E ∫ 𝑓1( ⃗𝑟)𝑓2( ⃗𝑟)𝑑 ⃗𝑟 ,
ZKHUH 𝑓1( ⃗𝑟) = 𝑟2

FRV
2 𝜃𝑒−𝛽𝑟2

DQG 𝑓2( ⃗𝑟) = 𝑒−𝛼( ⃗𝑟− ⃗𝑑)2 .
7KH )RXULHU WUDQVIRUP RI 𝑓1( ⃗𝑟) LV�

𝑓1( ⃗𝑘) = ∫ 𝑓1( ⃗𝑟)𝑒−𝑖�⃗�⋅ ⃗𝑟𝑑 ⃗𝑟
= ∫∞

0 𝑑𝑟 ∫1
−1 𝑑 FRV𝛾 ∫2𝜋

0 𝑑𝜙 [FRV𝛾 FRV 𝜃𝑘 + VLQ𝛾 VLQ 𝜃𝑘 VLQ (𝜙 − 𝜙𝑘)]2
× 𝑒−𝛽𝑟2−𝑖𝑘𝑟 FRV𝛾 ,

ZKHUH ZH PDGH XVH RI (181)� 7KH WHUP OLQHDU LQ VLQ (𝜙 − 𝜙𝑘) YDQLVKHV DIWHU LQWHJUDWLRQ RYHU 𝜙� ZKLOH∫2𝜋0 VLQ
2 (𝜙 − 𝜙𝑘)𝑑𝜙 = 𝜋� 7KHUHIRUH�

∫1
−1𝑑 FRV𝛾 [FRV2 𝜃𝑘 FRV2 𝛾 + 12(1 − FRV

2 𝛾) VLQ2 𝜃𝑘] 𝑒−𝑖𝑘𝑟 FRV𝛾
= 2(𝑘𝑟)3{(3 FRV

2 𝜃𝑘 − 1)𝑘𝑟 FRV 𝑘𝑟
+ [(1 − 3𝑐𝑜𝑠2𝜃𝑘) + (𝑘𝑟)2𝑐𝑜𝑠2(𝜃𝑘)] VLQ 𝑘𝑟} ≡ 𝑔( ⃗𝑘, 𝑟)

DQG

𝑓1( ⃗𝑘) = 2𝜋 ∫∞
0 𝑟4𝑒−𝛽𝑟2𝑔( ⃗𝑘, 𝑟)𝑑𝑟

= ( 𝑘22𝛽) 1𝑘2 [2𝛽𝑘2 − FRV
2 𝜃𝑘](𝜋𝛽)32

H[S{(− 𝑘24𝛽)}; (219)

𝑓2( ⃗𝑘) = ∫ 𝑒−𝛼𝑟2−𝑖�⃗�⋅( ⃗𝑟+ ⃗𝑑)𝑑 ⃗𝑟 = 𝑒𝑖�⃗�⋅ ⃗𝑑 (𝜋𝛼)32
H[S{(−𝑘24𝛼 )} , (220)

7KH LQWHJUDO (218) LV JLYHQ E\

𝐽(𝑝)𝑎𝑏 = −𝑐(𝑠)𝛼 𝑐(𝑝)𝛽 E ∫ 𝑓1( ⃗𝑘)𝑓2(− ⃗𝑘) 𝑑 ⃗𝑘(2𝜋)3 . (221)
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,Q ������ WKH IROORZLQJ DQJXODU LQWHJUDOV FRPH DERXW�

∫2𝜋
0 𝑑𝜙𝑘 ∫1

−1 𝑒𝑖𝑘𝑑 FRV𝜃𝑘𝑑 FRV 𝜃𝑘 = 4𝜋VLQ 𝑘𝑑𝑘𝑑 = 4𝜋𝑗0(𝑘𝑑) (222)

DQG

∫2𝜋
0 𝑑𝜙𝑘 ∫1

−1FRV2 𝜃𝑘𝑒𝑖𝑘𝑑 FRV𝜃𝑘𝑑 FRV 𝜃𝑘 = 4𝜋2𝑘𝑑 FRV 𝑘𝑑 + [(𝑘𝑑)2−2] VLQ 𝑘𝑑(𝑘𝑑)3
= −4𝜋[𝑗2(𝑘𝑑) + 𝑗1(𝑘𝑑)𝑘𝑑 ] ≡ −4𝜋𝑍(𝑘𝑑) . (223)

,Q ����� DQG ������ 𝑗𝑙(𝑐) DUH WKH VSKHULFDO %HVVHO IXQFWLRQV DQG 𝑍(𝑥) LV MXVW D VKRUW�KDQG QRWDWLRQ� :LWK
WKLV� (T� (221) UHGXFHV WR�

𝐽(𝑝)𝑎𝑏 (𝛼, 𝛽; 𝑑) = −𝑐(𝑠)𝛼 𝑐(𝑝)𝛽 E
𝜋𝑑𝛽2 ( 14𝛼𝛽𝑑4)

32
× ∫∞

0 [2𝛽𝑑2𝑗0(𝑥) + 𝑥2𝑍(𝑥)]𝑒−𝑏𝑥2𝑑𝑥 , (224)

ZKHUH 𝑏 = 𝛼 + 𝛽4𝛼𝛽𝑑2 � 7KH FDOFXODWLRQ RI WKH LQWHJUDO LQ ����� \LHOGV�

√𝜋1 + 4( 𝛼 + 𝛽4𝛼𝛽𝑑2)
4( 𝛼 + 𝛽4𝛼𝛽𝑑2)

32 H[S

⎧{{{⎨{{{⎩
⎛⎜⎜⎜⎜⎜⎜⎜⎝
− 1
4( 𝛼 + 𝛽4𝛼𝛽𝑑2)

⎞⎟⎟⎟⎟⎟⎟⎟⎠
⎫}}}⎬}}}⎭

+ 2𝛽𝑑2 − 22 𝜋 HUI

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
1

2√ 𝛼 + 𝛽4𝛼𝛽𝑑2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
= √𝜋1 + 4𝑏

4𝑏32 H[S{(− 14𝑏)} + 𝑎 − 22 𝜋 HUI⎛⎜⎝ 12√𝑏⎞⎟⎠ ,
ZKHUH 𝑎 = 2𝛽𝑑2�
6XPPDU\ RI WKH SHUWXUEDWLRQ RSHUDWRU

7KH PDWUL[ HOHPHQWV RI WKH SHUWXUEDWLRQ RSHUDWRU GXH WR H[WHUQDO HOHFWULF ILHOG� 𝐻𝑆� DUH VXPPDUL]HG LQ

7DEOH �� DQG WKH FRUUHVSRQGLQJ HTXDWLRQV DUH UHIHUUHG WR LQ 7DEOH ��� 1RWLFH WKDW WKH SURWRQ HQHUJ\ �−𝐸𝑑�
178
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Table 15: Matrix elements for the perturbation operator|𝐴1𝑠⟩ |𝐵1𝑠⟩ |𝐵2𝑠⟩ |𝐵2𝑝𝑧⟩⟨𝐴1𝑠| 0 𝐽(𝑠)𝑎𝑏 (𝛼𝑖,1𝑠, 𝛼′𝑗,1𝑠; 𝑑) 𝐽(𝑠)𝑎𝑏 (𝛼𝑖,1𝑠, 𝛼𝑗,2𝑠𝑝; 𝑑) 𝐽(𝑝)𝑎𝑏 (𝛼𝑖,1𝑠, 𝛼𝑗,2𝑠𝑝; 𝑑)⟨𝐵1𝑠| 𝐽(𝑠)𝑎𝑏 (𝛼𝑖,1𝑠, 𝛼′𝑗,1𝑠; 𝑑) 0 0 𝐽(𝑝𝑠)𝑏𝑏 (𝛼′𝑖,1𝑠, 𝛼𝑗,2𝑠𝑝; 𝑑)⟨𝐵2𝑠| 𝐽(𝑠)𝑎𝑏 (𝛼𝑖,1𝑠, 𝛼𝑗,2𝑠𝑝; 𝑑) 0 0 𝐽(𝑝𝑠)𝑏𝑏 (𝛼𝑖,2𝑠𝑝, 𝛼𝑗,2𝑠𝑝; 𝑑)⟨𝐵2𝑝𝑧 | 𝐽(𝑝)𝑎𝑏 (𝛼𝑖,1𝑠, 𝛼𝑗,2𝑠𝑝; 𝑑) 𝐽(𝑝𝑠)𝑏𝑏 (𝛼′𝑖,1𝑠, 𝛼𝑗,2𝑠𝑝; 𝑑) 𝐽(𝑝𝑠)𝑏𝑏 (𝛼𝑖,2𝑠𝑝, 𝛼𝑗,2𝑠𝑝; 𝑑) 0

Table 16: Equations specifying matrix elements of Table 15
Matrix Matrix Matrix

elements Eq. elements Eq. elements Eq.𝐽𝑠𝑎𝑏(𝛼, 𝛽; 𝑑) (217) 𝐽𝑝𝑎𝑏(𝛼, 𝛽; 𝑑) (224) 𝐽𝑝𝑠𝑏𝑏(𝛼, 𝛽; 𝑑) (214)

KDV EHHQ DGGHG WR FRPSHQVDWH 𝐽𝑎𝑎 DQG LW LV QHFHVVDU\ WR VXEVWLWXWH 𝛼𝑖,1𝑠� 𝛼𝑖,2𝑠𝑝 IRU 𝛼 DQG 𝛽� UHVSHFWLYHO\
DQG 𝛼′𝑖,1𝑠 LV IRU /L LQ WKH DSSURSULDWH UHODWLRQV�
D�� 7ZR�HOHFWURQ PDWU L[ HOHPHQWV

0DWUL[ HOHPHQWV RI WKH HOHFWURQ²HOHFWURQ LQWHUDFWLRQ� 𝑟−112 = | ⃗𝑟1 − ⃗𝑟2|−1� LQ WKH ´FKHPLVW·V QRWDWLRQµ DUH
ZULWWHQ LQ URXQG EUDFNHWV >���@�

(𝑖𝑗|𝑟−112 |𝑘𝑙) = ∫𝑑 ⃗𝑟1𝑑 ⃗𝑟2𝜓∗𝑖 ( ⃗𝑟1)𝜓𝑗( ⃗𝑟1)𝑟−112 𝜓∗𝑘( ⃗𝑟2)𝜓𝑙( ⃗𝑟2) ,
ZKLFK LV GLIIHUHQW IURP WKH SK\VLFLVW·V QRWDWLRQ IRU WKH VDPH WKLQJ� ⟨𝑖𝑘|𝑟−112 |𝑗𝑙⟩� ZKLFK XVHV DQJXODU EUDFNHWV
DQG GLIIHUHQW RUGHU RI RUELWDOV� +HUH𝜓𝑖 GHQRWHV D PROHFXODU VSDWLDO RUELWDO FRQVWUXFWHG DV D OLQHDU FRPELQDWLRQ
RI DWRPLF RUELWDOV� L�H� LQ RXU FDVH

|𝜓⟩ = 𝑐1|𝐴⟩ + 𝑐2|𝐵⟩1𝑠 + 𝑐3|𝐵⟩2𝑠 + 𝑐4|𝐵⟩2𝑝 . (225)

7KH +) HQHUJ\ LQFOXGHV WKH VR FDOOHG &RXORPE DQG H[FKDQJH LQWHJUDOV�

𝐽𝑖𝑗 = (𝑖𝑖|𝑟−112 |𝑗𝑗) = ⟨𝑖𝑗|𝑟−112 |𝑖𝑗⟩ �&RXORPE� ; (226)𝐾𝑖𝑗 = (𝑖𝑗|𝑟−112 |𝑗𝑖) = ⟨𝑖𝑗|𝑟−112 |𝑗𝑖⟩ �H[FKDQJH� . (227)

6LQFH |𝑖⟩ DQG |𝑗⟩ DUH OLQHDU FRPELQDWLRQV RI 𝑔1𝑠( ⃗𝑟 − ⃗𝑑)� 𝑔1𝑠( ⃗𝑟) DQG 𝑔2𝑝( ⃗𝑟) IXQFWLRQV ZLWK GLIIHUHQW

FRHIILFLHQWV LQ WKH H[SRQHQW� VHYHUDO NLQGV RI LQWHJUDOV RFFXU LQ ����� DQG ������ QDPHO\� �𝑖� IRXU NLQGV
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RI RQH�FHQWHU LQWHJUDOV� �𝑖𝑖� IRXU NLQGV RI WZR�FHQWHU LQWHJUDOV� :H SURFHHG E\ HODERUDWLQJ RQ WKH ILUVW W\SH
�RQH�FHQWHU� LQWHJUDOV� �𝑖��

𝐷(𝑠𝑠)𝑎𝑎 (𝛼,𝛽, 𝛾, 𝛿) = ∫𝑑 ⃗𝑟1𝑑 ⃗𝑟2𝑔1𝑠(𝛼, ⃗𝑟1)𝑔1𝑠(𝛽, ⃗𝑟1)𝑟−112 𝑔1𝑠(𝛾, ⃗𝑟2)𝑔1𝑠(𝛿, ⃗𝑟2)= 𝑐(𝑠)𝛼 𝑐(𝑠)𝛽 𝑐(𝑠)𝛾 𝑐(𝑠)𝛿 ∫𝑑 ⃗𝑟1𝑑 ⃗𝑟2 𝑒−(𝛼+𝛽)𝑟21 (𝑟−112 ) 𝑒−(𝛾+𝛿)𝑟22

= 𝑐(𝑠)𝛼 𝑐(𝑠)𝛽 𝑐(𝑠)𝛾 𝑐(𝑠)𝛿 ∫ 𝑑 ⃗𝑘(2𝜋)3 [( 𝜋𝛼 + 𝛽)32
H[S{(− 𝑘24(𝛼 + 𝛽))}]

× [4𝜋𝑘2 ][( 𝜋𝛾 + 𝛿)32
H[S{(− 𝑘24(𝛾 + 𝛿))}]

= 𝑐(𝑠)𝛼 𝑐(𝑠)𝛽 𝑐(𝑠)𝛾 𝑐(𝑠)𝛿 2𝜋2
[(𝛼 + 𝛽)(𝛾 + 𝛿)]32

√𝜋
2[ 14(𝛼 + 𝛽) + 14(𝛾 + 𝛿)]12 ;

𝐷(𝑠𝑠)𝑎𝑎 (𝛼,𝛽, 𝛾, 𝛿) = 2𝜋 52 𝑐(𝑠)𝛼 𝑐(𝑠)𝛽 𝑐(𝑠)𝛾 𝑐(𝑠)𝛿
(𝛼+𝛽)(𝛾+𝛿)(𝛼+𝛽+𝛾+𝛿)12 . (228)

7KH VDPH H[SUHVVLRQ DSSOLHV WR 𝐷(𝑠𝑠)𝑏𝑏 (𝛼, 𝛽, 𝛾, 𝛿)�
𝐷(𝑝𝑝)𝑏𝑏 (𝛼, 𝛽, 𝛾, 𝛿) =∫𝑑 ⃗𝑟1𝑑 ⃗𝑟2𝑔2𝑝(𝛼, ⃗𝑟1)𝑔2𝑝(𝛽, ⃗𝑟1)𝑟−112 𝑔2𝑝(𝛾, ⃗𝑟2)𝑔2𝑝(𝛿, ⃗𝑟2)= 𝑐(𝑝)𝛼 𝑐(𝑝)𝛽 𝑐(𝑝)𝛾 𝑐(𝑝)𝛿 ∫𝑑 ⃗𝑟1𝑑 ⃗𝑟2 FRV

2 𝜃1𝑟21𝑒−(𝛼+𝛽)𝑟21 (𝑟−112 ) FRV2 𝜃2𝑟22𝑒−(𝛾+𝛿)𝑟22

= 𝑐(𝑝)𝛼 𝑐(𝑝)𝛽 𝑐(𝑝)𝛾 𝑐(𝑝)𝛿 ∫ 𝑑 ⃗𝑘(2𝜋)3{[ 𝑘2(𝛼+𝛽)]2 [2(𝛼+𝛽)𝑘2 −FRV
2 𝜃𝑘]

× ( 𝜋𝛼 + 𝛽)32
H[S{(− 𝑘24(𝛼 + 𝛽))}} × [4𝜋𝑘2 ]

× { [ 𝑘2(𝛾 + 𝛿)]2[2(𝛾+𝛿)𝑘2 −FRV
2𝜃𝑘]( 𝜋𝛾+𝛿)

32
H[S{(− 𝑘24(𝛾+𝛿))}} ,

ZKHUH ZH XVHG WKH )RXULHU WUDQVIRUP UHVXOW (219)� 7KH FDOFXODWLRQ RI VXFK LQWHJUDOV ILQDOO\ \LHOGV�

𝐷(𝑝𝑝)𝑏𝑏 (𝛼,𝛽, 𝛾, 𝛿) = 𝑐(𝑝)𝛼 𝑐(𝑝)𝛽 𝑐(𝑝)𝛾 𝑐(𝑝)𝛿 𝜋 52[(𝛼 + 𝛽)(𝛾 + 𝛿)]2 1
(𝛼+𝛽+𝛾+𝛿)12

× {− 112 + 65 (𝛼 + 𝛽)(𝛾 + 𝛿)(𝛼 + 𝛽 + 𝛾 + 𝛿)2} . (229)
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Table 17: Matrix elements of two-electron interactions|𝐴1𝑠⟩ |𝐵1𝑠⟩ |𝐵2𝑠⟩ |𝐵2𝑝⟩
⟨𝐴1𝑠| 𝐷(𝑠𝑠)𝑎𝑎 (𝛼𝑖,1𝑠, 𝛼𝑗,1𝑠, 𝛼𝑘,1𝑠, 𝛼𝑙,1𝑠)𝐷(𝑠𝑠𝐸)𝑎𝑏 (𝛼𝑖,1𝑠, 𝛼′𝑗,1𝑠, 𝛼𝑘,1𝑠, 𝛼′𝑙,1𝑠; 𝑑),𝐷(𝑠𝑠𝐶)𝑎𝑏 (𝛼𝑖,1𝑠, 𝛼𝑗,1𝑠, 𝛼′𝑘,1𝑠, 𝛼′𝑙,1𝑠; 𝑑) 𝐷(𝑠𝑠𝐸)𝑎𝑏 (𝛼𝑖,1𝑠, 𝛼𝑗,2𝑠𝑝, 𝛼𝑘,1𝑠, 𝛼𝑙,2𝑠𝑝; 𝑑),𝐷(𝑠𝑠𝐶)𝑎𝑏 (𝛼𝑖,1𝑠, 𝛼𝑗,1𝑠, 𝛼𝑘,2𝑠𝑝, 𝛼𝑙,1𝑠𝑝; 𝑑)𝐷

(𝑠𝑝𝐸)𝑎𝑏 (𝛼𝑖,1𝑠, 𝛼𝑗,2𝑠𝑝, 𝛼𝑘,1𝑠, 𝛼𝑙,2𝑠𝑝; 𝑑),𝐷(𝑠𝑝𝐶)𝑎𝑏 (𝛼𝑖,1𝑠, 𝛼𝑗,1𝑠, 𝛼′𝑘,2𝑠𝑝, 𝛼𝑙,2𝑠𝑝; 𝑑)
⟨𝐵1𝑠| 𝐷(𝑠𝑠)𝑏𝑏 (𝛼′𝑖,1𝑠, 𝛼′𝑗,1𝑠, 𝛼′𝑘,1𝑠, 𝛼′𝑙,1𝑠) 𝐷(𝑠𝑠)𝑏𝑏 (𝛼′𝑖,1𝑠, 𝛼𝑗,2𝑠𝑝, 𝛼′𝑘,1𝑠, 𝛼𝑙,2𝑠𝑝; 𝑑),𝐷(𝑠𝑠)𝑏𝑏 (𝛼′𝑖,1𝑠, 𝛼′𝑘,1𝑠, 𝛼𝑗,2𝑠𝑝, 𝛼′𝑙,2𝑠𝑝; 𝑑) 𝐷(𝑠𝑝𝐸)𝑏𝑏 (𝛼′𝑖,1𝑠, 𝛼𝑗,2𝑠𝑝, 𝛼′𝑘,1𝑠, 𝛼𝑙,2𝑠𝑝; 𝑑),𝐷(𝑠𝑝𝐶)𝑏𝑏 (𝛼′𝑖,1𝑠, 𝛼′𝑗,1𝑠, 𝛼𝑘,2𝑠𝑝, 𝛼𝑙,2𝑠𝑝; 𝑑)
⟨𝐵2𝑠| 𝐷(𝑠𝑠)𝑏𝑏 (𝛼𝑖,2𝑠𝑝, 𝛼𝑗,2𝑠𝑝, 𝛼𝑘,2𝑠𝑝, 𝛼𝑙,2𝑠𝑝) 𝐷(𝑠𝑝𝐸)𝑏𝑏 (𝛼𝑖,2𝑠𝑝, 𝛼𝑗,2𝑠𝑝, 𝛼𝑘,2𝑠𝑝, 𝛼𝑙,2𝑠𝑝; 𝑑),𝐷(𝑠𝑝𝐶)𝑏𝑏 (𝛼𝑖,2𝑠𝑝, 𝛼𝑗,2𝑠𝑝, 𝛼𝑘,2𝑠𝑝, 𝛼𝑙,2𝑠𝑝; 𝑑)⟨𝐵2𝑝| 𝐷(𝑝𝑝)𝑏𝑏 (𝛼𝑖,2𝑠𝑝, 𝛼𝑗,2𝑠𝑝, 𝛼𝑘,2𝑠𝑝, 𝛼𝑙,2𝑠𝑝)
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,Q WKH FDOFXODWLRQ RI H[FKDQJH�W\SH LQWHJUDOV�

𝐷(𝑠𝑝𝐸)𝑏𝑏 (𝛼, 𝛽, 𝛾, 𝛿) == ∫𝑑 ⃗𝑟1𝑑 ⃗𝑟2𝑔1𝑠(𝛼, ⃗𝑟1)𝑔2𝑝(𝛽, ⃗𝑟1) (𝑟−112 ) 𝑔1𝑠(𝛾, ⃗𝑟2)𝑔2𝑝(𝛿, ⃗𝑟2)
= 𝑐(𝑠)𝛼 𝑐(𝑝)𝛽 𝑐(𝑠)𝛾 𝑐(𝑝)𝛿 ∫𝑑 ⃗𝑟1𝑑 ⃗𝑟2 FRV 𝜃1𝑟1𝑒−(𝛼+𝛽)𝑟21 1𝑟12 FRV 𝜃2𝑟2𝑒−(𝛾+𝛿)𝑟22

= 𝑐(𝑠)𝛼 𝑐(𝑝)𝛽 𝑐(𝑠)𝛾 𝑐(𝑝)𝛿 ∫ 𝑑 ⃗𝑘(2𝜋)3[𝑖 FRV 𝜃𝑘 𝑘𝜋 32
2(𝛾 + 𝛿)52 H[S{(− 𝑘24(𝛾 + 𝛿))}]

× [4𝜋𝑘2 ][𝑖 FRV 𝜃𝑘 𝑘𝜋32
2(𝛼 + 𝛽)52 H[S{(− 𝑘24(𝛼 + 𝛽))}] ,

ZKHUH ZH XVHG WKH )RXULHU WUDQVIRUP (189)� 7KH FDOFXODWLRQ RI WKH LQWHJUDO ILQDOO\ \LHOGV�

𝐷(𝑠𝑝𝐸)𝑏𝑏 (𝛼, 𝛽, 𝛾, 𝛿) = 𝜋 52 𝑐(𝑠)𝛼 𝑐(𝑝)𝛽 𝑐(𝑠)𝛾 𝑐(𝑝)𝛿
3(𝛼 + 𝛽)(𝛾 + 𝛿)(𝛼+𝛽+𝛾+𝛿)32 . (230)

)RU WKH &RXORPE�W\SH LQWHJUDOV�

𝐷(𝑠𝑝𝐶)𝑏𝑏 (𝛼, 𝛽, 𝛾, 𝛿) = ∫𝑑 ⃗𝑟1𝑑 ⃗𝑟2𝑔1𝑠(𝛼, ⃗𝑟1)𝑔1𝑠(𝛽, ⃗𝑟1)𝑟−112×𝑔2𝑝(𝛾, ⃗𝑟2)𝑔2𝑝(𝛿, ⃗𝑟2)
= 𝑐(𝑠)𝛼 𝑐(𝑠)𝛽 𝑐(𝑝)𝛾 𝑐(𝑝)𝛿 𝜋 52

(𝛼 + 𝛽)(𝛾 + 𝛿)2(𝛼 + 𝛽 + 𝛾 + 𝛿)12
×[1 − 23 𝛼 + 𝛽𝛼 + 𝛽 + 𝛾 + 𝛿] . (231)

3DVVLQJ QRZ WR WKH GLVFXVVLRQ RI WZR�FHQWHU LQWHJUDOV� ZH EHJLQ ZLWK WKH H[FKDQJH�W\SH RQHV� LQYROYLQJ

WKH 𝑠 IXQFWLRQV RQ ERWK FHQWHUV�
𝐷(𝑠𝑠𝐸)𝑎𝑏 (𝛼, 𝛽, 𝛾, 𝛿; 𝑑) = ∫𝑑 ⃗𝑟1 𝑑 ⃗𝑟2𝑔1𝑠(𝛼, ⃗𝑟1 − ⃗𝑑)𝑔1𝑠(𝛽, ⃗𝑟1)

× 1| ⃗𝑟1 − ⃗𝑟2|𝑔1𝑠(𝛾, ⃗𝑟2 − ⃗𝑑)𝑔1𝑠(𝛿, ⃗𝑟2) (232)

= ∫𝑑 ⃗𝑟1 𝑑 ⃗𝑟2𝑓1( ⃗𝑟1)𝑓2(𝑟12)𝑓3( ⃗𝑟2) ,
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ZKHUH

𝑓1( ⃗𝑟1) = 𝑔1𝑠(𝛼, ⃗𝑟1 − ⃗𝑑)𝑔1𝑠(𝛽, ⃗𝑟1) ,𝑓2(𝑟12) = 1| ⃗𝑟1 − ⃗𝑟2| ,𝑓3( ⃗𝑟2) = 𝑔1𝑠(𝛾, ⃗𝑟2 − ⃗𝑑)𝑔1𝑠(𝛿, ⃗𝑟2) .
)ROORZLQJ 6]DER DQG 2VWOXQG >���� $SSHQGL[ $@� ZH ILUVW H[SUHVV SURGXFWV RI *DXVVLDQ IXQFWLRQV RFFXUULQJ

LQ 𝑓1( ⃗𝑟1) DQG 𝑓3( ⃗𝑟2) DV RWKHU *DXVVLDQ� 1RUPDOL]DWLRQ FRQVWDQWV ZLOO EH LJQRUHG DW WKLV VWHS� WKH\ ZLOO EH
LQWURGXFHG LQ WKH ILQDO UHVXOWV� 7KH LQWHJUDO LQ (232) EHFRPHV�

𝑀∫𝑑 ⃗𝑟1 𝑑 ⃗𝑟2𝑒−𝑝( ⃗𝑟−�⃗�𝑝)2 1𝑟12 𝑒−𝑞( ⃗𝑟−�⃗�𝑞)2 , (233)

ZKHUH�

�⃗�𝑝 = 𝛼𝑝 ⃗𝑑, �⃗�𝑞 = 𝛾𝑞 ⃗𝑑, 𝑝 = 𝛼 + 𝛽, 𝑞 = 𝛾 + 𝛿 � DQG
𝑀 = H[S{(−[ 𝛼𝛽𝛼 + 𝛽 + 𝛾𝛿𝛾 + 𝛿] 𝑑2)} . (234)

1RZ ZH FDQ XVH )RXULHU WUDQVIRUP IRU HDFK IDFWRU LQ WKH LQWHJUDO (233)�

𝑓1( ⃗𝑘) = (𝜋𝑝 )32
H[S{(−𝑘24𝑝 − 𝑖( ⃗𝑘 ⋅ �⃗�𝑝))}; 𝑓2( ⃗𝑘) = 4𝜋𝑘2 ;

𝑓3( ⃗𝑘) = (𝜋𝑞 )32
H[S{(−𝑘24𝑞 − 𝑖( ⃗𝑘 ⋅ �⃗�𝑞))} . (235)
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7KH LQWHJUDOV RYHU ⃗𝑟1 DQG ⃗𝑟2 LQWURGXFH WZR 𝛿�IXQFWLRQV RI ⃗𝑘 DQG UHPRYH WZR LQWHJUDWLRQV RYHU GLIIHUHQW⃗𝑘�YHFWRUV WKDW DSSHDU DIWHU VXEVWLWXWLQJ WKH )RXULHU LQWHJUDOV LQWR (233)� VR ZH REWDLQ�

𝐷(𝑠𝑠𝐸)𝑎𝑏 (𝛼,𝛽, 𝛾, 𝛿; 𝑑) = 𝑐(𝑠)𝛼 𝑐(𝑠)𝛽 𝑐(𝑠)𝛾 𝑐(𝑠)𝛿 𝜋𝑀
2(𝑝𝑞)32

×∫ 𝑑 ⃗𝑘𝑘2 H[S{(−𝑝 + 𝑞4𝑝𝑞 𝑘2 + 𝑖 ⃗𝑘 ⋅ (�⃗�𝑝 − �⃗�𝑞))}
= 𝑐(𝑠)𝛼 𝑐(𝑠)𝛽 𝑐(𝑠)𝛾 𝑐(𝑠)𝛿 𝜋𝑀

2(𝑝𝑞)32 4𝜋 ∞∫0 𝑗0(𝑘𝑅𝑧) H[S{(−𝑝 + 𝑞4𝑝𝑞 𝑘2)}𝑑𝑘
= 𝑐(𝑠)𝛼 𝑐(𝑠)𝛽 𝑐(𝑠)𝛾 𝑐(𝑠)𝛿 𝜋3𝑀

(𝑝𝑞)32 HUI
⎡⎢⎣√ 𝑝𝑞𝑝 + 𝑞 ⋅ 𝑅𝑧⎤⎥⎦ , (236)

ZKHUH 𝑅𝑧 = |𝑅𝑝 − 𝑅𝑞|�
7KH WZR�FHQWHU 𝑠�𝑠 &RXORPE�W\SH LQWHJUDOV UHDG�

𝐷(𝑠𝑠𝐶)𝑎𝑏 (𝛼, 𝛽, 𝛾, 𝛿;𝑑) = ∫𝑑 ⃗𝑟1𝑑 ⃗𝑟2𝑔1𝑠(𝛼, ⃗𝑟1 − ⃗𝑑)𝑔1𝑠(𝛽, ⃗𝑟1 − ⃗𝑑)
× 1| ⃗𝑟1 − ⃗𝑟2|𝑔1𝑠(𝛾, ⃗𝑟2)𝑔1𝑠(𝛿, ⃗𝑟2) . (237)

:H FDQ XVH KHUH WKH SUHYLRXV UHVXOW ZLWK �⃗�𝑝 = ⃗𝑑� �⃗�𝑞 = 0
DQG 𝑀 → H[S{(− 𝛼𝛽𝛼 + 𝛽𝑑2)}� ([SOLFLWO\� ZH KDYH�

𝐷(𝑠𝑠𝐶)𝑎𝑏 (𝛼, 𝛽, 𝛾, 𝛿; 𝑑) = 𝑐(𝑠)𝛼 𝑐(𝑠)𝛽 𝑐(𝑠)𝛾 𝑐(𝑠)𝛿 𝜋3
[(𝛼 + 𝛽)(𝛾 + 𝛿)]32

× H[S{(− 𝛼𝛽𝛼+𝛽𝑑2)} × HUI ⎡⎢⎣√(𝛼 + 𝛽)(𝛾 + 𝛿)𝛼+𝛽+𝛾+𝛿 𝑑⎤⎥⎦ . (238)

7KH WZR�FHQWHU H[FKDQJH�W\SH LQWHJUDOV LQYROYLQJ 𝑠 DQG 𝑝�IXQFWLRQV DUH�
𝐷(𝑠𝑝𝐸)𝑎𝑏 (𝛼, 𝛽, 𝛾, 𝛿; 𝑑) = ∫𝑑 ⃗𝑟1𝑑 ⃗𝑟2𝑔1𝑠(𝛼, ⃗𝑟1 − ⃗𝑑)𝑔2𝑝(𝛽, ⃗𝑟1)

× 1| ⃗𝑟1 − ⃗𝑟2|𝑔1𝑠(𝛾, ⃗𝑟2 − ⃗𝑑)𝑔2𝑝(𝛿, ⃗𝑟2)
= ∫𝑑 ⃗𝑟1𝑑 ⃗𝑟2𝑓1( ⃗𝑟1)𝑓2(𝑟12)𝑓3( ⃗𝑟2) , (239)
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ZKHUH�

𝑓1( ⃗𝑟1) = 𝑔1𝑠(𝛼, ⃗𝑟1 − ⃗𝑑)𝑔2𝑝(𝛽, ⃗𝑟1),𝑓2(𝑟12) = 1| ⃗𝑟1 − ⃗𝑟2| ,𝑓3( ⃗𝑟2) = 𝑔1𝑠(𝛾, ⃗𝑟2 − ⃗𝑑)𝑔2𝑝(𝛿, ⃗𝑟2) .
1RZ ZH VKDOO XVH )RXULHU WUDQVIRUP LQ WKH LQWHJUDO (239)�

𝑓1( ⃗𝑘) = ∫ 𝑟1 FRV 𝜃1𝑒−𝑝( ⃗𝑟1−�⃗�𝑝)2−𝑖�⃗�⋅ ⃗𝑟1𝑑 ⃗𝑟1
= 1𝑅𝑝 𝑒−𝑖�⃗�⋅�⃗�𝑝[∫[( ⃗𝑟1 − �⃗�𝑝) ⋅ �⃗�𝑝]𝑒−𝑝( ⃗𝑟1−�⃗�𝑝)2−𝑖�⃗�⋅( ⃗𝑟1−�⃗�𝑝)𝑑 ⃗𝑟1

+𝑅2𝑝 ∫ 𝑒−𝑝( ⃗𝑟−�⃗�𝑝)2−𝑖�⃗�⋅( ⃗𝑟1−�⃗�𝑝)𝑑 ⃗𝑟1]
= 𝑒−𝑖�⃗�⋅ ⃗𝑅𝑝[ ∫ 𝑟 FRV 𝜃𝑒−𝑝𝑟2−𝑖(�⃗�⋅ ⃗𝑟)𝑑 ⃗𝑟 + 𝑅𝑝 ∫ 𝑒−𝑝𝑟2𝑒−𝑖�⃗�⋅ ⃗𝑟𝑑 ⃗𝑟]
= 𝑒−𝑖�⃗�⋅ ⃗𝑅𝑝[𝑖 FRV 𝜃𝑘 𝜋 32 𝑘

2𝑝52 H[S{(−𝑘24𝑝)} + 𝑅𝑝𝜋 32
𝑝32 H[S{(−𝑘24𝑝)}]

ZKHUH ZH KDYH XVHG WKH UHVXOW (209)

= 𝑒−𝑖�⃗�⋅ ⃗𝑅𝑝 𝜋 32
𝑝32 [𝑖 FRV 𝜃𝑘 ( 𝑘2𝑝) + 𝑅𝑝] H[S{(−𝑘24𝑝)} . (240)

$V EHIRUH�

𝑓2( ⃗𝑘) = 4𝜋𝑘2 , DQG

𝑓3( ⃗𝑘) = 𝑒−𝑖�⃗�⋅�⃗�𝑞 𝜋 32
𝑞32 [−𝑖 FRV 𝜃𝑘( 𝑘2𝑞) + 𝑅𝑞] H[S{(−𝑘24𝑞)} . (241)
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6XEVWLWXWLQJ WKLV LQWR (239)�

𝐷𝑎𝑏(𝑠𝑝𝐸)(𝛼, 𝛽, 𝛾, 𝛿; 𝑑) = 𝑐(𝑠)𝛼 𝑐(𝑝)𝛽 𝑐(𝑠)𝛾 𝑐(𝑝)𝛿 4𝜋 𝑀 𝜋3
(𝑝𝑞)32

× ∫ 𝑑 ⃗𝑘(2𝜋)3{[𝑅𝑝 + 𝑖 FRV 𝜃𝑘 ( 𝑘2𝑝)]
× [𝑅𝑞 − 𝑖 FRV 𝜃𝑘 ( 𝑘2𝑞)] 1𝑘2 H[S{[(− 14𝑞+ 14𝑝)𝑘2]}} (242)

= 𝑐(𝑠)𝛼 𝑐(𝑝)𝛽 𝑐(𝑠)𝛾 𝑐(𝑝)𝛿 𝑀 𝜋
2(𝑝𝑞)32

× ∫ 𝑑 ⃗𝑘𝑘2 [𝑅𝑝𝑅𝑞 + 𝑖(𝑅𝑞𝑝 − 𝑅𝑝𝑞 )𝑘2 FRV 𝜃𝑘 + 𝑘24𝑝𝑞 FRV
2 𝜃𝑘]

× H[S{(−𝑝 + 𝑞4𝑝𝑞 𝑘2 + 𝑖 ⃗𝑘 ⋅ (�⃗�𝑝 − �⃗�𝑞))}
= 𝑐(𝑠)𝛼 𝑐(𝑝)𝛽 𝑐(𝑠)𝛾 𝑐(𝑝)𝛿 𝑀 𝜋

2(𝑝𝑞)32 (𝐼1 + 𝐼2 + 𝐼3) , (243)

ZKHUH 𝐼1� 𝐼2� 𝐼3 DUH JLYHQ E\ WKH IROORZLQJ H[SUHVVLRQV�

𝐼1 = 𝑅𝑝𝑅𝑞 ∞∫0 [ 1∫−1 𝑒𝑖𝑘(𝑅𝑝−𝑅𝑞) FRV𝜃𝑘𝑑 FRV 𝜃𝑘] H[S{(−𝑝 + 𝑞4𝑝𝑞 𝑘2)}𝑑𝑘
= 𝑅𝑝𝑅𝑞 ∞∫0 𝑗0(𝑘𝑅𝑧) H[S{(−𝑝 + 𝑞4𝑝𝑞 𝑘2)}𝑑𝑘
= 𝑅𝑝𝑅𝑞𝑅𝑧

∞∫0 𝑗0(𝑥)𝑒−𝑠𝑥2𝑑𝑥 = 𝜋2 𝑅𝑝𝑅𝑞𝑅𝑧 HUI [ 12√𝑠] , (244)

ZLWK 𝑅𝑧 = |𝑅𝑝 − 𝑅𝑞| DQG 𝑠 = 𝑝 + 𝑞4𝑝𝑞𝑅2𝑧 �

𝐼2 = 12𝑖 (𝑅𝑝𝑝 − 𝑅𝑞𝑞 ) ∞∫0 [ 1∫−1 𝑑 FRV 𝜃𝑘 FRV 𝜃𝑘 𝑒𝑖𝑘(𝑅𝑝−𝑅𝑞) FRV𝜃𝑘]𝑘
× H[S{(−𝑝 + 𝑞4𝑝𝑞 𝑘2)}𝑑𝑘

= 𝑅𝑞𝑞 − 𝑅𝑝𝑝𝑝𝑞𝑅2𝑧
∞∫0 𝑗1(𝑥)𝑥𝑒−𝑠𝑥2𝑑𝑥

= 𝑅𝑞𝑞 − 𝑅𝑝𝑝𝑝𝑞𝑅2𝑧 {√ 𝜋4𝑠 H[S{(− 14𝑠)} − 𝜋2 HUI( 12√𝑠)} ; (245)
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𝐼3 = 116𝑝𝑞 ∞∫0 [ 1∫−1 𝑑 FRV 𝜃𝑘 FRV
2𝜃𝑘 𝑒𝑖𝑘(𝑅𝑝−𝑅𝑞) FRV𝜃𝑘]𝑘2

× H[S{(−𝑝 + 𝑞4𝑝𝑞 𝑘2)}𝑑𝑘
= 18𝑝𝑞𝑅3𝑧

∞∫0 [−𝑗2(𝑥) − 𝑗1(𝑥)𝑥 ] 𝑒−𝑠𝑥2𝑥2𝑑𝑥
= √𝜋8𝑝𝑞𝑅3𝑧

⎡⎢⎢⎣
1 + 4𝑠
4𝑠32 H[S{(− 14𝑠)} − √𝜋 HUI( 12√𝑠)⎤⎥⎥⎦ . (246)

7KXV� 𝐷(𝑠𝑝𝐸)𝑎𝑏 LV JLYHQ E\ (243) ZKHUH 𝑀 LV JLYHQ E\ (234)� 𝑝 = 𝛼 + 𝛽� 𝑞 = 𝛾 + 𝛿� 𝐼1� 𝐼2 DQG 𝐼3 DUH

JLYHQ E\ (TV ����� ² ������ 𝑅𝑧 = |𝑅𝑝 − 𝑅𝑞|� 𝑅𝑝 = 𝛼𝑝𝑑� 𝑅𝑞 = 𝛾𝑞𝑑 DQG 𝑠 = 𝑝 + 𝑞4𝑝𝑞𝑅2𝑧 �
)LQDOO\� WKH HYDOXDWLRQ RI WKH &RXORPE�W\SH LQWHJUDOV EHWZHHQ 𝑠 DQG 𝑝 IXQFWLRQV DW GLIIHUHQW VLWHV SURFHHGV

DV IROORZV�

𝐷(𝑠𝑝𝐶)𝑎𝑏 (𝛼, 𝛽, 𝛾, 𝛿; 𝑑) = ∫𝑑 ⃗𝑟1𝑑 ⃗𝑟2𝑔1𝑠(𝛼, ⃗𝑟1 − ⃗𝑑)𝑔1𝑠(𝛽, ⃗𝑟1 − ⃗𝑑)
× 1| ⃗𝑟1 − ⃗𝑟2|𝑔2𝑝(𝛾, ⃗𝑟2)𝑔2𝑝(𝛿, ⃗𝑟2) (247)

= ∫ ⃗𝑟1𝑑 ⃗𝑟2𝑓1( ⃗𝑟1)𝑓2(𝑟12)𝑓3( ⃗𝑟2) ,
ZKHUH

𝑓1( ⃗𝑟1) = 𝑔1𝑠(𝛼, ⃗𝑟1 − ⃗𝑑)𝑔1𝑠(𝛽, ⃗𝑟1 − ⃗𝑑) ,
𝑓2(𝑟12) = 1| ⃗𝑟1 − ⃗𝑟2| ,𝑓3( ⃗𝑟2) = 𝑔2𝑝(𝛾, ⃗𝑟2)𝑔2𝑝(𝛿, ⃗𝑟2) .

7KH )RXULHU WUDQVIRUPV RI WKHVH IXQFWLRQV DUH�

𝑓1( ⃗𝑘) = H[S{(− 𝛼𝛽𝛼 + 𝛽𝑑2)}(𝜋𝑝)32
H[S{(−𝑘24𝑝 − 𝑖 ⃗𝑘 ⋅ ⃗𝑑)} ,

𝑓2( ⃗𝑘) DV LQ ���� ,𝑓3( ⃗𝑘) = ∫ 𝑒𝑖�⃗�⋅ ⃗𝑟𝑟2
FRV

2 𝜃𝑒−(𝛾+𝛿)𝑟2𝑑 ⃗𝑟
= (𝑘22𝑞)2 1𝑘2 [2𝑞𝑘2 − FRV

2 𝜃𝑘](𝜋𝑞 )32
H[S{(−𝑘24𝑞)} , (248)
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DV LW KDV EHHQ FDOFXODWHG EHIRUH� (T� (219)� 7KHUHIRUH�

𝐷(𝑠𝑝𝐶)𝑎𝑏 = 𝑐(𝑠)𝛼 𝑐(𝑠)𝛽 𝑐(𝑝)𝛾 𝑐(𝑝)𝛿 H[S{(− 𝛼𝛽𝛼 + 𝛽𝑑2)}∫ 𝑑 ⃗𝑘(2𝜋)3 𝑒𝑖(�⃗�⋅ ⃗𝑑) (𝜋𝑝)32

× H[S{(−𝑘24𝑝)} × 4𝜋𝑘2 (𝜋𝑞 )32
H[S{(−𝑘24𝑞)} 12𝑞 [1 − 𝑘22𝑞 FRV

2 𝜃𝑘]
= 𝜋3

(𝑝𝑞)32
2𝜋𝑞 1(2𝜋)3 H[S{(− 𝛼𝛽𝛼 + 𝛽𝑑2)}[𝑋1 +𝑋2] ,

ZLWK

𝑋1 = ∫ 𝑑 ⃗𝑘𝑘2 H[S{(𝑖( ⃗𝑘 ⋅ ⃗𝑑) − 𝑘24𝑝 − 𝑘24𝑞)} = 2𝜋2𝑑 HUI⎛⎜⎝√ 𝑝𝑞𝑝 + 𝑞𝑑⎞⎟⎠ ,
𝑋2 = −∫ 𝑑 ⃗𝑘𝑘2 𝑒𝑖(�⃗�⋅ ⃗𝑑) 𝑘22𝑞 FRV

2 𝜃𝑘 H[S{(−𝑝 + 𝑞4𝑝𝑞 𝑘2)}
= 2𝜋𝑞𝑑3[√𝜋1 + 4𝑠

4𝑠32 H[S{(− 14𝑠)} − 𝜋 HUI( 12√𝑠)] ,
ZKHUH 𝑠 = 𝑝 + 𝑞4𝑝𝑞𝑑2 . )LQDOO\� ZH REWDLQ�

𝐷(𝑠𝑝𝐶)𝑎𝑏 = 𝑐(𝑠)𝛼 𝑐(𝑠)𝛽 𝑐(𝑝)𝛾 𝑐(𝑝)𝛿 H[S{(− 𝛼𝛽𝛼 + 𝛽𝑑2)}
× [ 𝜋3

2𝑝32 𝑞52𝑑 (1 − 1𝑞𝑑2) HUI⎛⎜⎝√ 𝑝𝑞𝑝 + 𝑞𝑑2⎞⎟⎠
+ 𝜋 52

(𝑝 + 𝑞)32 𝑞2 (1 + 𝑝 + 𝑞𝑝𝑞𝑑2 ) H[S{(− 𝑝𝑞𝑝 + 𝑞𝑑2)}] . (249)

7KH HTXDWLRQV DFFRUGLQJ WR ZKLFK WKH PDWUL[ HOHPHQWV VXPPDUL]HG LQ 7DEOH �� DUH FDOFXODWHG DUH UHPLQGHG

LQ 7DEOH ���
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Table 18: Equations specifying matrix elements of Table 17.
Matrix Matrix

elements Eq. elements Eq.𝐷(𝑠𝑠)𝑎𝑎 (228) 𝐷(𝑠𝑠𝐸)𝑎𝑏 (236)𝐷(𝑠𝑠𝐶)𝑎𝑏 (238) 𝐷(𝑠𝑝𝐸)𝑎𝑏 (243) – (246)𝐷(𝑠𝑝𝐶)𝑎𝑏 (249) 𝐷(𝑠𝑝𝐸)𝑏𝑏 (230)𝐷(𝑠𝑝𝐶)𝑏𝑏 (231) 𝐷(𝑝𝑝)𝑏𝑏 (229)
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