Science of Computer Programming 216 (2022) 102776

-
cience of Computer

Contents lists available at ScienceDirect

Science of Computer Programming :

www.elsevier.com/locate/scico i

Introduction to reversal fuzzy switch graph

Check for
updates

a,b,*

Suene Campos , Regivan Santiago b+ Manuel A. Martins €,

Daniel Figueiredo ©
2 Universidade Federal Rural do Semi-Arido, Centro de Ciéncias Exatas e Naturais, Mossoré, Brazil

b Universidade Federal do Rio Grande do Norte, Departamento de Informdtica e Matemdtica Aplicada, Natal, Brazil
¢ Universidade de Aveiro, CIDMA e Departamento de Matemdtica, Aveiro, Portugal

ARTICLE INFO ABSTRACT
ArtiC{e history: ) Fuzzy Switch Graphs (FSG) generalize the notion of Fuzzy Graphs by adding high-order
Received 30 April 2021 arrows and aggregation functions which update the fuzzy values of arrows whenever a

Received in revised form 4 January 2022
Accepted 11 January 2022
Available online 20 January 2022

zero-order arrow is crossed. In this paper, we propose a more general structure called
Reversal Fuzzy Switch Graph (RFSG), which promotes other actions in addition to updating
the fuzzy values of the arrows, like activation and deactivation of the arrows. RFSGs are
able to model dynamical aspects of some systems which generally appear in engineering,

'.:givéﬁs'fuzzy switch graphs computer science and some other fields. The paper also provides the relationship between
Reversal fuzzy reactive graphs RFSGs and fuzzy graphs, a logic to verify properties of the modeled system and closes
Fuzzy switch graphs with an application.

Fuzzy systems © 2022 Elsevier B.V. All rights reserved.

Reactive systems

1. Introduction

Reactive graphs are structures whose the relations change when we move along the graph. This concept has been intro-
duced by Dov Gabbay in 2004 (see [12], [14]) and generalizes the static notion of a graph by incorporating high-order edges
(called high-order arrows or switches). Graphs with these characteristics are called Switch Graphs.

In [22], Santiago et al. introduce the notion of Fuzzy Switchs Graphs (FSGs). These graphs are able to model reactive
systems endowed with fuzziness and extend the notion of fuzzy graphs, in the sense that crossing an edge (zero-order
arrow) induces an update of the system using high-order arrows and aggregation functions. For systems which require
different aggregations for updating different arrows, Santiago et al. [22] introduced the Fuzzy Reactive Graphs (FRGs).

FSGs and FRGs, however, are not sufficient to model systems in which other edges of the system are activated or deacti-
vated when one edge is crossing. To incorporate this, in [7] Campos, et al. propose the notion of Reversal Fuzzy Switch Graphs
(RFSGs). Also in [7], the Cartesian product of RFSGs, a logic to verify properties of such structures and an application were
presented. This paper complements reference [7] expanding its main contributions, presents an important relation between
the RFSGs and fuzzy graphs and incorporates the logic notion of simulation and bisimulation.

The paper is organized as follows: Section 2 presents some basic concepts. Section 3 presents the notion of RFSGs,
how they can be used to model the reactivity of some fuzzy systems and presents some algebraic operations. Section 4
provides a connection between the RFSGs and fuzzy graphs. Section 5 presents a logic and introduce the simulation and
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(a) Fuzzy graph (b) Fuzzy switch graph

Fig. 1. Fuzzy graphs.

bisimulation for RFSGs. Section 6 shows how RFSGs can be used to model a dynamic control system. Finally, section 7
provides some final remarks.

2. Preliminaries

In this section we recall some concepts and results found in the literature in order to make this paper self-contained. We
assume that the reader has some basic knowledge in fuzzy set theory. In order to make it easier to read, we will identify
the membership function with the fuzzy set.

Definition 2.1. A fuzzy set A, defined on a non-empty set X, is characterized by a membership function ¢, : X — [0, 1].
The value @a(x) € [0, 1] measures the degree of membership of x in the set A [16] [19].

Definition 2.2 (Fuzzy Graphs [16] [20]). A fuzzy graph is a structure (V, R), such that V is a non-empty set called set of
vertices and R is a fuzzy set R:V x V — [0, 1].

For simplicity, we assume the set of vertices is a crisp set, in contrast to what is defined as a fuzzy graph in [16]. Fig. 1(a)
shows a fuzzy graph.

Dov Gabbay [4] provided graphs with high-order arrows in order to model reactive behaviors. This kind of graphs is
defined as follows.

Definition 2.3 (Switch Graphs [4] [13]). A switch graph is a pair (W,R) s.t. W is a non-empty set (set of worlds) and
R C A(W) is a set of arrows, called switches or high-order arrows, where A(W) = |J A;(W) with
ieN
Ay(W)=W x W (1)
Aip1(W) = Ag(W) x Ai(W)

Fuzzy Switch Graphs were introduced by Santiago et al. in [22].

Definition 2.4 (Fuzzy Switch Graphs [22]). Let W be a non-empty finite set (set of states or worlds) and the family of sets

S= {J S™ where S? @ and
neN

SPcwxw
Sﬂ+1 C SO x S

(2)

A fuzzy switch graph (FSG) is a pair M = (W,¢:S — [0, 1]), where ¢ is a fuzzy set on S. The elements a? €S’ (ieN)
are called zero-order arrows. The elements of S"*! are called high-order arrows.

Example 2.1. Fig. 1 shows a fuzzy graph and a fuzzy switch graph.

Fuzzy Logic provides many proposals for logical connectives. In what follows we review the notions of t-norms, t-
conorms, fuzzy implications and fuzzy negations. The first two cases are generalizations of the classic notion of disjunctions
and conjunctions, respectively [15].
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Definition 2.5 (t-norms and t-conorms). A uninorm is a bivariate function U : [0, 1] x [0, 1] — [0, 1], that is isotonic, com-
mutative, associative with a neutral element e € [0,1]. If e =1, then U is called t-norm and if e =0, then U is called
t-conorm.

Example 2.2. The functions T (x, y) = min(x,y) and T;(x,y) = max(x + y — 1, 0) (fukasiewicz) are t-norms. The functions
Sg(x,y) =max(x,y) and S;(x, y) =min(x+ y, 1) (fukasiewicz) are t-conorms.

Notation 1: Let T be a t-norm, f:[0,1] — [0, 1] and J, a finite subset of [0, 1] with n elements ( Jo = @). We define T ,

ae Jn
1, casen=0;
T f@) =] f@, casen=1; 5)
aeJn T(f ), T] f@), casen>1,x€ Jpand J; = Jn\{x}.
acjm
Similarly, for S t-conorm, we define 5] s.t.
ac Jn
0, casen=0;
S fa={ f@. casen=1; @
aejn S(f(X), 5] f(a)), casen>1,xe Jpand J; = Jn\{x}.
acJm

Note that, since T and S are commutative and associative, 7} and Sj are well defined. That is, it does not depend on
acm acm

the way we choose x € J,; to make [, ={x}U Jpn.

Example 2.3. Given the t-norm T(x, y) = min(x, y), the identity function Id : [0, 1] — [0, 1] and the set J3 = {x1,X2,x3} C
[0, 1], we have:

T Id(a):min<x1, T Id(a))
aej

aej3

=min<x1,min(xz, T Id(a))>
aejq

=min (xl, min(xz, Id(x;,)))

:min(x1,min(xz,X3)>.

Definition 2.6 (Negations [3], [21]). A unary operation N : [0, 1] — [0, 1] is a fuzzy negation if N(0) =1, N(1) =0 and N is
decreasing.

Example 2.4. Godel Negation: N¢ : [0,1] — [0, 1] s.t. Ng(0) =1 and N¢(x) =0, whenever x > 0.

Definition 2.7 (Implications [3]). A bivariate function I : [0, 1]> — [0, 1] is a fuzzy implication if it is decreasing with respect
to the first variable, increasing with respect to the second variable, 1(0,0) =1(0,1)=1(1,1) =1 and I(1,0) = 0 (boundary
conditions).

Example 2.5. Gddel Implication: I¢ : [0, 112 - [0,1] s.t. I¢ (x,y) =1, whenever x <y, and I;(x, y) = y otherwise.

Definition 2.8 (Bi-implications [6]). A bivariate function B : [0,1]> — [0, 1] is a fuzzy bi-implication if it is commutative,
B(x,x) =1, B(0,1) =0 and B(w, z) < B(x, y), whenever w <x <y <z

Example 2.6. Gidel Bi-implication: Bg(x,y) = Tc(Ig(x, y), Ig(y, X)).

Definition 2.9 (Fuzzy Semantics [9]). A structure F ={[0,1],T,S,N,I,B,0,1}, s.t. T is a t-norm, S is a t-conorm, N is a fuzzy
negation, [ is a fuzzy implication and B is a fuzzy bi-implication, is called a fuzzy semantics.

Example 2.7. Gédel Semantic: G = {[0, 11, Ty, Sm, Ng, I6, B, 0, 1}.

Aggregation functions [18], [8], [1], [2], [10] are functions with special properties which generalize the means, like
arithmetic mean, weighted mean and geometric mean.
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(a) My, after crossing a? = (u,v) (b) My after crossing ag = (v, w)

Fig. 2. Reconfigurations of M.

Definition 2.10 (Aggregation Function [5]). An aggregation function is a n-ary function A : [0, 1]" — [0, 1], with A(0, 0, ..., 0)
=0, A(1,1,...,1) =1 and, for all x, y €[0,1]", X < y implies A(x) < A(}).

_ 1 . . _ .
Example 2.8. A, (X) = E(X] + ... + xp) (Arithmetic mean), Ap(X) = VX1 - ...- X, (Geometric mean), t-norms, t-conorms and pro-
jection functions, ITj: Ay x ... X Aj x ... Xx Ay —> Aj, s.t. ITj(xq, ..., Xj, ..., Xn) = Xj, are aggregation functions.

Definition 2.11 ([5]). For every X € [0, 1]", an aggregation function A is, average if min(x) < A(X) < max(x), conjunctive if
A(x) <min(x) and disjunctive if A(x) > max(X).

Example 2.9. t-norms are conjunctive aggregations, t-conorms are disjunctive and means (arithmetic, geometric, weighted) are
average aggregations. For example, given x, y € [0, 1] we have:

X
Xy <min{x, y} < % < max{x, y}.

Definition 2.12. An aggregation A : [0, 1]" — [0, 1] is shift-invariant if, for all » € [—1, 1] and for all (x1, ..., x) € [0, 1],

A1+ A, o Xy +A) = A(Xq, .o, Xn) + 2

whenever (x; + A, ..., x; +A) €[0,1]" and A(xq,...,Xx;) + 1 €[0, 1].

In [22], Santiago et al. extend the notion of FSGs for Fuzzy Reactive Graphs. In what follows, given a FSG M = (W, ¢ :
S — [0, 1]), we define the set S_, = {a? e so; [a?, a] € S, withae S}.

Definition 2.13 (Fuzzy Reactive Graphs). Let M = (W, ¢ :S — [0,1]) be a FSG, Axq = {A1, ..., A, : [0,1]3 — [0, 1]} a set of
aggregation functions and a function Agaq : S—. — Aaq. The pair Mg = (M, Agaq) is called a fuzzy reactive graph (FRG).

Notation 2: In order to make the presentation of the graphs and the movements on the graph more intuitive, we will estab-
lish: Arrows that are crossed over the graph will be drawn in red. High-order arrows that act on the graph configuration,
after crossing the zero-order arrow, will be drawn in blue. The first arrow crossed will have a single point, the second arrow
crossed will have a double point, the third arrow to be crossed will have a triple point and so on. If multiple movements
are made repeatedly on the same arrow, the arrow pointer will show the order of the last movement. For example, if the
movement is made three times on the same arrow, graphically, we will see only a red triple-headed arrow in the graph.

Example 2.10. Let M be the FSG in Fig. 1(b). Consider S° = {a? = (u, v),ad = (v,v),a} = (v, w),a) = (v, 2),a = (w, u)}
and A = {arith, max}. Defining the application Agpq:S—. — Apq st. Ag(@®) = Ag(ad) = arith and Ag(ad) = Ag(a}) =
Ag(ag) =max, we have the FRG My = (M, Ag). Fig. 2(a) contains the reconfiguration of My after crossing a? = (u,v) and
having applied Ag(a?) =arith to the fuzzy values: 0.2, 0.1, 0.7. We calculate arith(0.2,0.1,0.7) =(0.24+0.14+0.7)/3=1/3
and the arrow [[vw], [wu]] gets the new fuzzy value 1/3. Fig. 2(b) contains the reconfiguration of Mpy after crossing
ag = (v, w) and having applied Ag(ag) = max to the fuzzy values: 0.8, 0.7, 0.4. We calculate max(0.8,0.7,0.4) = 0.8 and
the arrow [wu] gets the new fuzzy value 0.8.
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Fig. 3. Reversal fuzzy switch graph (RFSG).

3. Reversal fuzzy switch graph

In this section we introduce the notion of Reversal Fuzzy Switch Graph, a structure which generalizes the notion of
Fuzzy Switch Graph introduced by Santiago et al. [22]. This new kind of graph has in its structure two new types of high
order-arrows, called connecting arrows and disconnecting arrows. These arrows allow to model reactive systems in which
the accessibility to the worlds may be activated or deactivated by the transitions.

In what follows W and V are non-empty finite sets.

Definition 3.1 (Reversal Fuzzy Switch Graphs [7]). Let W be a set whose elements are called states or worlds. Consider the
following family of sets defined recursively,

SOcw xw 5)
s1t1 C SO % S x {e, 0}

s.t. S°=£ ¢ and for any n > 1, (a?, a,o) ¢ S" or (a?, a,e) ¢ S". Consider S = (J S", a reversal fuzzy switch graph (RFSG) is a
neN

pair M = (W, : S — [0, 1] x {oN, oFF}).! Arrows with e in their third component are called connecting arrows and arrows

with o in their third component are called disconnecting arrows. When the context is clear we denote a RFSG simply by

(W, ).

Active arrows are drawn with a normal line whereas inactive arrows are drawn with a dashed line. Moreover, connecting
(disconnecting) arrows change the targeted arrow state for active (inactive) and are drawn with a black (white) arrowhead.
For readability, we introduce some notation and nomenclatures:

e Arrows in S" will be denoted by af', for n >0 and i € N.

e In the following, we make an abuse of notation. When necessary and if the context is clear, we will denote in more
detail the arrows in S™ in a more expanded way. For example, a? from x to y will be denoted by [xy], the disconnecting
and connecting first-order arrows, from [xy] to [uv] will be denoted by [[xy], [uv], o] and [[xy], [uv], ], respectively.
When referring to any high-order arrow, we write o € {o, ¢} instead of o or e. For example, any first-order arrow from
[uv] to [xy] will be written [[uv], [xy], o]. Any second-order arrows from [zw] to [[xy], [uv],o] will be denoted by
[lzw], [[xy], [uv], o], o'].

e When there is no need to specify the order of the arrow belonging to set S, we will denote a € S.

e Given the projection functions IT; : [0, 1] x {oN, oFf} — [0, 1] and II; : [0, 1] x {ON, OFF} — {ON, OFF}, if a € S we write
m1(a) =TIy (u(a)) and pa(a) =T (w(a)) to indicate the first and second components of w(a).

e Let R C S, the set of active arrows in R is denoted by

R}, :={a€R; pa(a) =on}

and the set of arrows in R which is the origin of a high-order arrow in S is denoted by
R = [a?e R; [[a?,b,a]] e Swithb e Sand o e{o,o}}.

In the following, we will consider the RFSGs M = (W, u) and M’ = (W, /).

1 In this paper we assume that the membership function is valued in the complete lattice [0.1] x {ON, OFF} using the product order where oFF < ON.

5



S. Campos, R. Santiago, M.A. Martins et al. Science of Computer Programming 216 (2022) 102776

arith arith
@ Mo b) My

Fig. 4. Reactivity of RFSG after crossing zero-order arrows [xu] and [xu][uy].

Definition 3.2. M is a subgraph of M’ if wi(a) < pj(a) and w2(a) = p(a), for all a € S. M is a supergraph of M’ if
mi(@) > py(a) and pa(a) = ph(a), for alla e S.

Definition 3.3. M’ is a translation of M by 1 € [-1,1] if, for all a € S s.t. (@) >0, ) (@) = p1(a) +1 €[0,1] and ph(a) =
H2(a).

3.1. Reactivity of RFSGs

Intuitively, a reactive graph is a graph that may change its configuration when a zero-order arrow is crossed. In order to
model this global dependence in a RFSG, we consider the reactivity idea presented in [22] with the necessary adaptations:
Whenever a zero-order arrow is crossed, the fuzzy value and the arrow state (active or inactive) of its target arrows are updated.

Definition 3.4. Given a RFSG M = (W, i) with aggregation function A : [0, 1]> — [0, 1], a RFSG based on A after crossing
an active zero-order arrow a?, is the RFSG pr = (W, uﬁq :S — [0, 1] x {ON, OFF}) s.t.

(A(/Ll(a?),m([[a?,a, o]),m(a)>,0N>, if [a2,a, ] € S%;

A () =
Mo (@) = (A(m(a?),ﬂl([[a?,a, oﬂ),m(a)),OFF), if [a2,a,0] € S%;

u(a), otherwise.

(6)

The RESG M 2‘0 is called reconfiguration of M, based on A, after crossing a?.

Let us see how this definition works in Fig. 4 using the arithmetic mean as aggregation function after crossing a sequence
of zero-order arrows in Fig. 3. After the arrow a? = [xu] has been crossed, Fig. 4(a), the arrow ag = [xy] is updated due to
al = [[xul, [xy], o] by the arithmetic mean between the fuzzy values 1(a9), /41(a3) and p1(a}), and by replacing the marker
ON to OFF (the arrow a‘z) becomes inactive). In a second step and in the same manner, after the arrow ag = [uy] has been
crossed, the arrow a} = [[[xu], [xy], o] has its fuzzy value updated and becomes inactive, however, the arrow ag =[vy] has
only its fuzzy value updated since it is an active arrow targeted by a connecting arrow (Fig. 4(b)).

Remark 3.1. The edges contained in S can receive a null fuzzy value. However, graphically, these arrows will be displayed
only if there is the possibility of modifying this value by some high-order arrow (Fig. 5).

From the action of an aggregation, after a reconfiguration, the value of an arrow with a non-null fuzzy value can be
modified until this value is zero.

Proposition 3.1. If A is a conjunctive (disjunctive) aggregation and (/,L;‘Q)z(b) = (b) forallb € S, then M?Q is a subgraph (super-
graph) of M. l 1

Proof. Given b € S and denoting (/,L1(a?), w1([a?, b, o)), pa (b)) =[a?,b,o]:

6
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(@M (b) Mk

Fig. 5. RFSG with a null fuzzy value.
o Case [a?,b,0] € S¥:
(1), ® = A(1a?.b. o]) < min([af. b, 0T) < ju1 (b).
o Case [a?,b,0] ¢ S¥:
(150)1 &) = 1 ().

Then M;“O is subgraph of M. The dual statement follows straightforwardly.

Proposition 3.2. Let M’ be a translation of M by A € [—1, 1]. If A is shift-invariant, then M/ is a translation of MA by A.
Proof. Let b € S. Denoting <;ﬂ1 @), wy([a?, b, o], 1 (b)) = [a?.b,o] and supposing that A(m(a?), pi([ad, b, o)),
ul(b)> +aelo,1:

o Case [a?,b,0] € Sk

(W), () = A([?.b.0])

A(m(ao)ﬂ 111([a%. b, o) + 1. m(b)ﬂ)

= A(1 @), pa ([af, b, 0], 11 (1) +
= (o), (D) + 2

a;

o Case [a?, b, 0] ¢ Sk

(W) (B) = 1 (B) = 1 (B) + 2 = (), (B) + .
By hypotheses, i (b) = jt)y(b), then (w;‘?)z(b) = (u4h), ).

Next, we will provide an extension for the notion of reactivity presented in [22]. Just as it is done for the case of FRGs,
each active zero-order arrow triggers an aggregation function.

Definition 3.5 (Reversal Fuzzy Reactive Graphs [7]). Consider M a RFSG, A ={A1, ..., Ac: [0,11®> — [0, 1]} a set of aggregation
functions and a function Ag : S_, — A. The pair Mg = (M, Ag) is called reversal fuzzy reactive graph (RFRG).

0
If a? € 5,°%, the reconfiguration of My after crossing a? is the RFRG My = (M% Ag), where M = (W,M:Og) is a
RFSG st ’
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[xulluy]
() ME

Fig. 6. Reconfigurations of Mg.

Table 1
Differences between fuzzy graphs.
zero-order high-order connection or discon- one aggregation asso- more than one aggre-
arrows arrows nection  high-order ciated gation associated
arrows
FG v
FSG v v v
FRG v v v
RFSG v v v
RFRG v v v
0 0 0 P 0 .
(Ag(ai ) (1@, 1 (100, b, o). 11 ), oN>, if [a%.b,o] € S;:
Ag
M0 (b)=
i

7
(Ag(a?)(,u](a?),/Ll([[a?,b,o]]),m(b)),OFF), if [a%.b, o] € S )
u(b), otherwise.

Example 3.1. Let M be the RFSG at Fig. 3, SO = {[xy], [xul, [uy], [vy], [yv]. [vul}, A = {arith, max}, Ag([xy]) = Ag([xu]) =
Ag([yv]) =arith and Ag([vy]) = Ag([uy]) = Ag([vul) = max. Fig. 6 contains ME‘”] and ME‘”][“”, respectively.

At this point, in order to clearly expose the differences between the different fuzzy graphs presented here, we present
the Table 1.

3.2. Product of RFSGs

In the following, we will consider the RFSGs M = (W, : S — [0, 1] x {oN, OFF}) and N=(V,4: T — [0, 1] x {ON, OFF})
with W and V disjoint set; and the set WxV = | (W x V)" s.t,,
neN

(WxV)0C (W x V) x (W x V)
(W x V)T C (W x V)0 x (W V)" x {e, o}.

Given a? eW V)0 ae (W xV)" and o € {o, o}, we will consider the subsets

W) ={[(wi, v)(wj,v)]e W= V)°; veV and [wiw;] € S°},
W) ={[(w, v)(w,vj)le W*V)?; weW and [vjvj] e TO},
WV ={[d0 a,0] e W V)" a? e (WxV)? and ae (W = V)1},
W V) ={[a0 a,0] € W+ V)™ ; a® e (W xV)? and a e (W » V)1 },

8
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Fig.7. RFSGs M and N.

Fig. 8. Cartesian product M x N.

and the application & : (W x V)sur = |J [(W*V)IUW «V)}] - SUT st
neN

[wiw;] €SO, ifb=[(wi, v)(wj,v)]e (W V)%
[vivjle TO, if b= [(w, vi)(w, vi)le (W x V)9
[6@).&(@), 0] e ", ifb=[a),a, 0] € (W * V)i,
[6@), £(@), 0] e T, ifb=[a%,a,0] € (W x V)}.

§(b) =

Definition 3.6 (Product of RFSGs). The Cartesian Product of the RFSGs M and N is the RFSG: M x N=(W xV , ¢:
(W x V)sur — [0, 1] x {ON, OFF}) s.t.

(W), ifbe (W *V)s
vb) = { 8((b)), ifbe (W *V)r ®)

Example 3.2. Consider M and N shown in Fig. 7. The product M x N can be observed in Fig. 8.
In order to define the product of RFRGs, we consider:
e The RFRGs Mg = (M, Agym) and Ng = (N, Agn);

e The functions Agy : S_. — Ay and Agy : T, — Ap;
e The sets of aggregations Ap; and Ap;
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The aggregations a,;, € Ay and a, € Ay will be denoted by (M, ap) : [0, 113 — [0, 1] and (N, ap) : 10, 1® - [0, 1].

Definition 3.7 (Product of RFRGs). Consider the RFRGs Mg and Ng, the set Ay ® Ay ={(M, ap) :am € Ay} U{(N,ayp) :a, €
An} and the function Aguxn : [(W x V)IU (W = V)31, — Ay @ Ay sit.

(N, Agn (g(a?))), ifad e (W V)2
Aguxn(@)) = 9)

(M, Agu (g(a?))), ifa) € (W V)3
The structure Mg x Ng = (M x N, Agmxn) is the product of RFRGs My and Ng.
The next proposition ensures that the updated product is obtained from the updated factors.

Proposition 3.3. Consider the RFRGs Mg, N, the product Mg x Ng, a0 e (W x V)(S) UW * V)? andae (W xV)s U(W x V)7 s.t.
(‘h( 9), y1([a?, a, o)), ¢1(0)> [[a a, o] and (m( 9), v1([a0, a, o), v1(a )) =[a?, a, e]. Then,

§(t@), ifCy;
n(E@), if Ca;

(AgN(g(a)) [a?, a, o]]),OFF) if C3;

AgMxN
a? * (a):

Agn (& (@)([a? ,a,-]]),0N>, if C4; (10)
AgM(S(a))(Ha 7a9o]])70FF>a lfCS;
Agu(€@)([d), a, o]]),ON), if Ce;

For:

o Cr:ae(W«V)rand[a,a,0] ¢ [(W*V)s UW * V)1l
o Ca:ae(W«V)sand[dd,a, o] ¢ LW+ V)s U(W * V)rl5;
o C3:a?e (W« V)? and [0, a, o] € [(W V)5 U(W + V)1T3;

o C4:a) e (W V)% and [, a, o] €[(WxV)sUW = V)rly;

1

o C5:al e (W« V)2 and [a?, a0 e [(W*V)sUW x V)1l

1

o Co:al e (W«V)2and [a?,a,e] € [(W xV)s U(W x V)rly,.
Proof. Indeed,

o Case [a2,a,0] ¢ [(W*V)sU(W * Vrly,

Caseae (W xV)r: wAgMXN(a) ¥(a) d—efts(g(a))

Case a e (W *V)s: AgM*”( o) Ly @ & ).

e Case [[ai,a,o]] € [(W*V)s U (W*V)T]w,
Caseae (W xV)r:
i

;ngxN(a) def (AngN(a )([a?,a, o)), OFF> = ((N Agn)(E@)([af, a, o), OFF)

Agn(E@)([a9, a, o]), 01-‘1:)

Caseae (W xV)s:
Ag”*” 0% (AngN a?)([a%, a, o), OFF> ((M Agm)(E@)([a?, a, o]), OFF>

Agu(E@) (a0, a. o]). OFF)

10
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(a) p (b) /"[Azy]

Fig.9. RFSGs M and MA

[xz]*

o Case [a¥,a, o] € [(W % V)s U(W % Vrls,
Caseae (W xV)r:

8N (g) (AngN(a?xua?, a,e]). 0N> < ((N, Agn) G @) ([a, a, o]), 0N>

1

def

= (AgN(S(a))([[a?,a, o]). ON).
Caseae (W xV)s:

A @) &f (AngN(a?)([[a?, a,e]), 0N> &f ((M, Agm)E@)([a?. a, o). 0N>

i

def

= (Agms(a))([[a?,a,-]]),ON).

4. RFSGs and fuzzy graphs

In this section, given an RFSG M = (W, i : S — [0, 1] x {ON, OFF}) with a ternary aggregation A, we will present the
process of constructing a fuzzy graph (with no high-order arrow) from M based on A. In addition, we will relate the
generated fuzzy graph to a finite set of arrows associated to zero-order arrows in M.

4.1. Induced fuzzy graphs from RFSGs

Consider a RFSG M and an aggregation function A.
Definition 4.1. Given a RFSG M with a ternary aggregation function A, let be the family of admissible fuzzy subsets of S,
2, which is the least set s.t.,
ne
—A — 0. c0*
Mo € 2, whenever [t € Qand a; € Sﬁ
1

Consider W = {(w, ) e W x Q} and R: W x W — [0, 1] sit.

. ww'], if W' = pf),.
R( w, ’ W’, /): M1 ] [ww’]
W, 1), (W', &) 0, otherwise.
The fuzzy graph M = (W, R) is called the fuzzy graph induced based on A.
Arrows that have a zero fuzzy value are not represented in the induced graph since they represent paths over the RFSG
that cannot be traversed. In the next examples, this situation will be exposed.
Example 4.1. Consider the RFSG M in Fig. 9(a). We have W = {x, y, z} and considering the aggregation A(x, y,z) =y, we
have Q = {u ,u,{)(y]}. Indeed, 1y, = p and May][m = 'uf:‘cyl[zyl = Mﬁ(y][xy] = 'uﬁcyl (see Fig. 9(b) and Fig. 10).
Denote /ij(y] =7 and define W = {(x, ), (¥, w), (z, w), (x, I0), (¥, ), (z, )} The fuzzy graph induced based on A is
presented in Fig. 11.

11
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0.2 0.2 0.2

: : : 0.2 :
0.8 0.8 0.8 0.8
0.8 0.8 0.1 0.8 0.1 0.8

A A A
@ Ky ®) Uiz ©) Higyitzn @ i

. A A A A

Fig. 10. My, My Miyiizy) a0 Miyypayy-

0.2
0.2
0.1
0.1 0.8

Fig. 11. Fuzzy graph induced based on A.

A A A
@) Ky ®) Hiy ez © Higyiizn

< A A A
Fig.12. M [xy]” M [xyl[xz] and M [xyllzy]

Example 4.2. Consider the same RFSG M in Fig.8(a) with the aggregation A(x, y,z) = (x+ y + z)/3. In this case, we have

_ A A A A . 2 wi A _ A _ A _ A
Q= {/" Fixyr Pl Ryl -+ > Flxms TE N} With Uiy = 1t and Uy i) = Riyprizy) = Hixy for n € N, as can
be seen Fig. 9, Fig. 12 and Fig. 13. .

Fig. 14 shows the fuzzy graph induced based on A. We will denote & = Mf}(y], w= /’Lﬁ(y][xy] and so on.

From the examples above, we can see that the induced fuzzy graph remains finite for the second projection whereas
becomes infinite for the arithmetic mean. This fact illustrates that, the aggregation properties influence the type of induced

2 If the arrow [xy] is crossed n times, repeatedly, we denote [xy]".

12
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A A A
@ u [xyllxy] (b) u [xyllxyllxz] ©u [xy1[xyllzy]

and M4

. A
Fig.13. M M [xyl[xyllzy]*

A
[xyllxyl” " lxyllxylixz]

Fig. 14. M.

graph resulting and, for some cases, infinite fuzzy graphs can be represented by finite RF SG. The process of reducing infinite
fuzzy graph to a finite reactive fuzzy graph (RFSG or FSG) is expected to be studied in future works.

4.2. Induced fuzzy graph like a generated algebra

The next theorem presents the process of setting up an induced fuzzy graph from a finite set X. This process is important
since it points to a recursive process for building fuzzy graphs (finite or infinite) from a finite set of arrows.

13
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Theorem 4.1. Given a RFSG M = (W, ), a ternary aggregation A and the fuzzy induced graph based on A, M = (W, R). Consider
theset XCW x W x [0,1]s.t.

X= {((W, ), (W', ), f?((w, . (w', M))); [ww'] e SO} :
and the building rule Xo = X and
Xjr1=Xj U { U fa(xj)} - {((W,S),(w/,s/),d) € {Uaesﬁfa(xj)}Q (s’)z[ww/]zoFF}
aesS_,
for fo: W x W x[0,1]—= W x W x [0, 1]witha e S_, s.t.
((w, o)., (W', '™, (¢’§)][ww/]), if¢'4 € Qand [ww'] = a
fa(w. ). W' @).d) =} (W, @) (W' @', (¢'2), lww)). 92 € Q2 and [ww'] a.
(w. o). w'.¢0.0), ife's ¢
Then M = (X) = Ujeny Xj-
Proof. Indeed,
i) (X) € M: We prove this result by induction.
Note that, by definition, X € M. Consider f, € F = {fa W xWx[0,1]> W x W x[0,1]; a € S_>} and
((W7 s), (W', '), R((w,s), (W', s’))) € M, then:
If « =[ww’] and s/g €Q:
fa ((w, s), (W', s"), R((w, ), (W', s’))) = ((W, ), (W, s, (5/2)][WW/])

1A

((w, s, (W, s'8), R((w,s'8), (W', s a[wwr]))) eM

If o #[ww’] and s’g eQ:

fa(w. 9, W80, R((w,5). (W', 5))

(w80, W50, (57a) Tww'1)
= ((w,S’Q), W', s'5), R((w,s'3), (W/as/g[ww’]))) eM
If 2 ¢ Q:
fa(w. 9, W5, R((w,5), (W', $)) ) = (W, 9), W', 8, R((w, 5). (W', 5)) € 1

Therefore, M is closed in relation to the functions in F. Supposing Xj C M, for j € N. Then, Xjp1=X; U
{{Uaes_, fa(Xj)} - {((w,s), w',s), d) € {Uaes_, fa(Xj)} D (s),[ww]= OFF}} C M. Therefore, (X) C M.
i) M C (X):
Indeed, consider o, 8 € S* s.t. @ € S_, and ((w, udy, (w', ,ug), (,ug)1 [ww/]) eM.
If ,ug‘ = Mé[ww’] # A, there are j e N and <(w, w), w', udy, (MQ)1[WW’]) € Xj_1 st
fa ((w, w, W', ud), (M£)1[ww/]) = ((w, 1) (W 1) (MQ[WW/])JWW/]) € Xj
= ((w. . W, 1), (), [ww'1) € X,

If ,ug = ;/,Q[WW,] =pA, there are je N and ((W, udy, (w', udy, (/LQ%[WW’]) € Xj_1 st

fa ((w, ). (W, i), (ué)l[WW’]) = ((w, orww)» (W ) (MQ[WW/])l[WW’]) € Xj
= ((w. ), W', i), (f),lww1) € X;

14
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Therefore, if <(w, udy, w', /Lg), (/Lg)][ww’]) € M, there is j e N s.t. ((w, udy, (w', ,ug), (,ug‘)1[ww/]) € Xj < (X).

Due the items (i) and (ii), M = (X).

In the following, we will present two examples of how a fuzzy induced graph (finite and infinite) can be written as
algebra generated by a finite set of arrows.

Example 4.3. Given the RFSG in Fig. 18(a) and its induced fuzzy graph in Fig. 11 (Example 4.1). In this case, we have
S— ={lxyl} and

X ={ (. @0, R, 00) ), (0 ), @0, R ), @) ), (20 0), 00, R(E 1), 0 00) )|
={ (v . .10,0), (& ). 2. ), 01), (@ ), (v, ), 0) |
Let be
(W, @), (W @' oyp). (@'fiyy) lww'1) £y € 2 and [wiw'] = [xy]
S (W, @), W',6)),d) = 3 (W, 9/ fy). W&oy, (8h), [ww1) i 8'hyy € 2 and [ww'] £ [xy].
(w. o). W', ¢).d). if gy, ¢ 2

and Xg = X, we calculate:

- fy ((x, W), (¥, M),O) ((x, ), (y,ufly]),O-Z) due ufy,; € 2 and [xy] = [xyl;
- Fon (0610, 10, 01) = (& 1y 2 il 01) due pufy,) € @ and [xz] # [xy;

- fow ((z, IDNCVADY 0) = ((z, s s By 0-8) due ufy,; € 2 and [zy] # [xy].

N—

Observe  that  fiuy (xo) = {((x, W, (v, ij(y]),o.z), ((x, by @ Mf;y]),o.l), ((z, w1l . u{‘xy]),o.s)} and
{((w, s), (W', s, d) € fixyl (Xo>; (s),lww']= OFF} = (. Then,

X1=XoU fixy (Xo)
={ (1. 01,0, (. 101, 2. ), 01). (@ ). 7. ),0),

(%100, 0 1oy 02), (% pify). @ 1y, 0.1). (@ ifhyp). 0 1y, 0.8) ]

Fig. 15(a) and Fig. 15(b) show the sets Xy and X;. Continuing the process, we will calculate X, showing the images of
the arrows in fixy(Xo):

A A A A A A A
- Son (&0, 0 1y, 0.2) = (0 1y ). 0 1y ey 0:2) = (06 1y (v, pifhy)). 02) due pufhy ) = pfty, € @ and
[xy] = [xy];
A A A A A A
- Fon (0610, 210, 01) = (& 1l g @ 1l 0.1) = (o 1y 2.1l 01) due ) = ifhy) € @ and
[xz] # [xy1;
A A A A A A
- fixy ((Z, ®), (¥s 1), 0) = <(Z, I’L[Xy][xy])7 v, M[Xy][xy])v 0-8> = ((zs M[Xy])7 W, I'L[xy])v 0~8) due Hixylixyl = Mixy1 € Q and
[zy]# [xy].

Then, fig1(X1) = foon (Xo) U {(x el 0.1l 02). (6 1y, 1y ). 01), (@ 1afhy). 0 1y, 0.8) ) and
{((w, s), (w/,s/),d) € fiay (X1>; (s/)z[ww/] = OFF} =0.
Follow that,

X2=X1U f[xy](xl)
={(x . . 0.0), (& ). @ ),0.1). (@ ). (v, ).0),
(% 100, . 1), 0:2), (% ify). @ 116y, 01). (@ tfagy): 0 1fayy): 08), (6 iy, 0. 1y, 02) )

15
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0.2

(@) X, (® X,

Fig. 15. Sets of arrows that make up the induced fuzzy graph M.

Fig.16. RFSG M.

Due to the aggregation used, when crossing n times (n € N) the arrow [xy], the update application M{)‘(}’]" will be overlaid
on the set Q by the application uﬂy]. Thus, the sets X3, X4, ..., X; = X2 and the induced fuzzy graph based on A from M
will be generated, like an algebra, by the finite set X. Fig. 11 shows the set X5.

Example 4.4. Given the RFSG M in Fig. 16. The induced fuzzy graph based in product can be viewed in Fig. 17.
Consider the base set X = {((x, w), (y, ), 0), <(x, w), (z, ), 0), ((z, w), (y, 1), 0)} and the set S_, = {[xy], [xz]}. We
get Xo = X (see Fig. 18 (a)) and calculating:

- fioon (&0, . 10,0) = (0, . 1fyy ). 02));

= Fon (0610, 210, 0) = (il ). @ 11fyy)). 01):

- o (@0, r.10,0) = (@ 1y, (v, il ). 0.048):
- S (060, (v 100, 0) = (06 1)), 3. 1hy)), 0.016);
- foar(x ), 2 1),0) = (06 0, (22 1y, 01);

- foa (@ 10, .10.0) = (@ ifi). 0 1k, 0.3).

16
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0.1

Fig. 17. Fuzzy induced graph M.

We get
{1 (X0). fixar(Xo)} = { (% 100, v 1fy. 02). (@ iy 2 pifiyp). 01), (@ 1) (v pify ). 0.048),

(% 1), 0 1oz, 0.016), (%, 1), @ p1fazp), 0.1), (2. pif), 0 1oz, 03). |

and
{ (w50 v'.5).d) € {fis (X0). fper (Xo) ) : (") [ ww') = ore

={ (¢ np. 0. 122, 0.016), (@ ). 0 1. 03) |

Therefore, as can be seen in Fig. 18 (b),
X1 = Xo U {{ fispn (X0), fixa (X0} = | (%, tfazp). (v, pifiep, 0.016) |}
= Xo U{ (0610, 0, 1fayp). 02), (6 1y @ 1y, 0.1), (22 1y (v 1y, 0.048),
(& 1), @ 1. 01)]

To calculate X5, we have:

- fixy ((x, ) (Vs ) 0.2) = ((x, T R CATE 0.2):

17
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0.1

0.2

(@) Xo (b) X,

Fig. 18. Sets of arrows that make up the induced fuzzy graph M.

- fon <(X* 'uf?cy])’ @ 'uf?cy])’ 0'1> = ((X’ Mécy][xy])’ @, '“fiy][xy])’ 0'1>:
= i1 (@ tfiy- 0 12y 0.048) = (@ 1ty uyy). 0 ify)- 0. 00768
- f[xy] ((X, w, (z, Mﬁcz])’ 0-1) = ((X, nw, (z, ,U,(}(Z]), 0~1> due /"LGZHX}’J ¢ Q.

and

- Soar(® ), (0 1fay): 02) = (% ifly ) 0 Wiy ) 0:016)

- Joa ((X’ “ayl)’ @, “ayl)’ 0‘1> = ((X’ “ay][m)’ @, “ay][m)’ 0‘1>;

= Soar(@ il (0 1fay)). 0.048) = (@ ifyy i) (0 Iy ) 0.048);
- Soar(® ), @ 1fag), 01) = (& Wagia): @ W) 01).

We get
{1 (X1), fiaar (X1)} = { ((x, ) s W) 0.2), ((x, i) @ Hixyiiey): 0.1),
((Z’ Wy > Wayigayn)» 0 00768)’ ((X’ Wy > iy 0‘016)’
((x’ iyt @ Wy 0.1), ((Zv Wyt O Risyipear)- 0-048)v
((x, i)+ (2 M) 0-1) }

and {((w.5), W',5).d) € { fia) (X1). fixar (1)} (5) o Lww') = 0k} = { (06 18y p)s 0 ifey ) 0.016) .
Therefore, as can be seen in Fig. 16,

Xy =X1 U ’<(X’ K- s M) 0'2>’ <(X’ Ky @ Wy O'l)’
((Z’ Wiyt O My 0, 00768>’ ((X’ Wyt @ Wayipsa)): 0'1)’
(G gy O 1fayapee- 0:048). (06 k). @ ke 01) |-
The process goes on to determine X,,n > 3. The graph M is built from these sets and is an infinite graph.

18
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5. Alogic for RFSGs

In order to verify a system described by a RFSG, we provide a formal language and a fuzzy semantics. Also in this
section, we will present the definition of simulation and bisimulation for RF SGs. In what follows, for any w € W, we use
the set SO*[w] = {w’ € W; [ww’] € SO}.

5.1. Syntax and semantics

In [7] was present a formal logic for RFSGs which enables the verification of properties. This section expose this logic
with more details and introduce new concepts.

Definition 5.1 (Syntax [7]). Consider AtomProp a set of symbols (called atomic propositions) and p € AtomProp. The set of
formulas is generated by the following grammar: ¢ =:=p | true | false | (@) | (A @) | (V@) | (¢ = @) | (¢ <
©) | (SNext (@) | (ANext(@)).

Given the formulas ¢ and ¥, we classically interpret:

(—@): @ is not true;

(p AY¥): @ and ¢ are true;

(p V) @ or ¢ is true;

(p — ¥): If @ is true, then y is true;

(¢ <> ¥): @ is true if and only if v is true;
(Snext()): @ is true in some next state;
(ANext (9)): @ is true in all next states.

A formula that only contains the operators A,V and Syex: (@) is called positive formula.

Definition 5.2. A model [7] over the set AtomProp is a pair .# = (M,Vpy), st. M= (W, u) is a RFSG and Vy : W x
AtomProp — [0, 1] is a function called fuzzy valuation.

Definition 5.3. Given a model .#Z = (M, Vy;) and N a subgraph of M, the structure .#" = (N, Vy) is a submodel of .#
whenever Vy(w, p) < Vy(w, p) for all we W and p € AtomProp.

Definition 5.4 (Semantics [7]). Consider .# = (M,Vy) a model, A the aggregation function associated with M, F =
([0,1],T,S,N,I,B,0,1) a fuzzy semantics and w € W a state. The notation, [.#, w |=j1- @] represents the grade of un-

certainty of a given formula ¢, at state w, taking into account ./, 7 and A. The grade of uncertainty of [.#, w 'ZA]: o] is
defined in the following way:

o [ M, W |:9_- p] = Vm(w, p), for p € AtomProp.

o [#,wEYtrue] =1.

o [#.w " false] =0.

[#.wEEr @Ap]=T(4, wEE el [ 4, wEEYD.

[, w5 (v W] =S4, w S @l [ 4, w =5 y]).

[, wEY (@— W] =% w |=;— o). [ 4. w '=A]-' v.

[ 4, wEY (9o W] =B(A, WLl [ 4, wE=L ).

[.#. w |=A; =) =N[4, w '=A]-' o).

[#. W ES Anex(9)] = w’e_;l("*[w] (l (M([WW/]), [[///lﬁ/W,J, w =L ¢])> since ///[vaq means (Mfww’]’ VM).

[, WA Shee@] = S ](T(mww'n, [y W L 0]))-

w'eS0* [w

The uncertainty degree that “Snex (¢)” is true at the state w is computed by using the uncertainty degree that ¢ is true

at some state with active relationship to w. On the other hand, the uncertainty degree that “Anex:(¢)” is true at state w

is computed by using the uncertainty degree that ¢ is true at every state with active relationship to w. The expression:

[[///[fv‘v L w’ = ], in this case, represents the uncertainty degree of the statement: “g is true” at state w’ after the active
zero-order arrow a? =[w, w'] has been crossed and the RFSG M has been updated to M":O.
i

Remark 5.1. According to Notation 1, the application f in the definition of Anex (@) is a fuzzy implication I. Similarly, in the
definition of Syex: (@), the application f is a t-norm T.
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Table 2
Truth values of propositions on each state.
X y u v
H 0.2 0.8 03 0.01
L 0.1 0.9 0.15 0.2

Example 5.1. Consider Fig. 1(b) and take the atomic propositions: High risk of contagion and Low risk of contagion, according
to the Table 2.

What is the uncertainty degree at state x for the proposition: “In some next state we have a low risk of contagion with a next
state which has a higher risk of contagion?” The assertion can be expressed as: Syext(L A Snext(H)).

Assuming the arithmetic mean as the unique aggregation function, the Gédel Semantic F¢ and ¢ = L A Snext(H),

def
[-#. % =l Snew(@)] = Sw (TM (03, [ u iz 1) T (0.4, [y ¥ g wﬂ))

&l (TM (0.3,0.15), Ty (0.4, 0.01)) =0.15

Since,

def

a) [ My u B, 9] = TM<[[///[§‘U],u Ere Snex(H)], [ 43, u =5, L]]) =Tn(0.6,0.15) = 0.15 due to [/, u =7,

Snext (H)] £ Sy (Tm(uﬁuj([uy]), Rz Hﬂ)) =Su (TM (0.6, 0.8)> =0.6;

def

b) [ 4%y, ER, ] = T <[[///[’X‘y], Y E% Snex(H], [ 40, v EX. L]]) =Tw(0.01,0.9) = 0.01. due to [/}, .y =%

Snext ()] &' sy (TM(M[}(“(D’VD» [0 v B, H]])) =Sum <TM (0.02, 0.01)) =0.01

In this case, in order to calculate the uncertainty degree at state v for the same proposition, we should note that the
state v has only one next state y (the inactive arrow [vu] is not considered). Therefore,

def
LAV EL Sne(@)] s (TM (0.03, Ly, v =L, <pu)) y

. def
Since [[.///[/3”, y |:Afc e TM<[[///[/3H, y |=§TG SNext (H)], [[//[/3”, y |=AFG L]]) =Tp(0.01,0.9) = 0.01 due to [[//zleyj, y |=§TG

Swext(H)] &' Sy (TM (tefh VD). [y v H]])) =S (TM (0.02, o.o1)> =0.01.

Proposition 5.1. Consider .#" = (N, V) a submodel of .# = (M, V), then

[V wEFY] <[4 wEEY]

for all positive formula .

Proof. We prove this result by induction over the structure of formulas.

- It holds for atomic propositions by definition and trivially for true and false.
- wEE @] =T w =L @) [ w EF VD = T[N WS @] [V wEE YD =4 wEE @Vl
- [t wER (@AW =S, wEL o [ wES Y] = SN wEL ] [ wEL Y] =4 wEL (@A)

- [, w }:9_. Snext(@)] = ) S%*[ ](T(HM1([WW/]),[[j[[’evw,],w/ ':9__ ¢ﬂ)) > / 5%*[ ](T(MN1([WW,])7[[</V[£W’]’W/ ':9:
¢l))

=[N, W EY Snext ()]

Definition 5.5. Given a RFSG M = (W, i : S — [0, 1] x {oN, oFfF}) with an aggregation A and a model .#Z = (M, V), the
structure

~ ~

M =W, R,V =V k)
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s.t.
V : W x AtomProp — [0, 1]
V((w, ), p) =Vu(w, p)

is called the induced fuzzy model of M for A.

Theorem 5.1. Given a RFSG M = (W, u : S — [0, 1] x {oN, oFF}) with an aggregation A and a model .# = (M, V), then
[, wEY ] =[4, (w, 1) =F ¢]
Proof. We prove this result by induction over the structure of formulas.

- It holds for atomic propositions by definition and tr1v1a11y for true and false.
levpv)]']:f @Vl =Tl . w =L @l [ M. W EL Y] =T, (w. 1) EF @) [A. (W, ) Er V) = [A4. (W, ) =7

- ?[g% wEL @AW =S4, w =L o], [ 4, w L)) =S, (w, w) =F @], [ 4, (W, 1) =y =4, (W, 1) EF

- ﬁ[(i// fv)]n];j‘f @ = W] =Wl wEL Q). [ M. wWELY) =VW[A. (w. 1) EF @ [A. (w. ) Er v]) = [A.(w. 1) EF
E[(p/vﬁf (@< W] =B(A.wEL Q] [A. wELY]) =B[A. (W, 1) EF @]. [ 4. (W. ) Er v]) = [A.(w. 1) EF
ﬁ[(p;vlv/j n)=ﬂf —@)] =N[4, w E% @) =N([A. (w. 1) EF @]) = [A. (W, ) =F (—9)]

LA B Sk =S (T W) L W ES 91)) =S (D L
Ul 7 01)) = W/esso*[w](T@l( Ww ). L2 W 1y, ) 7 01)) = LA (W, ) 7 Shex @)]
LW @] = T (1w D, L R 0)) = T (1 Q). s

Whwp Erel))= T (l(m([ww]), L. W il o 91)) = L2 (W, 1) b7 Anese (@]

w'eS0* [w]

5.2. Simulation and bisimulation

Based on the notion of bisimulation for FSGs present in [22], we introduce the notion of simulation and bisimulation
for RFSGs.

Definition 5.6. [17] A fuzzy model over the set AtomProp is a pair .# 7 = ((W, R), V<W,R>) s.t. (W, R) is a fuzzy graph and
Viw gy : W x AtomProp — [0, 1] is a fuzzy valuation function.

Consider .#.% a fuzzy model, ¥ = ([0,1],T,S,N,I,B,0,1) a fuzzy semantics and w € W a state. The notation,
[.# %, w =F ¢] represents the grade of uncertainty of a given formula ¢, at state w, taking into account ./.% and F. The
grade of uncertainty of [.#.%, w =x ¢] is defined similarly in the way for a model.

Notation 3: Given a relation EC W x W’ and w € W, we define:

a) Elw]={w' e W; (w,w') € E};
b) E-l[w']={w e W; (w, W) € E}.

Definition 5.7 (Simulation [17]). Let /4 % = ({(W,R), Viw.r)) and 4 F' = ((W',R’), V\w r)) be two fuzzy models. A rela-
tion EC W x W’ is said to be a simulation from .#Z.% to .# %' if, for every (w, w’) € E:

1. Viw.ry(w, p) < Viwr gy (W', p), for all p € AtomProp.
2. Forallue W; R(w,u) < sup R'(w,u).

u’eEfu]

Example 5.2. Consider the fuzzy models (%ﬁ)] = ((W], R1), Vi= V(Wl,Rl)) and (%9)2 = ((Wz, Rz), Vo) = V(quRz))
in Fig. 19 s.t. W1 = {wy, wa}, Wy = {w], wh, wi, w), wi} and E = {(wq, w)), (w1, wp), (w2, wh), (W2, wh), (wz, w)}.
For all p € AtomProp, consider Vi(wy,p) < Va(w},p),Vi(wr,p) < Va(ws, p), Vi(wa, p) < Va(w), p), Vi(wa,p) <
Va(wh, p), Vi(wa, p) < Va(wy, p).
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@ 0.6 '
0.5
0.7
0.5 0.8
(@) (M F), (b) (MUF),

Fig. 19. (# F), simulates (4 .F).

The relation E C W1 x W5 is represented by the color of the nodes. If (w, w’) € E, then w and w’ have the same color
in the graph.

E is a simulation from (#.%); to (.# %),. In fact, the condition 1 hold by assumption. To check the condition 2, we
have to check for each pair in E.

Consider w = wy € W1. Therefore u = w; and E[w] = {w},, w}, w,}. We calculate,

e Ri((wiwi)=0= sup Ry[wiu'] = sup {Ra[w)w)], Ry[w)wi]} =0,
e Ri([wiwq])=0< u/ESil[l‘;VI]Rz[W/SU/] = sup {Ra[wiw]], R2[wiwi]} =0,
e Ri((wiwa2])=0< ' E521[1;V1]R2[w/1u’] = sup { Ry[w)w}], Ro[wiwj], R2[wjw,]} =0,
u'eE[w
e Ri([wiwz])=0< u/:ﬁgy:}ez[wgu/] = sup {Ro[wiw)], Ra[wiwj], Ra[wiw)]} =0.
Consider w = wy € W1. Therefore u = wq and E[w;y] = {w/l, wg}. We calculate,
* Ri(fwawz))=0< sup Ry[whu'l=sup{Ro[wyw)], {Ra[wyw}], Ra[wywil} =0,
e Ri([wawy])=0< U/ESfl[I‘;VZ]Rz[Wéu’] = sup {Ra[w4w)], {Ro[wiwh], Ro[wiw,]} =0,
e Ri([wawz]) =0< ' E521[1;V2]1€2[wgu’] =sup {Ra[ww}]. {Ra[ww}], Ra[w)w)]} =0,
u'eE[w
e Ri([waw1]) =05 < u/e[s;l[z‘pil]Rz[w’zu/] = sup {Ra[w)w]], Ry[w)wi]} =0.6,
* Ri(lwowi) =05< sup Ry[wju'] = sup {Ra[wiw/], Ra[wiwi]} =0.8,
e Ri([wawi])=0.5< ' ig[glij[Wilu/] = sup {Ra[w, W], Ry[wwi]} =0.7.
u'eE[wq

(M F), simulates (A F),.

Definition 5.8 (Bisimulation [17]). Let .#.% = ((W,R),Vw.g)) and #.F' = ((W',R’), Viw' ry) be two fuzzy models. A
relation E C W x W’ is said to be a bisimulation from .#.% and .#.%' if, for every (w, w’) € E:

1. Viw.ry(w, p) =V gy (W, p), for all p e AtomProp.
2. Forallue W; R(w,u) < sup R'(w,u).
u'€E[u]
3. Forallu’ e W; RR(w/,u’) < sup R(w,u).
ueE-1[u]

Example 5.3. Consider the fuzzy models (#.%); = ((W1, R1), V1 = Viw,.zy)) and (#.F); = ((W2, R2), Va = Viw,.ry))
in Fig. 20 s.t. Wy = {wp, w1, wa}, W2 = (w}, wj, w3, wy, wi} and E = {(wo, w}), (Wo, W5), (W1, W), (W1, wi), (wa, wh),
(w2, w3), (Wa, wy)}.
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For all p € AtomProp, consider Vi(wo, p) = V2(w}, p); Vi(wo, p) = Va(ws, p); Vi(wr, p) = Va(wi, p); Vi(wr, p) =

Va(ws, p); Vi(wa, p) = Va(wh, p); Vi(wa, p) =

Va(w}, p); Vi(wa, p) = Va(w), p).

As was done in the Example 5.2, the relation E C W1 x W3 is represented by the color of the nodes. If (w, w’) € E, then

w and w’ have the same color in the graph.
In fact, the condition 1 hold by assumption.
To check the condition 2, once E[wg] =

e Ri([wowo]) =0< sup Rp[wju']=sup{R

2w wi], Ra[wiwi]} =0,

E[wq]={w/, w5} and E[wy] = {w), wj, w}}:

u'eE[wp]
e Ri([wowgl)=0< sup Rz[wgu/]=sup{Rz[w5 {1 Ra[wiwi]} =0,
u’eE[wop]
e Ri([wow1) =0< sup Rp[w)u']=sup{Ra[w)w)], R2[wjwi]} =0,
u'€eE[wq]
e Ri([wow1]) =0< sup Rp[wiu']=sup{Ra[wiw}], R2[wswi]} =0,
u'eE[wq]
e Ri(lwow2]) =0< sup Rp[w =SUP{Rz[W’]w;],Rz[w/lwg],Rz[W’]W;]}=
u'eE[w;]
e Ri(lwow2]) =0< sup Ra[wiu']=sup{Ra[wiw)], Ra[wiwj], Ra[wiw)l}
u'eE[ws]
e Ri((wiwo) =0< sup Ry[wju']=sup{Ra[w]w]], R2[w)wj]} =0,
u’€E[wog]
e Ri((wiwo) =0< sup Rp[wiu']=sup{Ra[wiw]], R2[wiwi]} =0,
u’€E[woq]
e Ri((wiw1])=0< sup Rz[w/lu’]=SUP{R2[W’1WQ],R2[WQWQ—,]}=0,
u'eE[wq]
e Ri((wiwi)=0< sup Rp[wiu']=sup{Ra[wiw]], R2[wiw;]} =0,
u'€eE[wq]
e Ri(wiwz]) =0< sup Rp[w)u']=sup{Ra[w)w)], Ra[w)jw}], Ro[w]w)]}
u'€E[ws]
e Ri([wiwy])=0< /521[13 ]Rz[Wéu/]=SUP{R2[W5W2] Rao[wiwh], Ro[wiw)l}
u’'eE[wy
e Ri([wawo]) =0.8< sup Ry[whu']=sup{Ra[w)w], Ra[wywi]} =0.8,
u’eE[wg]
e Ri([wawo]) =0.8< sup Ry[wju']=sup{Ra[wiw]], Ra[wiwi]} =0.8,
u’eE[wg]
e Ri([wawg])=0.8< sup Rz[w;u’]=sup{R2[w4w 1. Ro[w,wi]} =038,
u’eE[wog]
e Ri(lwaw1]) =0.5< sup Rp[wju']l=sup{Ro[w,w]], Ro[w,wi]} =0.8,
u’€eE[wq]
e Ri(|wowq])=0UO0= su 2lW5U | =Su 2[wsow 2lW ,
Ri(l D=05 p Ro[whu']=sup{R 2]R[zs]} 0.8
u'eE[wq]
e Ri([waw1]) =0.5< sup Rp[wju']=sup{Ro[wjw]], Ro[wiwi]} =0.8,
u'eE[wq]
e Ri((waw2]) =0< sup Ry[whu']=sup{Ra[w)w)], Ra[w)w}], Ro[w)w)l}
u'€E[w;y]
. R1([Wsz])=0§u,:E1[13V ]Rz[wgu’]=sur>{Rz[w3w2] Ra[wiwh], Ro[wiw)l}
2
. R1([W2W2])=OSU/ESE1[€/ ]Rz[Wﬁ“']ISUP{Rz[Wz; 21 Ra[wjwi], Ra[w)w)]}
2

In order to check the condition 3, once E—l[wﬁ] =E~

o Ry(wiwih=0<
ueE~1[w)]
o Ra(IW;wi)=0<

w'eE~1[w)]

Ry(fwijw;) =0<

u'eE~1[wh]

Ry([wjw)]) =0<

u'eE~1[wh]

Ra(lwiw3])=0<

u'eE~1[w)]

Ra(lwiw3)=0<

u'eE~1[w)]

Ry([wijwy) =0<

weE~1[w)]

sup  Ry[wqu']=sup{Ri[wiw1], Ri[wiwol} =0,
sup  Rq[wou']l=sup{Ri[wow1], Ri[wowo]} =0,
sup  Ry[wou'] =sup{Ri[wow2]} =0,
sup  Ri[wqu']l=sup{Ri[wiw]} =0,
sup  Ri[wou'l=sup{R1[wow2]} =0,
sup  Ri[wqu'l=sup{Ri[wiw3]} =0,

sup  Ri[wou’] =sup{Ri[wow;]} =0,
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e Ro((wjw,])=0< sup Ry[wqu']=sup{Ri[wiw2]}=0,

u'eE~1[w)]
e Ro(wijwsD)=0< sup Ry[wiu']=sup{Ri[wiw1], Ri[wiwol} =0,
w'eE-1[wg]
e Ro([wijwsD)=0< sup Ry[wou']=sup{Ri[wow1l, Ri[wowol} =0,
weE~T[wg]
e Ry([wjw]])=0.8< sup Ry[wau']=sup{Ri[wrwi], Ri[wawq]}=0.38,
weE~1[w)]
o Ra((wiw,D)=0< sup Ry[wau']=sup{Ri[waw3]} =0,
u'eE~1[w)]
o Rp(fwowi)=0< sup Rq[wau']=sup{Ri[waw;]} =0,
w'eE~T[w)]
e Ro([whw,D=0< sup Ri[wou']=sup{Ri[waw3]}=0,
weE~T[w)]
o Ro([whwsD) =0< sup Ri[wou']=sup{Ri[wawil, Ri[wawq]} =0.8,
w'eE~1[wg]
e Ry([wiw]])=0.8< sup Ry[wau']=sup{Ri[wrw1], Ri[wawq]}=0.8,
u'eE~1[w)]
e Ro([wiwiD)=0<  sup Ry[wau'l=sup{Ri[waw3]} =0,
weE~T[w)]
o Ro([wiwiD=0< sup Ri[wou'l=sup{Ri[waw3]}=0,
weE~T[w)]
o Ro([wiw,D=0< sup Ri[wou']=sup{Ri[waw3]}=0,
weE~T[w)]
e Ro([wiws]) =07 < SlllP Ri[wau'] =sup {Ri[waw1], R1[waw]} =0.8,
u'eE~1[wg]
e Ro([wwi)=08< sup Ri[wau']=sup{Ri[waw1], Ri[wawo]}=0.8,
weE-1[w)]
o Ro([wwiD)=0< sup Ri[wou']=sup{Ri[waw3]}=0,
weE~T[w)]
o Ro([w,wiD)=0< sup Ri[wau']=sup{Ri[waw3]}=0,
u'eE~1[w)]
o Ro([w,wiD)=0< sup Ri[wou']=sup{Ri[waw3]}=0,
u'eE~1[w)]
e Ro([wywi])=0< sup Ry[wou'] =sup{Ri[waw1], Ri[wawq]} =0.8,
u'eE~1[wg]
e Ro([wswiD=0< sup Ry[wiu']l=sup{Ri[wiw1l], Ri[wiwoel} =0,
weE~1[w)]
e Ro(fwswiD=0< sup Ri[wou'l=sup{Ri[wow1l, Ri[wowol} =0,
u'eE~1[w)]
o Ro([wswi)=0< sup Ri[wou']=sup{Ri[wow2]} =0,
weE~1[w)]
e Ro([wswiD)=0< sup Ri[wiu']=sup{Ri[wiw]} =0,
weE~T[w)]
o Ro(fwswi)=0< sup Ri[wou']=sup{Ri[wowz]}=0,
weE~T[w)]
o Ro([wswiD)=0< sup Ri[wiu']=sup{Ri[wiw]}=0,
w'eE~T[w)]
e Ro(fwswiD)=0< sup Ri[wou']=sup{Ri[wow3]}=0,
weE~T[w)]
o Ro(fwswiD=0< sup Ri[wiu']=sup{Ri[wiwz]}=0,
u'eE~1[w)]
e Ro([wiwg])=0< sup Rq[wqu']=sup{Ri[wiw1], Ri[wiwo]} =0,
u'eE~1[wg]
e Ro([wswsD)=0< sup Ry[wou']=sup{Ri[wow1l], Ri[wowo]} =0.
u'eE~1[wg]

There is a bisimulation between (.# %), and (A4 %),.
In order to define the bisimulation for RFSGs, we will present a sequence of results presented in [22].

Lema 5.1.[17] Given fuzzy models .#.% = ((W,R), Viw.r)) and .4 F' = ((W',R'), V(w r) with the Godel semantics and a
bisimulation EC W x W' s.t. (w, w’) € E. Then

24



S. Campos, R. Santiago, M.A. Martins et al. Science of Computer Programming 216 (2022) 102776

(@) (UF), () (AF),

Fig. 20. There is a bisimulate between (.#.%); and (A4 .%),.

77, wg¢]=[4F W g ¢]
for every formula.
Definition 5.9. Let us consider the models .# = (M, Vy) and .#" = (M', V) (M= (W, u) and M' = (W', ') are RFSGs)
and the relation E C W x W'. Given the induced fuzzy models M = ((W, R), V(v"v,ie)) and M’ = ((W',R"),V >), the
relation E ¢ W x W’ is an extension of E if ((w, w, (w’, /L/)) € E whenever (w, w’) € E.

(W'.R

Definition 5.10. Given two RFSGs M = (W, u) and M' = (W', '), a relation EC W x W' is a bisimulation between the
models .# = (M, Vi) and .#" = (M’, V), if there is an extension E which is a bisimulation between the induced fuzzy
models .#Z.% and .# F'.

Theorem 5.2. Given the RFSGs M = (W, i) and M’ = (W, ) with the aggregation A and a bisimulation E C W x W'. If (w, w') €
E, considering the models .# = (M, V), #' = (M', V) and the Gidel Semantic G, then

[, wEG gl =4 W =G ¢]
for every formula ¢ € AtomProp.

Proof. By Definition 5.10, there is a bisimulation E between the induced fuzzy models MTF = ((W,R), V(W,R>) and
AMF' = ((W',R'), Viwr ). By the Lema 5.1 and the Theorem 5.1,

[#, wG Q)= [AF,(w, ) g ] = [AF', (W, 1) =g @] = [ 4, w' =5 9]
6. Modeling a tank level control system

In industrial processes that use tanks, the control of the fluid level is a common practice. Even with a relatively simple
structure, logic controllers are often used. The study and the modeling of tank plants and logic controllers are important
because they provide the understanding of the current scenario of the system, causing benefits such as: the increase of
productivity and the prevention of accidents [11].

Fig. 21 (a) shows a scheme where a tank control system is built with three signal transmitters {STq, STy, ST3}, two
pumps {P1, P2} and a channel for fluid inlet called START. The dynamics of the system works as follows:

o Fluid level rising: At START the fluid starts to be inserted into the tank while pumps P; and P, are on standby
receiving a minimum electric current. When the fluid level triggers ST, P receives an increment of electric current
and is activated. If the fluid level continues to rise and trigger ST3, the pump P, receives an increment of electric
current and is also activated.

o Fluid level decreasing: When the fluid level is maximum, the pumps P; and P, are active. When the fluid level
decreases, the ST is triggered and P, goes to standby with a decrease in its electric current. If the fluid level continues
to decrease, ST is triggered and P; goes to standby with a decreasing in its electric current.

The signal transmitter receives the difference pressure of two points with different weights and converts it into a pro-
portional electrical signal. This electric signal is sent to pumps [11].
Consider in Fig. 21(b):
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(a) Tank Scheme (b) RFRG My

Fig. 21. Model of tank control system.

The set of arrows S;

The set of worlds W ={STq, ST, STs3, P1, P2, START};

The membership function w : S — [0, 1] x {ON, OFF} which assign to each arrow in S, the electric signal generated when
they are crossing;

The function Ag: S_, — A, where A ={T, S;}.

The RFRG Mg = (M, Ag) models the system of tank control above. These systems could also be model by using a FSG
in which all arrows are active and all high-order arrows are connecting. However, in this case, there would be no possibility
of working on deactivation of the pumps.

The reconfiguration of Mp, after crossing the arrows sequence [ST;{ ST3], [ST1 ST2][ST, ST3] and [ST;y ST»][ST, STs]
[ST3 ST3], can be observed in Fig. 22. Assuming:

o (@) =1, forall a? € S°—{[ST; P11,[ST2 P21};
o Ag([STy ST2]) = Ag([ST2 ST3]) =Sy;
o Ag([STy ST1]) = Ag([ST3 ST2]) =Ti.

The fuzzy value and the status of the arrow [ST; Pq] after the arrow [ST1 ST,] has been crossed is calculate in the
follow way:

Mf‘sgﬁ s7,[ST1 P1]) = (SL(l, 0.5,0.5), ON)

si(1.51(05,05)). 0 )

= (s
<SL(1 1), 0N>
()

Consider the propositions
p:“Pq is active” and q:“P; is active”
for the model .#g = (Mg, V), with V(STq, p) =0.05, V (ST, p) =0.08, V(ST3, p) =0.6, V(ST1,q) =0.01, V(ST2,q) =0.5

and V(STs,q) =0.7. Using the Godel semantics, we are able to compute the grade of uncertainty of the formula Syex(p A Q)
to the states ST, and ST3:

[ 7. ST2 E5 Snex(p A Q)] =SM(TM(1, L™ T, STy 5 (0 a)]) T (1 L™ T sTs =52 (o /\tD}])) =06
and [.#&, ST3 =5 Snex(P A )] =S (TM(L [ 1, STy =52 (b Aq)ﬂ)) ~0.08.
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(@) (®) (©

Fig. 22. My configuration after: (a) [ST1 ST2], (b) [STy ST2][ST2 ST3] and (c) [STy ST2][ST, ST3][ST3 ST2].

So, the degree of the sentence,
“There is a next state in which the pumps P1 and P2 are working”
at the state ST is 0.6 and at the state ST3 is 0.08.
7. Final remarks

Reversal Fuzzy Switch Graphs (RFSG) are structures designed to model reactive systems which provide the activation
and deactivation of resources. This paper presents, with more details, the RFSGs as well as the operations presented in [7].

The valuation of the membership function can occur on any lattice, however, depending on this choice, the resulting for-
mal logic must be adjusted. For example, if we consider the lattice of intervals with the Kulish-Miranker order, considering
correctness, then the modal logic associated with the graph will have a non-residual implication [23].

As a first new contribution in relation to [7], we present the concept of fuzzy induced graph from a RFSG. It is a
connection between RFSGs and fuzzy graphs which allows a finite representation for infinite fuzzy graphs. The attribution
of aggregations in this relationship, however, has not been explored and will be the subject of further studies. Still on this
topic, it was presented a recursive method for constructing, from a finite base set, an induced graph. In future works, we
intend to relate the base set of a induced fuzzy graph to this original RFSG.

Another new concept presented in this paper was the simulation and bisimulation of RFSGs. These notions, however,
were established from the concept of model. Other types of logics and other notions of certainty that allow to define the
bisimulation between RFSGs more directly will be subject of future works.
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